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AIMS AND SCOPE OF THE JOURNAL 


To provide a central vehicle for exchange of basic ideas in heat and mass transfer between research workers and engin- 
eers located throughout the world. 
The emphasis will be placed on original research, both analytical and experimental, of permanent interest to researchers 
and engineers in the field of heat and mass transfer. The highest priority will be given to those contributions which in- 
crease our basic understanding of transfer processes and of their application to engineering problems. The Journal 
will not consider for publication any paper which has been published elsewhere. 

When outstanding new advances are made in existing areas of heat and mass transfer or when new areas have been 
developed to a definitive stage, special review articles will be considered by the editors. 

To encourage exchange of ideas, a section of the Journal will be devoted to discussions of previously published papers. 
Brief notes are also invited and should not exceed 750 words. 
As a service to our readers an international bibliography of recent papers in heat and mass transfer listed by title, 
author and source will appear in each issue of the Journal. Reviews of new books on heat and mass transfer will also 
be contained in the Journal. 

The Journal will appear every two months. 


GENERAL INFORMATION FOR AUTHORS 


. There is no length limitation on submitted manu- 


scripts. All manuscripts will be referred to acknow- 
ledged experts in the subject. Only those receiving 
favourable recommendations from the referees will be 
accepted for publication. 


. To insure rapid publication and to minimize editorial 


costs, the preferred language will be English. When- 
ever possible, authors are requested to submit their 
manuscripts in that language. However, the editors 
recognize that some manuscripts will be submitted in 
other languages, and the Journal is prepared to pub- 
lish such papers. 


A short abstract (100-300 words) should immediately 
precede the introduction. Abstracts should be most in- 
formative. giving a clear indication of the nature and 
range of the results contained in the paper. 


. The introduction should define clearly the nature of 


the problem being considered. Reference should be 
made to previously published pertinent papers, ac- 
centing the major original contributions. Wherever 
possible, the practical application of the results should 
be cited. 


. In order to render their papers understandable to the 


widest possible circle of readers, authors of analytical 
papers are asked to relegate the algebraic details to 
separate sections, highlighting the main ideas in the 
body of the text. Specialized mathematical techniques 
should either be explained in the paper or made acces- 
sible by suitable references. 


. Because there is considerable variation in nomencla- 


ture and unit systems from country to country, 
authors are required to include a complete list of 
symbols which they have used in their manuscripts, 
and of the units in which the corresponding quantities 
are measured. Wherever possible, equations should 
be written in dimensionless form. 


Communications should be in the form of typescript. 
with the lines double spaced on one side of good grade 
paper, allowing a reasonable left-hand margin. Three 
typescripts (an original and 2 carbon copies) should 
be submitted to facilitate refereeing. The author’s full 
postal address. position and affiliations should be 
given on the manuscript. 


. All necessary illustrations should accompany the 


typescript but should not be inserted in the text. All 
photographs, charts and diagrams are to be referred 
to as “‘Figures’’, and should be numbered consecu- 


tively in the order in which they are referred to in 
the text. Brief captions should be provided to make 
the figures as informative as possible. 


(a) Photographs should be glossy prints. Each should 
have, lightly written on the back, the author's 
name, the figure number, and an indication of 
which is the top of the picture. 

Where lines or lettering are to appear on the 
photograph, two prints should be supplied, one 
appropriately marked and the other unmarked. 

(b) Line diagrams should be submitted in a form 
suitable for direct reproduction. They should be 
boldly drawn in black indian ink on tracing linen 
or white Bristol board. The lettering should be 
large enough to be legible after the diagram has 
been reduced in size for printing. Typewritten 
lettering does not reproduce satisfactorily. 
Lettering should be in pencil if it cannot be done 
in a style suitable for reproduction. All relevant 
measurements must be included. 

(c) Captions to figures should be typed consecutively 
on a separate page or pages at the end of the paper. 
Each caption should give the Figure number. 


. References in the text should be indicated by using 


arabic numerals in square brackets. They should 

appear in numerical order through the text. The 

references should be quoted in order at the end of the 
paper. References to journal articles should take the 
following form: 

1. S. M. Scaca and G. L. Vipae, Vaporization 
processes in the hypersonic laminar boundary 
layer, Int. J. Heat Mass Transfer, 1, 4-22 (1960). 

In the full reference the following should be included: 

the names and initials of all authors, the title of the 

article, the abbreviated title of the journal as in the 

World List of Scientific Periodicals (Butterworths, 


London, Third Edition, 1952), the volume number, - 


inclusive page numbers of the article, and the year of 
publication. References to books should be in the 
following form: 

2. MAx JAKos, Heat Transfer Vol. 1, p. 63. John 

Wiley, New York (1959). 

The reference should include the following: the names 
and initials of all authors, the title, edition, volume 
number and chapter or page number (if relevant), 
the publisher’s name, place of publication and the 
date. In the case of a contribution to a multi-author 
work, the editor’s name should be quoted after the 
title. 


. Galley proofs will be sent to the author (or the first 


mentioned author in papers of multiple authorship) 
for correction. Fifty reprints of the paper will be 
supplied free; an order form for additional reprints 
will accompany the proofs. There will be no page 
charge for publication. 
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HEAT TRANSFER BETWEEN A JET AND A HELD PLATE 
NORMAL TO FLOW 


V. A. SMIRNOV, G. E. VEREVOCHKIN and P. M. BRDLICK 
Institute of Energetics of the Academy of Science, Minsk, B.S.S.R. 


(Received 5 May 1960) 


Abstract—The heat transfer between a submerged jet of liquid and a plate held normal to the flow is 
studied experimentally. Three heat transfer regions varying in relative length of jet A/d are established 
The rated formulae satisfactorily agreeing with the experimental data of other investigators [1], [2], 
[3] are recommended. 

For the ranges h/d < 0-5,0-5 < h/d < 10-0and h/d > 10-0 we give rated formulae. The rated formulae 
obtained are valid for a wide range of variable main parameters, defining heat transfer processes of 
the jet stream-line of plates normal to the flow. For the ranges 0-5 < h/d < 10-0 and h/d > 10-0 par- 
ticular rated formulae which include the angle of attack are recommended. The correlation factor for 
the angle of attack e, is found from one of the figures. 

The influence of the walls which limit the flow of jet heat transfer is investigated. 


Résumé—La transmission de chaleur entre un jet de liquide submergé et une plaque tenue normale- 
ment a l’écoulement est étudiée expérimentalement. Trois régions de transmission de chaleur variant 
suivant la longueur relative du jet h/d sont établies. Des formules, en accord satisfaisant avec les don- 
nées expérimentales des autres chercheurs [1], [2], [3], sont recommandeéees. 

Les formules sont données pour les domaines h/d < 0,5; 0,5 < h/d < 10,0 et h/d > 10,0. Les 
formules obtenues sont valables dans un grand domaine des principaux paramétres variables définis- 
sant les processus de transmission de chaleur entre le jet et les plaques tenues normalement a |’écoule- 
ment. Pour les domaines 0,5 < A/d < 10,0 et hA/d > 10,0 des formules particuliéres sont recom- 
mandées en tenant compte de langle d’attaque. Le facteur de corrélation pour langle d’attaque «, 
est trouvé a partir d'une des figures. 

L’influence, sur la transmission de chaleur, des parois qui limitent le jet est étudiée. 


Zusammenfassung—Der Warmeiibergang zwischen einem getauchten Fliissigkeitsstrahl und einer zur 
Str6mung senkrechten Platte wird experimentell untersucht. Drei Warmeiibergangszonen in Abhangig- 
keit von der relativen Strahllange //d lassen sich unterscheiden. Es werden Gleichungen empfohlen, 
die befriedigend mit den Ergebnissen anderer Autoren [1], [2], [3] iibereinstimmen. 

Im Bereich h/d < 0,5; 0,5 < h/d < 10 und h/d > 10 geben wir bestatigte Gleichungen an, die fiir 
einen weiten Bereich der Hauptparameter gelten. Im Bereich 0,5 < h/d < 10 und A/d > 10 werden 
teilweise bestatigte Gleichungen empfohlen, die den Einfluss des Anstrémwinkels enthalten, der aus 
einem der Diagramme zu entnehmen ist. 

Auch der Einfluss von Begrenzungswanden wird untersucht. 


KaneIbHOll AMAKOCTH HOPMAIbHO MOTOKY. 

etpyn A/d, WIA OTHX BOH pacuéTHLIe 

B oéaactu A/d < 0,5 pacuérnoii dopmyaoit asunerca ghopmyna (4), B o6macTu 
0,5 < h/d < 10,0 — gopmyna (7), B o6nacru h/d > 10,0 — gopmyna (2) mam (8). 
OCHOBHBIX TapaMeTPOB, Mpowecc CcTpyiinom 
NOBePXHOCTEeli, HOPMAIbHO MOTOKY. 

oG6nacreit 0,5 < h/d < 10,0 u h/d > 10,0 pacuétune 
cooTBeTCTBeHHO (7') (8’), yraa atakn MHomuTenb 
Ha yroJl aTaku ey B opmMywax (7°) u (8’) Geperca us 5. 

Hccaeqopano BANAHMe CTCHOK, NOTOK, Ha 
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INTRODUCTION 


For the last few years there has been a heightened 
interest in heat transfer problems near the drag 
(stagnation) point of a body placed into a 
potential flow of liquid or at the jet stream-line. 

Among cases at the limit of heat transfer 
phenomena near the critical point of a body at 
the jet stream-line is the heat transfer occurring 
between a jet and a plate held normal to the 
flow. In this case it is possible to take approxi- 
mately the whole surface of the plate for a drag 
point. 

Heat transfer from the hot air jet to the plate 
held normal to flow has been investigated in 
[1] and [2]. 

Perry’s main task was a study of the influence 
of convective heat transfer on the total heat 
transfer in fuel spray furnaces. Basically, with 
such a statement of the problem attention was 
directed to the investigation of heat transfer at 
the jet stream-line of a plate in the narrow range 
of outflow rates for various angles of attack. 
Thus the Reynolds number Re, related to the 
outflow rate at the nozzle throat and to its 
diameter varied from 11,000 to 30,000. The 
second important shortcoming of Perry’s experi- 
ments lay in the fact that the distance h from 
the nozzle to the plate was kept constant 
in all experiments (the distance was equal to 
8-Od where d is the diameter of the nozzle). This 
circumstance resulted in the fact that Perry’s 
rated formulae do not show the influence of the 
relative jet length //d on the intensity of heat 
transfer, though physically this influence is 
obvious. Really, at h/d — o the heat transfer 
coefficient must approach the minimum cor- 
responding to its value for natural convection. 
The heat transfer coefficient will be at its maxi- 
mum for the given outflow rate at h/d — 0. 

The experiments of Perry were carried out with 
a nozzle having d = 16-5 mm while the tempera- 
ture of air varied from 300° to 600°C. The 
surface receiving heat had the form of a round 
plate with a diameter of 344 mm. The rated 
formula of the heat transfer coefficient for an 
angle of attack measuring 90° is of the following 
form: 

0-181 . Re®? 


Nu (1) 


In this formula we took the diameter of a 
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calorimeter (16-5 mm) by which the heat flow at 
various points of the plate was measured for the 
required dimension. The physical parameters of 
air were related to the so-called ‘boundary 
layer’’ mean temperature (half the sum of the 
temperature of air at the outlet from the nozzle 
and the temperature of the wall of the calori- 
meter). 

G. G. Thurlow [2] investigated in his experi- 
ments the influence of the relative jet length 
(h/d) on the heat transfer coefficient for a plate 
normal to the flow. The relative length of the 
jet varied from h/d = 10-0 and higher. The 
Reynolds Re, number related to the nozzle 
diameter fluctuated between 22,000 to 60,000 
and the air temperature at the nozzle throat 
varied from f,, 50° to 200°C. The copper 
plate measuring 610 152 mm served as a 
heat receiving surface. 

The data of Thurlow made it possible to find 
out that the heat transfer coefficient at h/d > 10-0 
decreased sharply with an increase of the 
relative jet length, and, as the author pointed 
out, the influence of natural convection would 
become predominant at considerable values of 
h/d > 10-0. In this connection it is interesting to 
note that one of the approximate formulae of 
Thurlow had a Grashof criterium of about 1/2. 
Unfortunately Thurlow gives no indication as to 
the range of values of Re, and h/d between 
which the influence of natural convection should 
be taken into account. 

The concluding formula of Thurlow for an 
angle of 90° is of the form: 


Nug = C- Re}/ exp (—0-037 h/d) (2) 


where the coefficient C is equal to 1-06 for 
a nozzle of | in. and 0-33 for the nozzle of } in., 
i.e. the coefficient C ~ d** where d is expressed 
in inches. 

For the values of //d > 10-0 formula (2) should 
be considered as rated for heat transfer at the 
jet stream-line of a plate held normal to flow. 
The nozzle diameter d is taken in formula (2) 
as the required dimension. The physical para- 
meters of air were calculated according to its 
temperature at the nozzle throat. The flow 
velocity for Re, was related to the cross-section 
of the nozzle. 

Thurlow could not manage to determine the 
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exact dependence of the coefficient C on the 
nozzle diameter (only two nozzles | in. and 
$ in. in diameter respectively were used for 
these experiments). Therefore for nozzles with 
diameters different from those used in Thurlow’s 
experiments one should handle formula (2) 
with care. 

There are practically no experimental data on 
drop liquids in literature except the four experi- 
mental points received on water by E. Schmidt 
and his co-workers [3]. In the experiments 
carried out by Schmidt a free water jet 3-9 mm 
in diameter played on a perpendicularly placed 
copper plate 134 mm in diameter, heated by 
condensated vapour. The jet velocity at the 
outlet of the nozzle was 5-8, 7:0, 8-9 and 10-7 
m/sec respectively; the Reynolds number Re,, 
related to the nozzle diameter, varied from 
27,000 to 47,000. The relative jet length was 
constant (/i/d = 8-0). 


of the experimental data collected by the other 
investigators. 


THE EXPERIMENTAL INSTALLATION AND 
TESTS 

The heat transfer between the submerged jet 
of a drop liquid (water) and a plate held normal 
to the flow was studied with the help of the 
apparatus shown (Fig. 1). 

The cooling water was supplied into the glass 
tube (1) and the outflow was from a tube of a 
larger diameter filled with water. Water dis- 
charge was regulated by a valve system and con- 
trolled by the choke washer. The thermometers 
3 and 4 with a scale division of 0-1°C measured 
the temperature of water both at the inlet and 
at the outlet from the control section 2. A 
weight method was applied to measure the 
cooling water discharge. 

The control section (2) was made from a 


Fic 1, Scheme cf the experimental installation. 


Taking all this into account we conclude that 
heat transfer at the jet stream-line at a plate 
oriented normally to the flow has not been 
studied adequately. The only formula to be 
recommended in this case, namely Thurlow’s 
formula (2), is valid only for a narrow range of 
variation of the main parameters which deter- 
mine the mode of heat transfer. 

In the present work the authors made an 
experimental study of heat transfer between the 
submerged jet of a drop liquid (water) and a 
plate held normal to the flow for a much greater 
range of Reynolds numbers, relative lengths of 
the jet and variations in the diameters of 
nozzles. than in the previous works. Simul- 
taneously the authors sought for a generalization 


metallic tube 54 mm in diameter and 190 mm 
long. A heated copper calorimeter (5) (the plate 
mentioned) 48 mm in diameter was placed at one 
end of this tube and fixed to a thread in a 
Textolite case (6) thus ensuring a minimum of 
heat loss both at the periphery and from the front 
surface of the calorimeter. The ultrathermostat 
(7) was used to keep the temperature of the heat 
transfer surface of the calorimeter constant; 
it was automatically regulated and exact to 
within 0-1°C. Near 90°C the heating water got 
through the isolated pipeline into the calorimeter 
and then into the measuring tank (8). The 
temperature of the hot water at the inlet and the 
outlet of the calorimeter respectively was measur- 
ed by thermometers (9) and (10) with scale 
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divisions up to 0-1°C. Three thermocouples 
were used to measure the temperature of the 
heat transfer surface of the calorimeter; one was 
put in the centre and two others at the periphery. 
It was known that the thermostat practically 
ensured a constant temperature of the heat 
transfer surface. 

The distance from the jet to the heat transfer 
surface was measured and fixed by the nonius 
(11). The hydrodynamic preparation of the jet 
was made on a length of 80d. 

Depending on the nozzle diameter d, the 
experiments were divided into six series. The 
diameters of the nozzles used in the experiments 
were 2°5, 6-4, 10-7, 21-3, 30-0 and 36-6 mm 
respectively. Both the outflow rate w, and the 
distance h from the nozzle to the calorimeter 
(the jet length) varied within this wide range for 
each series of experiments. The variation range of 
outflow rate was from 0-014 to 5 m/sec, the 
Reynolds number Re; = (Wy - d/v) referred to 
the nozzle diameter d varied from 50 to 31,000, 
respectively, where wy) is the outflow rate at the 
nozzle throat. The relative distance from the 
nozzle to the plate also differed considerably. 

It should be noted that 5 to 8 points were 
taken off in each series of experiments according 
to the main parameter values (the outflow rate 
and the jet length). Thus every series included 
30 to 50 experiments and about 200 experi- 
mental points were received in sum. 

The position both of the nozzle and the plate 
was under strict control during the experiment; 
the jet axis was always normal to the plate 
(calorimeter) and concurred with the centre of it. 
This was achieved by a special centering arrange- 
ment. 


EXPERIMENTAL RESULTS AND DISCUSSION 

The analysis of the experiments and equations 
which serve to describe the heat transfer process 
at the jet stream-line of a plate normal to the 
flow makes it possible to conclude that generally 
this type of heat transfer is determined by the 
outflow rate wp», the relative distance from the 
nozzle to the plate /h/d and by the physical 
characteristics of the liquid. In connection with 
this the criterion equation describing the given 
type of heat transfer will be of the following 
form: 


Nu = f(Re, Pr, h/d) (3) 


where the velocity w» for the Reynolds number 
is related to the nozzle diameter. The physical 
parameters of the liquid were determined by its 
temperature at the throat of the nozzle. 

The treatment of the experimental data 
according to equation (3) showed that there 
exist three heat transfer regions depending on 
the relative jet length //d. The critical values of 
the relative jet length are (h/dj* =—0-5 and 
(h/d)s = 10-0. 

The rated formula of heat transfer for the 
values h/d < 0-5 is of the form 


Nu, = 0°55 - +/(Re,) . (4) 


where the index / indicates that the distance 
from the nozzle to the plate is of the required 
dimension. 

Equation (4) is valid for the whole range of the 
outflow rates investigated. 

For small values of //d the jet practically has 
no expansion and the recovering flow must not 
have an appreciable influence on the washout 
of the jet. Approximately we deal here with the 
case of heat transfer near the drag (critical) 
point of a body streamlined by the potential 
flow of incompressible liquid. 

A comparison of our data at h/d < 0-5 with 
the theoretical and experimental works [4-7] on 
heat transfer near the drag point shows that in 
both cases there exists not only a qualitative 
agreement but also a quantitative one. Thus 
according to the theoretical solutions given by 
Motulevich [4], Drake [7] and others, the heat 
transfer coefficient near the drag point of a 
body streamlined by a potential flow is pro- 
portional to the flow rate by 0-5 degree and this 
takes place in our case. Further, according to 
Goldstain [8] the rated formula for the case of 
heat transfer near the critical point will be of the 
following form: 


Nu = 0°57 Re®5 - Pr®371, (5) 


Ulsamer [9] generalized the experimental data 
on heat transfer at the transversal stream-line of 
bodies by drop liquids and got the equation: 


Nu = +/(Re) (6) 
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for the numbers Re = 50 + 10,000 and 
Pr = 6+ 1240. 

Thus formula (4) practically agrees with 
equations (5) and (6) derived for the transversal 
stream-line of bodies by the potential flow. The 
only difference lies in the fact that at a jet stream- 
line the heat transfer coefficient decreases with 
the increase of jet length / by 0-5 degree. 

The experimental data on heat transfer at the 


jet stream-line of a plate by a drop liquid which is 


normal to the flow for h/d < 0-5 have been 
plotted in Fig. 2. Equation (4) is represented in 
Fig. 2 by a solid line. Root mean-square scatter 
of the experimental data relative to the curve 4 
is + 12 per cent. 


20 


Fic. 2. The range h/d < 0°5. 


1—nozzle diameter = 10-7 mm. 
2—nozzle diameter 21-3 mm. 
3—nozzle diameter = 30-0 mm. 
4—nozzle diameter = 36-6 mm. 


In the range of 0-5 < h/d < 10-0 the data on 
heat transfer at the jet stream-line of a plate held 
normal to the flow by the drop liquid is summed 
up approximately by the equation: 


= C, - exp (—0-037 hid) (7) 


where the index d in Nusselt and Reynolds 
criteria indicates that the nozzle diameter d is of 
the required dimension. The coefficient C in 
formula (7) depends on the nozzle diameter and 
is equal to 


where d is in mm. 

Figure 3 represents the experimental data relat- 
ing to the region 0-5 < h/d < 10-0. The experi- 
mental points of Perry (21 points) received in the 


air with the nozzle d = 16:5 mm for h/d = 8-0 
and at an angle of 90°, and the data represented 
by Schmidt and his co-workers [3] obtained for 
water with a nozzle d = 3-9 mm at h/d = 8-0 are 
also plotted in Fig. 3. The range of variation of 
Reynolds numbers in the experiments carried 


35 


2 


IgReg 
Fic. 3. The range 0-5 < h/d < 10-0. The dependence 
diagr im 
Nu, exp 0-037 (h/d) 
c 


diameter 2:5 mm. 
+5 —nozzle diameter 6-4 mm. 
3—nozzle diameter = 10:7 mm. 
diameter 3-9 mm— 
Schmidt's experiments [3]. 
5—nozzle diameter 16-5 mm— 
Perry’s experiments [1]. 


N 


out by Perry and Schmidt was from 11,000 to 
30,000 and from 27,000 to 50,000, respectively. 
As it can be seen from Fig. 3 the experimental 
data by Perry and Schmidt agree well with our 
equation (7). The root mean-scatter of the experi- 
mental data in reference to curve 7 does not 
exceed -+-8 per cent. 

Thus formula (7) can be recommended as a 
rated one for heat transfer between the jet and 
the plate oriented normally to the flow for the 
following variations in the range of the deter- 
mining criteria: 0-5 < h/d < 10-0; Re, from 
1600 to 50,000 and Pr from 0-7 to 10-0. 

Since the data of Perry for an angle of 90° 
agrees well with our equation (7) it may be 
expected that the experimental data of Perry for 
other angles will also be given approximately 
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by equation (7). Fig. 4 in fact presents the 
experimental data of Perry for angles of 15°, 
30°, 45°, 60° and 75° calculated according to 
equation (7). For comparison Fig. 4 also shows 
our generalized curve which we got for heat 


LgN 


lgN 


gR 


Fic. 4. The range 0-5 < h/d < 10-0. The influence of 
angle of attack upon the jet heat transfer. The curve 
% = 90° was plotted according to formula (7). 

Nu, exp 0-037 (h/d) 


N 
c Pri/8 


transfer between the jet and the plate normal to 
the flow (angle ¥ = 90°). It is possible to count 
the influence of the angle % and the correction 
coefficient «, the values of which are given in 
rig. 5. 

Equation (7) taking into account the influence 
of the angle at the jet heat transfer will be of the 
form: 


= C+ exp (—0-037 h/d) (7’) 


However, one must handle this formula with 
care since the values of the coefficients «, were 
obtained for a constant diameter of the nozzle 
and only for a single value of h/d = 8-0. 

A comparison of equation (7) with formula (2) 
of Thurlow, which is only valid for h/d > 10-0, 
shows that in the whole range of h/d starting 
from h/d > 0-5 there exists a general regularity 
in the variation of the heat transfer coefficient 


depending on the relative jet length 4/d and the 
heat transfer coefficient a decreases propor- 
tionally to exp (—0-037 h/d): 


a ~ exp (—0-037 h/d). 
At 0:5 < h/d < 10-0 the heat transfer coeffi- 
cient largely depends on the outflow rate wy. In 


the above mentioned range the criterion Nu, is 
proportional to Re, to the power 0°64: 


~ 


& 


¥, degrees 


Fic. 5. The correlation coefficient ey taking into 
account the angle of attack in formulae (7’) and (8’). 


In the range of h/d > 10-0 the dependence of 
the heat transfer coefficient on the outfiow rate 
greatly decreases and, as stated by Thurlow [2], 
the criterion Nu, becomes proportional to 
Re, raised to the power 1/3: 


~ Re}® 


And in this range the influence of natural 
convection becomes more perceptible for a 
larger increase in h/d. 

It is interesting to note that if we replace 
Re®'*4 by Re} * and take Pr = 1 in formula (7) 
then the coefficient C will be ~d! *. According 
to Thurlow [2] the coefficient C in formula (2) 
is proportional to d'° i.e. at h/d > 10-0 and on 
substitution of Re}* for Re!* formula (7) 
practically agrees with Thurlow’s formula (2). 

Thus, we may suppose that for heat transfer at 
the jet stream-line of a plate held normal to the 
flow there exist three zones which differ in h/d: 
the first zone corresponds to h/d < 0-5, the 


| 

= | 
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second zone to 0-5 < h/d < 10-0, the third zone 
to h/d > 10-0. The rated formula for heat 
transfer in the first zone is given by equation 
(4), in the second zone by equation (7) and in the 
third zone it is Thurlow’s formula (2). In the 
last case, for materials which differ in their 
properties from air and for diameters of the 
nozzle other than those used in the experiments 
of Thurlow (4 in. and | in.) it is possible to 
suggest from tentative calculations the formula 
obtained on the basis of equation (7) and 
extrapolating for h/d > 10-0: 


C, (Re, Pry? exp (—0-037 h/d); (8) 
for angles & different than 90°: 
Nug = Cy: (Reg: Pr)? exp (—0-037 h/d) 


where C, = 0-034 - d'* and d is the nozzle 
diameter in mm. 

In their research the authors also showed the 
influence of the wall restricting flow on heat 
transfer at the jet stream-line of a vertical plate. 
From D/dext < 40 this influence becomes 
noticeable (where D is the diameter of a vessel 
into which the outflow occurs and dext is the 
external diameter of a nozzle). 

The experimental data referring to the heat 
transfer at the jet stream-line of a vertical plate 
under the conditions for the restricted volume 
(D/dext < 4:0) were plotted in Fig. 6. The 
experimental data are satisfactorily described by 
the formula: 


exp (— 0-037 h/d) + (D/dext)-°* (9) 


which is valid for h/d > 0-5 and 


Re, = 300 — 10,000. 


HEAT TRANSFER BETWEEN A JET AND A HELD PLATE NORMAL TO FLOW 
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Fic. 6. The jet heat transfer under the conditions of a 
restricted volume. //d > 0-5. 


Nu, exp 0-037 (h/d) 
(Didex) 
1—nozzle diameter 36°6 mm. 


2—nozzle diameter 30-0 mm. 
3—nozzle diameter 21-3 mm. 


A straight line was plotted according to formula (9). 
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- WALL HEATING BY A SUPERSONIC GAS FLOW 


A. A. POMERANTSEV 
Moscow, U.S.S.R. 


(Received 21 May 1960) 


Abstract—This work deals with the problem of wall heating by a supersonic gas flow. The solution of 


i the problem is achieved by a modified form of the Chapman—Rubesin method, i.e. it is assumed that 
x the temperature distribution along the wall may be expressed by the polynome: 


T, = T, + Ax* + B(x*¥. 


. The results of the theoretical investigations are compared with observations of the flight of a 
= V-2 rocket by Fischer and Norris. 


: Résumé—Ce travail traite le probleme de l’échauffement des parois par un écoulement de gaz super- 
sonique. La solution de ce probleme est fournie par une forme modifiée de la méthode de Chapman-— 
Rubesin; par exemple, on suppose que la distribution des températures le long de la paroi peut s’expri- 
mer par le polynéme: 


~ 
= 0 


Ax* + B(x*)?. 


i Les résultats des recherches theoriques sont comparés aux observations faites, lors de vols de fusées 
V-2, par Fischer et Norris. 


Zusammenfassung—In dieser Arbeit wird das Problem der Wandheizung durch die Uberschall- 
str6mung eines Gases behandelt. Hierzu wird ein abgedndertes Verfahren nach Chapman und Rubesin 2 
angewandt, wonach fiir die Temperaturverteilung langs der Wand der Ausdruck 


uw 


angenommen wird. Die Ergebnisse der theoretischen Untersuchung werden mit den Beobachtungen 
von Fischer und Norris an einer V2-Rakete verglichen. 


Annotanna—B padotre HarpeBaHI CTCHKM CBEpX3BYKOBEIM MOTOKOM 
rasa. Pemlenne MpOBOANTCA MeTO0OM T.e. 


T, = T, + Ax* + B(x*)?. 


PesyabTaTbl TeOpeTH4eCKOrO COMOCTABAAWTCA C 
Pumepa u Hoppuca 3a «V-2». 


1. STATEMENT OF THE PROBLEM Chapman and Rubesin [1] showed that their 
THE problem of wall heating by a supersonic gas __ relationship may be expressed as a polynome: 
flow consists in the combined consideration of 
~ *\2 
two particular problems: fe Stet Ax (I) 
Here 7, is the known temperature at the nose of 
gas the wall which is, generally speaking, variable 
(b) wa heating by heat transfer from the in time, and 
flowing gas. 
The temperature distribution at the skin of ‘é LE’ 


the wall, in the direction of the flow, is the main where L is the length of the wall, x is the dis- 
unknown quantity in these two problems. tance from the nose to any point on the wall 
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along the flow. The coefficients A and B de- 
pending on time are to be determined. 

The following notions can serve as the basis 
of the physical interpretation of such a repre- 
sentation: 

1. The temperature at the nose of the wall 
must approach that of the disturbed side of the 
shock wave: 

T, = 


Y 


‘ 


in 


1 | 
x (14 M? 
where M,,, = U,,,/c, is the Mach parameter and 
the known function of time, U,,,, is the component 
of undisturbed velocity U,, normal to the 
shock wave, 7, is the gas temperature at the 
undisturbed side of the shock wave. 

2. At a great distance from the nose the wall 
temperature is equalized and at x* — If it 
ceases to vary: 

OT, 
0. 


ox* 
Then by differentiating equation (1) we will get 
A= — 2B. 


Now equation (1) can be written in the following 
form: 

~ B(t)x* (2 — x*). (1’) 
Both the statement of the problem and _ its 
solution can be simplified. 

The gas has a small thermal inertia because of 
the low volumetric heat capacity of the gas in 
comparison with the heat capacity of the wall 
streamlined by it. For equal periods of time the 
wall and the gas will exchange equal amounts of 
heat, i.e., the gas will deliver heat and the wall 
will take it up. Heat loss by the gas is compen- 
sated by the convective heat supply and is simul- 
taneously accompanied by a cooling of the gas. 

If the gas is at rest then loss of heat by it 
only results in its being cooled. At high velocities, 
loss of heat by the gas to the wall is only com- 
pensated by convection as a result of its small 


+ The front part of the body is assumed to be a wedge 
with half open angle a. 
+ For a great wall length L. 


thermal inertia (under this condition a cooling 
of the gas will hardly occur). Owing to this a 
change in thermal state of the gas during small 
periods of time may be taken as quasi-stationary. 

The wall heating, in contrast to the heating of 
the gas, is unsteady particularly during the first 
moments of the flow. § 

The temperature field of the gas flowing along 
the wall, both at low and at high velocities, can 
be expressed formally through the surface 
temperature of the wall. 

When the gas flowing along the wall is dense 
and the surface temperature is expressed as a 
power function in the direction of the flow, the 
solution of the problem can be found by a 
modified form of the Chapman—Rubesin 
method [1]. 

If the gas is rarefied, the surface temperature 
being similarly represented as a power function, 
the solution of the problem can be found by the 
method we suggested in [2]. 

The problem of heating the wall (Fig. 1) is a 
problem in thermal conductivity: 


CwPw ox’ 


(4, Te) | Te) 


Ct 
where ¢,,, p,,, 4, are the specific heat, the den- 
sity and the thermal conductivity of the wall, 
respectively. 
When the gas heated by the shock wave 
flows along the outer surface of the wall: 
oT, 
qo 


o 


where q, is the heat flow from the gas to the wall. 


Fic. 1. The calculation scheme. 


§ Such a scheme of the wall heating by gas was sug- 
gested by corr. m. Ac. Sc. U.S.S.R. I. A. Kibel, 1939. 

|| The modification of the method is given in the next 
section. 
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In case the gas flowing along the wall is 
dense: 
cT 


cy’ 


qo= A 
41, T are the thermal conductivity and the gas 
temperature, respectively. 
In case rarefied gas flows along the wall: 


qo = a(T — 


where a is the coefficient of heat transfer ex- 
pressed by the temperature jump. 

Heat transfer occurs on the internal side of the 
wall with the medium being inside the cavity of 
the body. This heat transfer is smaller than that 
along the outer side and can be neglected in 
comparison with the latter. For y = — 4, it 
may be taken that at the inner side of the wall: 

ey’ |, 
The temperature at the nose of the wall can be 
assumed equal to the temperature of the dis- 
turbed side of the shock wave: 


Let us average the left- and the right-hand sides 
of the equation of heat conduction through the 
thickness of the wall: 

oT oT 
=") 


Here 1? 
| 
fe) 


CwPi 


If we neglect thermal conductivity along the wall 
we will have: 
eT 
ct cy 
The equation obtained (3’) together with the 
equation of heat supply to the wall by the gas is 
the rated one. 

As was shown above, the solution of this 
equation can be expressed through the boundary 
temperature of the outer wall surface, i.e. 
through the indefinite coefficient A(t). Intro- 
ducing equation (1’) into equation (3’) gives: 

CuPy [T, — B(2x* — x**)] A 


2. SOLUTION OF THE SPECIAL GASO- 
DYNAMIC PROBLEMS 

Proceeding with our solution of the problem 
we shall use equations (18) and (20) of [1], but 
we shall modify the boundary conditions for the 
problem. Starting from the assumption that 
the pressure of the flowing gas is constant and 
that both the viscosity coefficient, », and the 
coefficient of thermal conductivity, A, vary 
linearly with temperature, Chapman and Rubesin 
showed that the general heat transfer problem 
can be sub-divided into two particular ones: 


(1) the problem of the gas flowing along the 
wall; 
(2) the problem of heat transfer. 


The first problem is independent of the 
second one. The two variables of Blasius being 
denoted by 7 and x* in equation (20) of [1] 
the heat transfer equation will have the following 


eT 
- Pr — 2Prf'x*—, = 


—}Pr(y — 1) 


The coefficients of the equation include the 
generalized Blasius function of flow f(y) by 
which the velocity of the flow 2U* = f'(m) is 
expressed. The equation is to be integrated for 
the following improved boundary conditions: 
for the shock wave 


The general solution for the heat transfer 
equation is given by the sum: 


T = 7; + Tn. 


The particular solution 7; of the equation is a 
function of 7 and ¢ given as a parameter. The 
general solution 7}; of the homogeneous equa- 
tion is a function of the variables 7, x* and 1 
expressed as a parameter. 

The particular solution 7; = 7}(y) is derived 
from assumptions which are different from those 
made in [1]: 


T | is the wall temperature at the initial moment 
of the flow. This condition is introduced, as 
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opposed to Chapman and Rubesin for it is of 
special interest to find out about the heating of 
the wall during the first moments of flow in 
problems relating to aerodynamic heating of 
wall. 

The particular solution has the form: 


Ty = T, + nTF(y) + 8() 

n =} — 
n € 

n n2 

g -| 
” 

¢,2(0) = T,, — T, — nT,r(0). 


When the wall temperature is presented by the 
polynome (1’) the general solution of the 
homogeneous equation has the form: 


Th T wo) (2 Yx* Y,x**). 


In the range of large values of » the Y,.-functions 
are expressed through the Chebyshev polynomes 
P,,(—in) in the following way: 


Ne e (n*)? 


The Y,-function is expressed through the 
probability integral: 


— Hn) 
72) 


where ¢(7) is the probability integral: 


d(m) = | 


e dy’. 

For small values of » the Y,-functions were 
calculated by Chapman and Rubesin (Fig. 5[1}).* 
With an increase of » the Y,.-functions rapidly de- 
crease to zero. Thus our assumption (1) can be 
considered as approximately satisfied. The 
general solution of the problem of gas heating 
by a supersonic flow along the walls can, there- 
fore, be presented in the following form: 


+ The functions Y,, differ somewhat from the similar 
functions [1]. but are very near to them. 


T = 7, + (Te — Tuo) Yo — B(2Y,x* — Y,x*?) = 
6 — B(2Y,x* 
As was shown by Chapman and Rubesin 
(formula 48 of [1]}): 


= (7 T we) Y(»). 


4 


(Pe), 


C,pux| . 
where: Pe, = is the Peclet number. 


Hence we get: 
CwPw (7, B(2x* x*?)] 


A 
VP (6° — B2Y,x* — (4) 
3. DETERMINATION OF THE HEATING OF 


THE WALL: EXPRESSION OF THE COEFFI- 
CIENT B(7). 
Thus, the usual differential equation relative to 
the sought for coefficient A(t), was obtained. 
Averaging both parts of equation (4) along the 
wall we get: 
CyPw — § B) 


Ay 
L \ (Pe,) [20 BG 5 Y2,)I. 


Using the values of Y’|, given in Table | of 
[1], namely: 
0-5915 
Y{(0) = 0-9775 
¥{(0) = —1-1949 
we get: 
(Pe.) 
p 
CyP 


B+ 062A, 


6'(0, t) + 1:57, 


or 
B+ B - 1-5m t) + 1°57), 


m= A, — 
dL 


> 
4i; 
Yu 
Ew 
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Let us expand the expression of the derivative: 


1 + nF(Q) _, 
O)— Tr FO + 


g (0) 


+ Tuo = = nT,7'(0) 


g (0) 


(0) 


[7.11 + nr(0) — Tyo]. 


0-603 (7, Ty) 3-49nT,; 


n = } Pr(y — 1) M3, = 0-072 Mi,. 
Hence: 
4'(0, t) = 1-234 [0-204 M3,T, — 
— 0-1035 (T, — Two)] 0-252 


Now we can write the following equation for the 
averaged B: 


B + 0-62 mB ~ — 0:378 mM?T? + 1-5 Th, 


or 
B+ mB = kT, — T,, 
where 


m = 0-62 m(t), T, = 0-378 mM2T?. 


By integrating we get: 


B= 7.) exp(—| mat’) dr” + 


+ cexp ( | mar’) 
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By satisfying the initial condition we can obtain 
the arbitrary constant c. 


c = By,exp | mar’) 


0 ” 
| (kT, — T) exp | mat’ | 
0 
Finally we have: 


B= Byexp | | ma’) 
\ 0 


t t 
— exp (-| dr’. (5) 
0 


The expression obtained B(1) gives the solution 
of the problem stated. The coefficient being 
known we can find the temperature distribution 
sought for along the wall in the direction of the 
flow. 


4. TREATMENT OF THE OBSERVATIONS MADE 
BY FISCHER AND NORRIS [3] 

The wall temperatures of a V-2 rocket were 
measured by Fischer and Norris during its 
supersonic climb at the height of 40 km. It is 
interesting to note that the rocket was not 
moving uniformly. The course of its flight is 
given in Figs. 7 and 4 of [3]. For 22 sec the flight 
was at a subsonic velocity and supersonic 
afterwards (Table 1). Fig. 2 gives the variation 
in time of the temperatures measured at various 


Table 1. The parameters of the supersonic rocket flight 


t, sec 
U; H 
From the b From the (m/sec) (km) 
eginning of 
beginning of the super- 
the flight 


sonic flight 


T, C?- 10-4 m, — 
(°K) (m/sec)? (m/sec) 


2 
1961 
Bees 0 = 0 0 313 
a 20 = 275 6 260 10-5 324 0-846 
eX 30 08 500 7:5 245 9-7 311 1-61 
me Zi 40 18 700 12:5 230 9-32 205 2:29 
Roe 50 28 1020 21 218 8-84 297-5 3-44 
5 60 38 1500 33 230 9-32 305 4-92 
72 50 2750 47 330 13-35 365 7:5 
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Table 2.+ The calculation of the attack angles Aa = 


T, 


230 4:92 
218 3-45 
230 2:29 
245 1-61 


+ The time is counted off from the beginning of the supersonic rocket flight equal to 22 seconds. 


Table 3. m and B(t) values 


U, 
T, (m/sec) 
(sec) (°C) 


points of the surface of the wall which are situated 
from the nose at distances of 6-33, 15-26, 30-5, 
214-2 and 303-1 cm respectively. The tempera- 
tures at the nose of the wall are assumed equal 
to those at the disturbed sides of the oblique 
shock waves. 

The calculations showed that during flight the 
rocket moved not axially but at some attack 
angle. The angle (a) with the rocket cone half open 
was, a = 22° 30’. The temperatures in the region 
disturbed by the shock wave were calculated 
without taking into account the attack angle and 
turned out to be lower than the temperatures 


Table 4. The temperature distribution along the wall 


Fic. 2. The course of the temperature variation (°C) 
at the nose of the rocket at its supersonic flight. 
Curve 1:¢= O8sec, M,= 1-61,7,= 67°C, B= 29-8°C; 
Curve 2:tf= 18sec, M, = 2:29,T,= 95°C, B= 348°C; 
Curve 3:f = 28sec, M, = 3-44. T, = 160°C, B= 50-6°C; 
Curve 4:¢ = 38sec, M, = 4:92, T, = 305°C, B=96 °C. 

I—the theory, 

Il—observations by Fischer and Norris. 

The dashed line corresponds to the beginning of the 
supersonic flight. 


13 
— 
H T M, = Aa = = 
(sec) (km) (°K) M, B sinB | sin (°K) a 
43 40 255 6 33 0545 318 3:27 834 = 
38 33 35°24’ | 0-579 | 285 578 25° | 2°30 
28 21 43°06’ | 0683 433 26° | 3°30’ 
18 12-5 53° 0-799 183 1-58 368 25° | 2°30’ 
08 7-5 90 1-0 1-61 1-388 = 
B p Pe, (Pe), in Bit) 
M (mjsec)| “7? | 
08 62 | o72 1-59 | 76 203 0:241 «102 208 4:56 298 
18 9s | | 90°48 4210-244 0-92 37-2 6-10 2:13 34-8 
28 1600-82 / 444 93°06 0-78 54:75 7:40-2:79 506 
38305 | 102 35°24 «12250250 | 059555 960 
|. 
4 
00 
| 
| 
(sec) | x*=0 | x=63| x=30| x = 303 
08 67 65:8 61 37 
18 95 93-5 88 60 * 
28 160 157-9 150 109 = 
38 305 301 287 209 
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measured.*+ The attack angles 4a of the rocket in 
flight were calculated (Table 2) according to the 
temperatures measured near the nose of the 
rocket at a distance of 6 cm and they turned out 
to be practically constant. 

Table 3 gives calculated values of the coefficients 
m and B(t) determined as a result of the graphic 
finding of the solution multipliers (5). 

+ The theory and calculations were accomplished in 
1952, but were not published because of the divergence 
with the observations indicated above. The corrections 
for angles of attack were introduced in 1959. 


The temperature distributions along the cone 
wall streamlined for conditions similar to those 
of the V-2 rocket flight were calculated according 
to the values obtained. The results of the calcu- 
lation are given in Table 4 and presented in 
Fig. 2. 
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MASS TRANSFER THROUGH LAMINAR BOUNDARY 
LAYERS—1. THE VELOCITY BOUNDARY LAYER 


D. B. SPALDING 
Imperial College, London 


(Received January, 1960) 


Abstract—The paper presents a method for calculating the distributions of laminar boundary-layer 

thickness and wall shear stress on a two-dimensional or axi-symmetrical body when the distributions 

of free-stream velocity and of mass transfer through the wall are specified. The method is a develop- 

ment of those of Walz (1941) and Thwaites (1949), and makes use of the “similar” solutions of the 

boundary-layer equations. Examples of the use of the method are given. The ordinary differential 
equation of the “‘similar’’ boundary layers is developed in a novel way. 


Résumé—Cet article présente une méthode de calcul des distributions des épaisseurs de la couche 
limite laminaire et du frottement a la paroi pour un corps bi-dimensionnel ou de révolution, quand on 
connait les distributions de vitesses au loin et le transport de masse a travers la paroi. La méthode est 
un développement de celles de Walz (1941) et Thwaites (1949) et fait usage des solutions “similaires”’ 
des équations de la couche limite. Des exemples d’utilisation de cette méthode sont donnés. L’équation 
différentielle ordinaire des couches limites “‘semblables” est développée d’une fagon nouvelle. 


Zusammenfassung—Es wird eine Methode zur Berechnung der Verteilungen der laminaren Grenz- 

schichtdicken und der Wandschubspannungen an einem zweidimensionalen oder achsialsymmetri- 

schen K6rper mitgeteilt, wenn die Verteilungen der Freistromgeschwindigkeit und der Stoffiibertra- 

gung durch die Wand vorgeschrieben sind. Die Methode ist eine Weiterentwicklung jener von Walz 

(1941) und Thwaites (1949) und macht von den ,,ahnlichen** Lésungen der Grenzschichtgleichungen 

Gebrauch. Anwendungsbeispiele werden mitgeteilt. Die gewéhnliche Differentialgleichung der 
,ahnlichen** Grenzschichten ist auf einem neuen Weg abgeleitet. 


TpeHHA M MepeHoc MacChl LIA MOBePXHOCTH JBYXpasMepHoro 

Tella CKOPOCTAX CBOOOTHOrO ToTOKa. Hacrosiumit 

ABIAeTCA pasBuTneM MeTOa (1941) m Dyeiirca (1949) 

ypaBHennii norpannynoro Con. mpuMepbr 

BaHHA 9TOrO MeTOwa. HOBBIi BEBO, 
HbIX» 


NOTATION F,, Function representing rate of growth of 
A constant (see equation (20)) (— ); momentum thickness 4, (see equation 
A constant (see equation (4)) (various); (10)) (—): 

A constant (see equation (20)) (— ); Z», Constant in Newton’s Second Law 
“Correction function” (see equation (20)) (Ib,,, ft/lb, h?); 

(—); H,., Boundary-layer thickness ratio, 
Euler number (see Section 4.1 and factor” (see equation (8)) (— ): 
equation (72)) (—); H,,, Boundary-layer thickness ratio (see equa- 
Dimensionless stream function (see equa- tion (9)) (—): 

tion (58) ( — ); K, A constant (see Section 2.4, Case (c)) 
Dimensionless measure of the mass (various); 

transfer rate (see equation (62)) ( — ); L, Reference length of surface (ft); 
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Mass transfer rate per unit area 
(Ib,,,/ft®h); 

n, A constant (see equation (4)) (— ): 

R. Distance of point on surface from axis of 
symmetry (ft): 

R,. A reference radius (ft): 

u. Flow velocity in x-direction (ft/h); 

U, Reference flow velocity (ft/h); 

v, Flow velocity in y-direction (ft/h); 

x, Distance measured along wall in same 
direction as mainstream (ft); 
y. Distance measured normal to the wall (ft); 
8, Parameter relating to acceleration of 
mainstream (see equation (57)) (— ); 
5,, Displacement thickness (see equation (5)) 
(ft); 

5.. Momentum thickness (see equation (6)) 
(ft); 

5,. Shear thickness (see equation (7)) (ft): 

¢, Dimensionless stream function (see equa- 

tion (54)) (— ): 

Dimensionless space co-ordinate (see 

equation (59)) (— ); 

Kinematic viscosity of fluid (ft?/h): 

£, Dimensionless space co-ordinate (see 
equation (55)) (— ): 

Fluid density (Ib,,,/ft*): 

7, Shear stress in fluid (see equation (18)) 


(Ib,/ft); 

J, Stream function (see equation (49)) 
(ft?/h); 

u, Dynamic viscosity of fluid (see equation 
(18)) (Ib,,,/ft h). 

Subscripts 

G, Stream conditions just outside boundary 

layer; 


S, Fluid conditions adjacent the surface. 


Superscripts 

* Dimensionless form for two-dimensional 
boundary layers (see equations (13) to 
(16)); 

** Dimensionless form for axi-symmetrical 
boundary layers (see equations (25) to 
(28)); 
Equivalent values in two dimensions 
according to Mangler’s transformation 
(see equations (75) to (78)). 


1. INTRODUCTION 
1.1. Outline of the general laminar mass transfer 
problem 

THE prediction of a mass transfer rate from first 
principles involves the solution of a partial 
differential equation expressing the conservation 
and flux of some appropriate fluid property [11]. 
This equation contains the fluid velocity: it can 
therefore only be solved if the velocity distribu- 
tion is known. 

The fluid velocity distribution can be pre- 
dicted, in general, by solving a partial differential 
equation expressing the principles of conserva- 
tion of matter and momentum. This solution 
must therefore be obtained prior to, or simul- 
taneously with, that of the first-mentioned 
equation. 

It is rare for either of the equations to be 
solved exactly in situations of practical interest, 
for they are both parabolic, necessitating 
numerical step-by-step solution. However, rather 
satisfactory approximate methods of solution 
are available: these rest on simplifying assump- 
tions which reduce each parabolic equation to a 
first-order ordinary equation. 

The present paper is the first of a series under 
preparation by the author and his co-worker, 
H. L. Evans. The purpose of the series is to 
provide the procedures, graphs and tables which 
are needed for the calculation of the mass 
transfer conductance appropriate to a laminar 
boundary layer; we shall thus be considering 
the fluid-dynamic half of the standard mass 
transfer problem. The other half, namely the 
calculation of the magnitude of the driving force 
appropriate to the particular thermodynamic 
properties of the materials, will not be our 
concern here: the procedures to be derived can 
thus be regarded as equally valid for vaporiza- 
tion, absorption, condensation, fuel-combustion, 
transpiration-cooling, or any other mass transfer 
process. In the first instance, only steady forced- 
convection boundary layers with uniform fluid 
properties will be considered. 


1.2. Outline of the present paper 

The above discussion has emphasized that a 
mass transfer prediction necessitates, in general, 
the obtaining of a solution of the differential 
equation governing velocity. This necessity 
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remains, in some cases, when the approximate 
methods are used.* The first two papers in the 
series are therefore devoted to the velocity 
equation. In the present paper, the method of 
solution is described and explained; the follow- 
ing paper [15] contains the auxiliary functions 
and some discussion of their derivation. 

The problem is conveniently formulated in 
terms of the boundary-layer thickness; it then 
runs: “Given the shape of the surface, the 
distribution of the mass transfer rate through 
that surface, and the distribution of the main- 
stream velocity over the surface: find the 
boundary-layer thickness at any point on the 
surface”’. 

The method of solution which will be presented 
contains the following elements: (i) A simplifying 
assumption which leads to an_ ordinary 
differential equation connecting the boundary- 
layer thickness with quantities specified in the 
data. (ii) The use of vectorial dimensional 
analysis to give shape to the groups arising in the 
differential equation. (iii) Reference to the 
family of “similar” boundary layers for the 
quantitative links (functions) between these 
groups. (iv) Simplified procedures for the 
numerical solution of the differential equation. 

The method is described in Section 2, and 
illustrated by examples in Section 3. The paper 
concludes with a discussion of the “similar” 
solutions of the partial differential equations 
of the boundary layer, from which the auxiliary 
functions are derived (Section 4). The latter 
treatment differs somewhat from that of Mangler 
[5] and Schlichting [9], being free of some of the 
difficulties inherent in the conventional treat- 
ment. 

Relation to earlier work. The recommended 
method of solution should be regarded as a 
development of the methods of Walz [14] and of 
Thwaites [12]. These authors implicitly used the 
assumption referred to under (i) above, derived 
the requisite functions from the “similar” 
solutions as referred to under (iii) above, and 
used the linearizing approximation which is the 
starting-point for some of the procedures of (iv). 


+ In the terminology to be used later in the series, 
solutions to the velocity equation are needed for all 
Class Il methods, and for some (not the best) Class I 
methods, of calculating heat and mass transfer. 
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The main new contribution of the present paper 
lies in its coverage of a much wider range of 
conditions by reason of the introduction of the 
influence of mass transfer; Walz and Thwaites 
could only use a single curve of the family 
shown in Fig. 2 for example, namely that 
corresponding to vsé,/v = 0. However the 
opportunity has also been taken to streamline 
the argument, for example in step (ii), to improve 
the accuracy of the computational procedure, 
and to provide some examples. 

It may also be worthwhile pointing out the 
connexion between the present method and that 
of von Karman [4] and Pohlhausen [7], as 
generalized for treating boundary layers with 
blowing and suction by Schlichting [8], Torda 
[13] and others. 

The connexion may be expressed as follows: 
The Karman-—Pohlhausen method is similar in 
spirit to the present method and is indeed its 
progenitor. However the Karman-—Pohlhausen 
method was developed at a time when very few 
of the similar solutions of the boundary-layer 
equations were available: approximations to the 
required auxiliary functions therefore had to be 
obtained by the use of a “profile’’ method 
(assuming that the velocity profile could be 
represented by a polynomial, obtaining relations 
between the coefficients by reference to selected 
boundary conditions, and solving the differential 
equation in integrated form). 

The Karman—Pohlhausen method therefore 
contains two sources of error: (i) that associated 
with the assumption that the boundary layer 
“forgets” all about its origin and responds only 
to local influences (Section 2.2): (ii) that 
associated with the use of approximate auxiliary 
functions. 

The procedure recommended in the present 
paper on the other hand, exploiting as it does the 
progress in boundary-layer theory which has 
been made in the last thirty years, contains only 
the first of the two sources of error. 


2. THE METHOD OF CALCULATION 
2.1. The mathematical problem 
Figure 1 shows a _ two-dimensional body 
immersed in a plane steady laminar fluid stream. 
At a distance x along the surface from the 
stagnation point, the velocity normal to 
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the surface is vs, the stream velocity outside the 
boundary layer is vg and the boundary-layer 
thickness is 6. 


Main 
stream 


Fic. 1. Laminar boundary layer on a two-dimen- 
sional body. 


Later, it will be necessary to give 6 a precise 
definition; for the moment however we shall 
regard it as a measure of the boundary-layer 
thickness without specifying which one. This 
is done because the argument to be used applies 
to any definition. 

The wall velocity vs is related to the mass 
transfer rate of the standard formulation, m’’ [11], 
by the equation: 


vs = m''/ps (1) 


where m'’ = total mass flux through the inter- 
face (Ib,,,/ft*h), 
ps density of fluid adjacent the inter- 
face (Ib,,,/ft*). 


Since we shall assume the density to be uniform 
throughout the fluid, it is more convenient to use 
velocities than mass fluxes. 

In the problem to be considered, vs, like ug, 
will be regarded as a known function of x. 
This may seem surprising in view of the fact that 
the end-objective is the calculation of the mass 
transfer rate, i.e. of vs. The explanation is 
that, just as knowledge of the velocity distribu- 
tion is required if the equation leading to the 
mass transfer rate is to be solved (mentioned in 
Section 1.1), so the latter quantity influences 
the former. The two problems must therefore be 
solved simultaneously; usually a convergent 
iterative technique is used. 

The present mathematical problem may now 
be stated symbolically as: 


Given: ug(x), vs(x), v 
Find: 4&(x) 


where v is the kinematic viscosity (ft®?/h). 


Solution of this problem will be shown to 
provide a foundation for the subsequent calcula- 
tions of the distribution of the mass transfer 
rate. 

It should be noted that the discussion of a 
plane-flow problem simultaneously serves for 
problems in which the body and stream are 
axi-symmetrical; this will be explained in 
Section 2.5. 


2.2. The differential equation of boundary-layer 
growth 

Familarity with the experimental facts con- 
cerning boundary layers focusses attention on 
the fact that the boundary-layer thickness at any 
point on the surface is determined by the 
cumulative effect of upstream events, but is 
uninfluenced by what happens downstream. 
Moreover, experience with the solutions to 
partial parabolic equations, such as that for 
unsteady heat conduction, teaches that irregulari- 
ties in profile (e.g. temperature distribution) are 
soon “ironed out”; the solutions may be said to 
have a poor memory for detail. 

Now the partial differential equation of 
motion in the boundary layer is parabolic. 
We may therefore embody the experiences just 
referred to in the following assumption; this is 
the starting-point of the present method. 

The basic simplifying assumption. We shall 
assume that the local rate of growth of the 
boundary-layer thickness 6, i.e. déd/dx, is 
determined solely by quantities which may be 
measured at the particular location on the 
surface. We shall include in the quantities for 
consideration all those mentioned so far, 
namely ug, vs and 6 (but not x, since this 
cannot be measured without reference to other 
locations, viz. the stagnation point), and also the 
local gradient of the stream velocity dug/dx. 
These choices imply that the boundary-layer 
thickness at any point is dependent in part on 
the thickness of the boundary layer immediately 
upstream but on no other upstream boundary- 
layer property. In other words, 4 is regarded as 
being the only local property large enough to be 
“remembered” for an appreciable distance 
downstream; details of the shape of the velocity 
profile are assumed to be “forgotten’”’ immedi- 
ately. 
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The assumptions can be expressed mathe- 
matically in the following form: 


dé dug | 
vs, 8, ax’”) (2) 


where /(. . . .), here and throughout the paper, 
signifies ‘“‘some function” of the quantities in 
the bracket. 

Dimensional analysis. The variables appearing 
in equation (2) must be grouped together so that 
the equation is dimensionally homogeneous. 
This can be carried out by the procedures of 
dimensional analysis. The maximum simplifica- 
tion of equation (2) is obtained if we incorporate 
the essential assumption of boundary-layer 
theory, namely that viscosity is only responsive 
to velocity gradients in the y-direction, i.e. 
normal to the wall; then it becomes permissible 
to regard x and y as possessing different dimen- 
sions (viz. X and Y), with results which will be 
seen from the following table, wherein T stands 
for the dimension of time. 


Table | 


Quantity di/dx ue ‘s dug/dx 


Dimensions Y/X X/T Y/T Y 1/T 


The number of quantities appearing in 
equation (2) is 6; the number of independent 
dimensions is 3 (viz. X, Y and T). The z Theorem 
therefore leads to the conclusion that the 
corresponding dimensionally homogeneous 
equation must contain 6 — 3, i.e. 3, dimen- 
sionless quantities. Inspection, and some alge- 
braic manipulation, shows that a suitable set of 
quantities is: 

ugi dd & dug 


, an 
v dx’ v dx 


It will be found convenient to shift the first 6 
of the first group to the right of the differential 
sign. The dimensionally homogeneous form of 
equation (2) then becomes: 


UG dé? | & dug = (3) 


» dx \v dx’ v 


where the function F(. . . .) remains to be deter- 
mined. 

Discussion. It is evident that (3) is a first-order 
differential equation with 5* as the dependent 
variable and x as the independent variable. Of 
the other quantities, v is a constant while ug 
and vs will be given, in any particular problem, 
as functions of x.+ Given one boundary condi- 
tion therefore, equation (3) can be solved in a 
particular case by well-known techniques of 
numerical analysis. Of course, to do this it is 
necessary to know the nature of the function 
F(....). Before embarking on the determination 
of F(. . . .), it should be remarked that, according 
to our assumptions, this is a general function, 
valid for a// two-dimensional laminar boundary 
layers. Because F(....) is a function of two 
variables, it can be represented by a family of 
curves on a single sheet of graph paper, or by a 
table with two arguments. We shall introduce 
such graphs and tables below. 

When the boundary-layer thickness 5 has been 
determined at every x by numerical solution of 
equation (3) for a particular case, it may be 
necessary to determine further properties, for 
example the local shear stress. This will be 
possible because the basic simplifying assump- 
tion (Section 2.2) implies that the desired 
property can be related to 6 and the other local 
quantities by a further general function of three 
non-dimensional quantities; this will be exempli- 
fied below. 


2.3. The general functions obtained from the 
“similar” solutions 
The partial differential equations governing 
the laminar velocity boundary layer may be 
transformed, without approximation, to ordinary 
differential equations, when the free-stream 
velocity ug obeys the differential equation: 


du G 
dx 


where C and n are constants.? Since the velocity 
profiles in the y-direction are all similar to each 


C (4) 


+ Of course specification of ug as a function of x 
automatically specifies dug/dx as a function of x. 

+ An alternative definition which does not involve the 
constant C is: ug (d?ug/dx*)/(dug/dx)? = n. 
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other in such a case, the corresponding solutions 
are known as the “‘similar’’ solutions. 

Many such solutions are available. Their 
theory is discussed in Section 4 of this paper, and 
a survey of the solutions, together with new 
results, is presented in Paper 2 of the series. 
Their significance for the present section lies 
in the fact that the unknown functions referred 
to above may be deduced from them; the func- 
tions so deduced can thereafter be treated as 
generally valid, in accordance with the discus- 
sion in Section 2.2. 

Definitions of boundary-layer thickness. Now 
that the main argument has been developed in 
general terms, it is time to introduce the defini- 
tions of the boundary-layer thicknesses which are 
of particular usefulness. These are: 
Displacement thickness, 


= — u/ue) dy. (5) 


Momentum thickness, 


u 
5, = {> (1 — u/uc) — dy. (6) 


Shear thickness, 


(7) 


= ug/(Cu/Cy)s. 
where: 
u is the velocity of the stream in the x-direc- 
tion, the integrals are evaluated along a 
normal to the surface, and subscript S 


denotes the value in the fluid adjacent the 
surface. 


The thickness ratios 5,/5, and 6,/5, are some- 
times given special symbols, namely: 


= (8) 
82/3, = (9) 


One further symbol will be introduced at this 
stage, namely F,. This is defined by: 


Ii 


ug (dd? 
(10) 


y dx 


a definition which corresponds with equation 
(3), the boundary-layer thickness in question 
being 6,, the momentum thickness. 

The functions and Hy, for the similar 
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solutions. As is implicit in the dimensional 
analysis, the quantities F,, Hy. and H,, may be 
deduced from the similar solutions and expressed 
as functions of two variables. Since it is common 
practicet to choose 6, as the dependent variable 
of equation (3), we shall express F,, H,. and Ho, 
as functions of the arguments (63 1)(duq/dx) 
and vsd,/v. 

The quantity F, is plotted as the ordinate in 
Fig. 2; (83/v)(dug/dx) is the abscissa and 


Decelerated 


flows 


Accelerated s2 
flows a: “c 


vd 


Fic. 2. Auxiliary function F, derived from the 
“similar” solutions (Evans). 


us6,/v is the parameter. The curves have been 
obtained by Evans [lI] using interpolation 
procedures described in Paper 2 of this series. 


+ The advantage is that then (3) is identical with the 
integral momentum equation. However one could also 
choose a different thickness, e.g. 5, or 6;. The exploita- 
tion of this freedom of choice will be illustrated later 
when the method of Eckert [2] is described (Paper 4 of 
this series). 
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The latter paper also contains tables which 
embody the contents of Fig. 2 ina more accurate 
form. 

Figure 3 contains a plot of the thickness ratio 
H,, plotted with the same abscissa and parameter, 


Decelercted | 
flows | Accelerated 
flows 


Fic. 3. Auxiliary function H,, deduced from the 
“similar” solutions (Evans). 


and obtained from the same source. Fig. 4 
contains a similar plot of the thickness ratio 
Hy». Tables of H., and H,, may be found in 
Paper 2 of the present series. 

The quantities Fy, Hq, (83/v) (dug/dx) and 
vs6,/v are linked by a simple relationship; for the 
integral momentum equation of the laminar 
boundary layer runs: 


(11) 


On introduction of the definitions (8), (9) and 
(10), equation (11) becomes: 


(12) 
which is the relationship just referred to. 


2.4. Procedures for calculating the properties of the 
laminar boundary layer on a specified two- 
dimensional body 

We now consider how to solve the mathe- 

matical problem set out in Section 2.1. 


Fic. 4. Auxiliary function H,, deduced from the 
**similar’’ solutions (Evans). 


Numerical analysis. We suppose that ug and 
Us are given as functions of x, and consider how 
to determine 4,, 5,, and the shear stress (via 5,) 
at each value of x. The most accurate procedure 
is the following: 


Step (i). 

Choose reference values of velocity, U, and 
length, L; these may conveniently be the velocity 
far upstream of the body and the overall length 
along the surface of the body. 


Step (ii). 
Define non-dimensional quantities x”, 
5* as follows: 
= 
= x/L (14) 
= 6,/(U/Lv) (15) 
= vsV(L/vU) (16) 


where the subscript to 6* and 6 may be 1, 2 or 4. 
The differential equation to be solved then 

becomes: 
dé." 


dug *x O* 
g 83). (17) 
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Step (iii). 

Differentiate the ) curve appropriate to 
the particular problem so that now du,/dx*, 
u;, and vé are all available as functions of x”. 


Step (iv). 

Solve equation (17) by standard procedures of 
numerical analysis (e.g. Runge-Kutta), referring 
to step (ili) for the functions particular to the 
problem, and to Fig. 2 (or corresponding tables) 
for values of the function F,. (N.B. Note that 
) is identical in value with (63/v) 
(du/dx), and that v¢8* is identical in value with 

The result of this step is a curve of 6} versus 
Step (v). 

Evaluate 8°*(du¢/dx") at each x*, and the 
corresponding values of H,, and H,, from Figs. 
3 and 4 (or corresponding tables). Hence 
obtain 8; and 64° (if this is required). 


Step (vi). 
Evaluate the local shear stress at the wall, 75, 


from: 
uG 


The starting condition. Solution of a first-order 
differential equation requires the specification of 
an initial condition for the start of the integra- 
tion. In the present problem this is given by the 
condition at the lowest value of x”, i.e. at the 
upstream end of the boundary layer. x* is 
usually defined to be zero here. 

Three situations may arise: 

Case (a). For a thin flat plate, 5° is zero at the 
leading edge while w/, is finite there. Then both 
6°*(du7,/dx") and v6) are zero and F, is obtained 
from Fig. 2; the integration proceeds without 
difficulty. 

Case (b). A body with a rounded leading edge 
has = Oat = 0 while is finite. It 
follows that u-(do,?/dx") and therefore F, are 
zero at the leading edge. 

The condition F, 0 implies a relation 
between and (obtained by 
inspecting the abscissa scale of Fig. 2). Since 
both duZ/dx* and vé are known at x* = 0, a 
simple graphical procedure enables 6) to be 


D. B. SPALDING 


found from the above-mentioned relationship. 
The numerical integration can then proceed. 

Case (c). Sometimes we have: v7 = Oat x*= 0 
and = in the immediate neighbour- 
hood, where K and Eu are known constants. It 
can be shown? that, in this case, 


ds"? _1—&u ,,, dug 
dx* Eu ? 


Equation (19) represents a straight line passing 
through the origin of Fig. 2 with slope 
(1 — Eu)/Eu; it thus specifies a relation between 
and which can be solved for 
5; in the same manner as in case (b). (N.B. 
Either v¢ 0, or vgd) a known value, in 
practical problems. The problem is therefore 
easier than that of case (b)). 

Quadrature procedure. The curves on Fig. 2 
are approximately straight. The straightness of 
the line vsé,/v = 0 was noticed by Walz [14] and 
Thwaites [12], and utilized by them as the 
foundation of a quadrature procedure. We can 
generalize their procedure in a way which is 
particularly useful if vsé,/v happens to be 
constant over the surface in question, but has 
also a wider application, by putting: 


(19) 


E, = F, + a(83/v) (dug/dx) —d (20) 


where a and d are constants. Then equation (17) 
becomes: 


+ E,+d_ (21) 


wherein of course £, is a non-linear function of 
and of which may be regarded 
as the “error” involved in the straight-line 
approximation. 

If equation (21) is first multiplied through by 


u¢-“~1, it can be written in integrated form as: 


wherein the starting condition 6; = 0 or u; = 0 
at x* = 0 has already been inserted. It should be 
noted that equation (22) is exact, if equation (17) 
is regarded as exact. 

Part of the right-hand side of (22), namely 
dx* can be evaluated by quadrature, 


t See equation (70) below. 
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since d is a constant and uw, is a known function 
of x"; the other part, namely E, dx* 
cannot be so evaluated, since £, depends on 6; 
as well as on x*. However the second part can 
be determined in an iterative procedure in which 


a first approximation to 6), namely 6), is 
evaluated from the formula: 


*q—1 *71/2 
2 ug 
this value of 5) is then used to give a first 
approximation to the value of EF, at each x’, 
namely £3,;, by reference to appropriate tables 
(see Table 2 for example). 


(23), should be used and did not consider further 
iteration. The error is small because of the 
straightness of the curve vs6,/v = 0 on Fig. 2. 

A somewhat improved procedure for the same 
case of no mass transfer has been proposed by 
the present author [10]. The constants a and d 
are chosen so that the corresponding straight 
line passes through the intersections of the curve 
vs5,/v = 0 with the co-ordinate axes of Fig. 2; 
the values are: a 5-164, d 0-441. The 
corresponding values of £, are contained in the 
Table 2, compiled by Evans [1]. 

The corresponding procedure for mass 
transfer involves making estimates of the 


Table 2 


Thereupon a second approximation, 5,,11, can 
be evaluated from: 

2° uy." 

(24) 
and so on until 6:(x°) has been obtained to 
sufficient accuracy. 

This procedure will lead to the correct solution 
of the differential equation whatever values are 
chosen for the constants a and d. However a 
judicious choice of these quantities will make £4, 
which may be regarded as a “correction” 
term, very small, and so greatly reduce the 
number of iterations which are needed. Indeed 
Walz and Thwaites, who were concerned only 
with the case of vg6) = 0, recommended the 
values: a 6°10, d 0-47 (Walz), or a = 6, 
d = 0-45 (Thwaites), and F, = 0; i.e. they pro- 
posed that only the first approximation, equation 


quantity v¢6,/v (ie. vgd)) at the stagnation 
point and at the point where du¢/dx is zero, and 
drawing a straight line on Fig. 2 to pass through 
the appropriate points on the co-ordinate axes. 
The magnitude of £, will then be small in most 
practical cases, so that usually the second 
approximation, given by equation (24), will be 
sufficiently accurate. 

It should be borne in mind that the equation 
which we are solving, namely equation (17), 
itself only approximately represents the full 
partial differential equation; the attempt to 
obtain its solution to an accuracy of better than, 
say, 2 per cent would therefore ordinarily 
represent wasted effort. 


2.5 The axi-symmetrical case 

The same techniques may be used for calcu- 
lating boundary-layer growth and wall friction 
when the body and the surrounding stream are 


a 
= 
83 dug 83 duc 83 dug E, 
v dx v dx v dx 
—0:0681  —-0-0280 0-0854 0-0 0-1275 0-0049 
—0-0580 0.0195 0:0963 —0:0013 0-1307 0-0052 
—0:0265 —0-0050 0-1036 —0:0019 0-1327 —0:0054 
0-0 0-0 0-1065 —0-0025 0-1370 0-0062 
0-0333 0-0025 0-1109 —0:0023 0-1415 0-0067 
0-0538 0-0018 0-1160 00033 0-169 0-0105 = 
0-0677 0-0011 0-1215 —0-0042 0-385 0-007 
0-078 0-0003 


axi-symmetrical (Fig. 5). In this case, specifica- 
tion of the problem must also include radius, R, 
as a function of x, in addition to the stream 
velocity vq and the normal velocity at the wall 
Us. 


Fic. 5. Laminar boundary layer on an axi-symmetrical 
body. 


The Mangler transformation. Mangler [6] has 
shown that the partial differential equations of 
the axi-symmetrical laminar boundary layer 
may be transformed so as to have the same 
form as those of the two-dimensional boundary 
layer. The implication for the present methods 
is that the non-dimensional quantities used in 
solving the equation of boundary-layer growth 
should differ slightly from those of equations 
(13) to (16). Specifically, we should define: 

25) 

x** = (1/L) (R/Ry)? dx (26) 

where R, is some reference radius. (We could 
take R, = L for example), 


Us us (Ro/R) (L/vU). 


(27) 
(28) 


The differential equation to be solved then 
becomes: 


Ue F, 


2 5° *2 


dx**? (29) 


where u/.” and v¢* are given functions of x**, 
and F, is the same function as before despite the 
increased bespanglement of its arguments. 

Comparison of the definitions (13) to (16) 
with definitions (25) to (28) shows that: 


* * * 2 
AUG 85 duc 
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while: 


dx* 


Uc {Ro\? d{(R/R,) 8}? 

ug dd? Ry 2 d(R/Ry)* 


vdx | dx 


Solution of the equation. Solution of (29) by 
numerical integration does not require any 
special remark, except perhaps that the quadra- 
ture of equation (26) needs to be carried out as a 
preliminary so that the functions: u¢(x), vs(x) 
and R(x) can be transformed into the functions: 
uc *(x**) and vg *(x*"*). 

If an iterative quadrature procedure is to be 
used for solving the differential equation, as 
described above, the preliminary step just men- 
tioned can be incorporated in the main quadra- 
ture; indeed the doubly starred quantities need 
not then appear explicitly. Thus by writing 
equation (22) in terms of 6)", x**, etc., and then 
transforming back to the singly starred quanti- 
ties, we obtain an equation which may be 
written as: 


Jo" (d + E,)(R/Ro)? dx*]!? 


in which E£, is a function of 63°(du¢é/dx") and 
v<6). This equation may be solved by iteration 
as before, the number of cycles which are 
needed depending on the choice of constants 
d and a. 

The axi-symmetrical stagnation point. The 
forward stagnation point of an axially sym- 
metrical body is characterized by the following 
conditions: ug = 0, dug/dx = finite, R = x. 
Consequently, 


(33) 


Gc aa 


(34) 


This may be proved as follows: 
Inserting R = x in equation (26), and inte- 
grating, we obtain: 


2 2 
Up 
& | 
R Body (32) 
\ | 
| 
J 
Vol. 
2 
1961 


(35) 


The conditions ug 0. dug/dx ~ 0, on the 
other hand, dictate that: 


* * * * 
ug” dx** 
aw L (Ro\? duc 
UNx) ax’ (36) 


Combining equations (35) and (36), we 
obtain: 
Ry dug 


ust = (a (37) 


The exponent of x** appearing in equations 
(34) and (37) indicates that, for the reasons 
outlined in connexion with equation (19), 
the axially symmetrical stagnation point is 
represented by a line of slope (1 — 1/3)/(1/3), 
i.e. of 2, on Fig. 2. 


3. EXAMPLES OF THE USE OF THE METHODS 

The main purpose of the present section is to 
illustrate the use of the methods which have been 
described. The opportunity will be taken to 
consider some examples for which exact solutions 
are available to the partial differential equations 
of the boundary layer: comparison of these 
solutions with those given by the present 
approximate methods will give an indication 
of the accuracy of the latter. 


3.1. Uniformly decelerating flow; no mass transfer 

The problem. Howarth [3] has considered the 
growth of a two-dimensional laminar boundary 
layer on a body when the main-stream velocity 
varies according to the law: 


ug = Ul L) (38) 


where U and L are constants. He found that the 
shear stress on the wall falls to zero, i.e. the 
boundary layer separates from the wall, at a 
finite distance from the leading edge, viz. x,.,,, 
where 

Xeep  0°12L. (39) 


Quadrature method; first approximation. 
Equation (23) combined with (38) leads to: 
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fz* d(1 — x* dx* 
(1 x*)e 


Now if the shear stress is zero, then H,, = 0. 
This occurs, according to Fig. 3, when 
(83/v) (dug/dx) 0-0681. Since 


dug dx : — U/L 


in the present case, 5) for separation is equal to 
(0-0681)''*. Inserting this conclusion in equation 
(40), we find: 


a|}/4 
x, 1—1 [ 0-068 1 “| (41) 


1/2 


(40) 


sep 


x.» may now be evaluated bya suitable choice 
of a and d. The three sets of values encountered 
so far give results tabulated in Table 3. 


Table 3 
) 
a d Proposed by from 
equation (41) 
6:10 0-47 Walz 0:0985 
6-0 0-45 Thwaites 0-1021 
5-164 0-441 Spalding 0-1073 


The value for x{.,, calculated by Howarth is 
0-12 approximately [9]. Comparison of this value 
with those of Table 3 shows that each of the 
values obtained from equation (41) is an under- 
estimate, the error being between 10 and 20 per 
cent. If higher approximations are taken for 
5°, as described in Section 2.4, differences 
between the values of x*., based on the various 
choices of a and d naturally disappear; however 
this iterative procedure converges to a value of 
in which is still about 10 per cent less than 
Howarth’s value. This error is presumably due, 
in the main, to the approximation inherent in the 
present method; however the accuracy of 
Howarth’s value is also somewhat uncertain. 


3.2. The flat plate with uniform suction 

The problem. \glisch [16] has considered the 
growth of a two-dimensional laminar boundary 
layer on a flat plate immersed in a stream of uni- 
form velocity, when mass transfer occurs at a rate 


4 
25 
Vi 
|| 
Th 
= 
> ] . 
16 1 
4 
= 
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which is uniform over the plate surface; the 
direction of mass transfer is from the fluid to the 
plate. 

He found that the boundary layer thickness 
does not grow indefinitely, but reaches an 
asymptotic value: correspondingly the shear 
stress falls to a steady finite value. We shall 
compare the predictions of the present approxi- 
mate method with those of Iglisch. 

Numerical analysis. Since, in this case, ug is 
independent of x, F, can be regarded as a func- 
tion of (vsé,/v) alone. Equation (10) now 
becomes: 

UG dé3 


v dx (42) 


= Usdy, v) 


where the values of F, are obtained from the 
ordinate axis of Fig. 2. 

Since there is no obvious reference velocity, U, 
or length, L, in this problem, we shall not intro- 
duce the starred quantities. Equation (42) is 
therefore re-arranged immediately to yield: 


F. (43) 


0 2 


d(vsd,/v)? 


ugv 


Thus the present problem reduces to a quadra- 
ture without the need for any linear hypothesis. 
Equation (43) leads, on numerical evaluation, 
to the relation between vsé,/v and vix/ugv 
represented by the upper curve of Fig. 6. The 
lower curve is that obtained by Iglisch by way of 


Present method 


Fic. 6. Growth of momentum thickness on a flat 
plate with uniform suction. 


exact numerical solution of the partial differential 
equation of the boundary layer. It will be seen 
that the agreement is within about 2 per cent. 


3.3. The axi-symmetrical stagnation point 

The problem. Axi-symmetrical bodies, such as 
missiles, fuel droplets, etc., have a stagnation 
point on the leading face. The flow in this region 
is frequently laminar. Missile noses may be 
transpiration-cooled; fuel droplets have an 
appreciable rate of mass transfer across their 
surfaces: the influence of a finite mass transfer 
rate on the surface shear stress near a stagnation 
point is therefore of interest. 

Solution using Figs. 2 and 3. As explained in 
Section 2.5, conditions at an axially symmetrical 
stagnation point can be represented, as a 
relation between versus 
by a line at a slope of 2 on Fig. 2. This relation 
may be transformed into physical terms by way 
of equations (31) and (32), putting R = x. Fig. 7 


Ve Oo 


Fic. 7. Auxiliary function F, for the axi-symmetrical 
stagnation point. (8 = 0-5). 


shows the resulting relation. Negative values of 

rsd./v have been included though they are of 
infrequent practical importance. 
Now, as indicated on Fig. 7, 

d x 5 ) 

dx \Ry * 


2 


Fe UG Ry 


x 
Me dug/dx 


0 


‘ 
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2 
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0-2} 
Asymptote for both curves _ 
-O5 20 3-0 
= 
| glisch — 
| 
O 0-5 0 5 2-0 25 3-0 
(44) 
i 


Hence we obtain, by integration, an expression 
for 6,: 


xs Fyv x? 
*} R? (dug/dx) 
Fv 
2 
i.e. 63 (45) 


Equation (45) can be used, in conjunction 
with Fig. 7 and equation (18), to yield momen- 
tum thickness, displacement thickness and wall 
shear stress as functions of the mass transfer 
rate, all these quantities being in dimensionless 
form. Fig. 8 illustrates the results. 


Fic. 8. Boundary layer properties at the axi-sym- 
metrical stagnation point, as functions of mass 
transfer rate. 


Discussion. The physical significance of Fig. 8 
is easy to discern: an outward rate of mass 
transfer (vs > 0) increases the boundary-layer 
thicknesses and decreases the shear stress; 
an inward rate of mass transfer has the opposite 
effects. 

It should be noted that the results contained in 
Fig. 8 represent exact solutions of the partial 
differential equation of the boundary layer; for 
the axi-symmetric stagnation point has a stream 
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velocity distribution obeying equation (4), 
so that the data of Figs. 2, 3 and 4 are exact. 


3.4. The accuracy and convenience of the method 

The above examples have shown that the 
method presented here can be used to provide 
predictions of the distribution of boundary- 
layer thickness and surface shear; these are 
fairly close to the predictions obtained by more 
exact and time-consuming methods. The differ- 
ence between the two predictions is less than the 
experimental error usually associated with 
boundary-layer studies. 

However, it should be emphasized that the 
examples chosen have all been particularly easy 
ones: the numerical integration of equation (17) 
cannot always be escaped. Nevertheless the 
method presented is very much easier than the 
exact numerical solution of the partial differential 
equation which it has supplanted. 


4. THE ORIGIN OF FIGS. 2, 3 AND 4: 
“SIMILAR” SOLUTIONS 


4.1. Introduction 

In this section we shall explain the origin of 
the functions F,, H,, and H., which form an 
essential part of the present method. The section 
is included partly for the convenience of readers 
interested in the fundamentals of the subject, 
and partly because the treatment involves some 
departures from that which has become con- 
ventional (see, for example, that of Schlichting 
[9]). 

The novelties have been introduced to avoid 
some of the less elegant features of the con- 
ventional treatment. These include the following: 


(i) It is common to represent the “similar” 
boundary layers as those which would be 
formed on wedges of angle 8. However, 
since the f-values of the solutions in 
which we are interested range from + ~ 
to —, whereas the angle of a physically 
realizable wedge must fall in a more 
restricted range, the interpretation in 
terms of wedges may hamper under- 
standing. Moreover, it is entirely acciden- 
tal that the solutions for inviscid flow near 
wedges give velocity distributions cor- 
responding to equation (4): if such 


ag 
_ 
30 
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TQ 
61 
9 2-0 3-0 } a 
= 
| 
= 
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velocity distributions were instead given 
by much more complex shapes of body 
the boundary-layer analyses would in no 
way be altered. 


(ii) It is also common to represent the 
“similar” boundary layers as those which 
prevail when the free stream velocity 
obeys the law: ug = const. x*“, where Eu 
is a constant known as the Euler number. 
The disadvantages of this procedure are 
(a) that one member of the family of 
similar solutions, namely that for a free 
stream velocity distribution according to 
UG = const. e©"* | is thereby excluded, 
and (b) that attention is concentrated on 
the length x which in some cases is the 
distance downstream of the leading edge 
while in others it is the distance upstream 
of some singularity in the free-stream 
flow. 


(iii) The fundamental ordinary differential 
equations satisfied by the similar solutions 
is sometimes written and discussed in 
terms of two constants a and f. This 
falsely gives the impression that a two- 
parameter family of differential equations 
is in question. It will be shown below that 
the whole range of solutions can be dis- 
cussed by reference to a single parameter, 
for example . 


The characteristic of the free-stream velocity 
distributions which leads to the existence of the 
similar solutions is chosen, in the present treat- 
ment, as follows: ug must obey the differential 
equation: 


dug 
dx 


where C and n are constants. It will be noted that 
this equation makes reference to dx, but not to x 
by itself. The solutions also therefore refer only 
to dx. This is particularly desirable when the 
“similar” solutions are to be used, as in the 
present paper, as aids in the solving of “non- 
similar” problems; for, at corresponding points 
in the “similar” and “non-similar” boundary 
layers, x has a different value for each of the 
layers. 


= Cue (46) 
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4.2. The partial differential equations of the 
boundary-layer 

We shall here consider only the two-dimen- 
sional boundary layer; Section 4.5 deals with the 
transformation by which the equations for the 
axi-symmetrical boundary layer are transformed 
so as to have the same form as those of the two- 
dimensional boundary layer. 

The equation of motion of the fluid can be 
written, when the properties are uniform, as: 

cu cu dug 


+0 UG —— + (47) 


ex cy dx oy* 


The continuity equation is: 
cu ov 
=0. (48) 
cx ey 


These equations are commonly combined by 
introducing the stream-function ¥, defined by: 


u= v= — wd (49) 
cy ox 
There results: 


dx 


éy 


The first novel step of the present treatment 
will now be made by eliminating dx from the 
equation so that the independent variables 
become y and uw. There results 


cy Cugcy CUG cy? 


dx 


Ch 
cy? dug 


Ug + (51) 


Equation (51) is generally valid. We now 
restrict consideration to the flows leading to 
similar boundary layers by introducing (46) into 
(51). The partial differential equation which 
finally has to be solved is thus: 


Cy Cugey Cug cy* 


4.3. The ordinary differential equation of the 
similar boundary layer 
The solution of equation (52) involves finding 
the value of ¥% for each pair of values of the 
independent variables y and uc, and with », 
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C and n specified. Vectorial dimensional analysis 
of this situation along the lines explained in 
Section 2.2 above, reveals that the required 
relation may be reduced to one of the form: 


n 
UG = (53) 


Since the quantity n is a numerical constant, 
equation (53) is a relation between fwo variables: 
the corresponding differential equation must 
therefore be an ordinary one, not a partial. 
We are thus assured by dimensional analysis 
that equation (52) will reduce to an ordinary 
differential equation if we introduce the trans- 


formations: 


lead, by 


(54) 


(55) 


These transformations straight- 


forward mathematical manipulations, to: 


dé -0. (56) 


The equation is now in a form in which it can 
be discussed mathematically. However, in order 
to make it familiar to readers conversant with 
the standard treatment, we multiply both ¢ and 
by the quantity (1 — n/2)'/? and replace (1 — n/2) 
by 1/8. With the corresponding definitions: 


(57) 
(58) 


B= 


dug 1° 
UG | dx 

7=(1 n 2) 3 

equation (56) now takes up the familiar form: 
+ff" (60) 


where the primes denote differentiation with 
respect to 7. 


n/2))/2 


(58) 


(59) 


In the f and » variables, reference to equation 
(49) shows that: 


(61) 
and 


esi, /(; Bd (62) 
suffix zero indicating the value when 7 = 0. 

The boundary conditions corresponding to the 

situations discussed in the present paper are: 


At the wall, the velocity u equals zero. There- 
fore 


»=0: f’=0. (63) 


Ata large distance from the wall, the velocity u 
equals the free-stream velocity ug. Thus 


y= co: f’ =i. (64) 


At the wall again, the normal velocity has the 
prescribed value vs. Therefore: 


Incidently, it should be noted that, for a similar 
boundary layer to exist, equations (65) and (46) 
together imply that the velocity vs must obey the 
oc for must be constant. 


(65) 


relation: ws 


4.4. Discussion of the family of similar solutions 

Physical significance. Equation (60), together 
with boundary conditions (63), (64) and (65), 
define a family of f— 7 relations with two 
parameters; the latter may conveniently be 
B and fy. Solutions with positive /, correspond to 
negative vs, i.e. to mass transfer processes such 
as condensation or absorption of one com- 
ponent from the mixture under consideration; 
solutions with negative f, correspond to mass 
transfer processes with positive vs, such as 
vaporization or transpiration-cooling. 

The significance of 8 may be studied by con- 
sidering its appearance in equations (58) and 
(59). If we were only concerned with mathe- 
matically real values of f and », the expressions 
within the square-root expressions would have to 
be positive. Now v is always positive; 8 would 
therefore be positive when dug/dx is positive, 


: 
= 
= 
= 
O ] . 2 ). 
dé 
‘ 
a 
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and negative when dug/dx is negative. Thus 
8 > 0 would signify an accelerating flow; 
8 < O signifies a decelerating flow. 8 = 0 then 
would signify a flow of uniform velocity, 
though this is less obvious.t 

However, imaginary values of f and 7 are also 
of interest, since it is possible for physical situa- 
tions to arise in which § and dug/dx have oppo- 
site signs. This is seen most clearly by reference 
to equation (4), for which there is no physical 
restriction on either the magnitude of or the 


sign of C. Equations (58) and (59) insure that if f 


is imaginary then so is 7, and vice versa; for the 
physical quantities u, ¥, etc., must be real. This 
means that f’ is always real, as is demanded by 
equation (61), and vs also. 

It follows that we shall be interested in obtain- 
ing solutions to the mathematical problem for 
both positive and negative values of 8 and for 
both real and imaginary positive and negative 
values of 

Methods of presenting the solutions. The solu- 
tions of equation (60) for a given pair of values of 
f, and 8 may conveniently be expressed in the 
following terms: 


(i) A curve f’ versus 7. This represents the 
velocity distribution along a normal to the 
wall, as indicated by equation (61). 

(ii) A value f;’. This represents the velocity 
gradient at the wall, [(¢u/@y)]s, to which it 
is related by: 

UG cy Ss dug dx 


By 1/2 
(auc dx) 
(iii) A value of the dimensionless displacement 
thickness, (1 — f’)dy. The definitions 
introduced above show that this is related 
to the displacement thickness 4, by: 
* This is best seen by introducing x in this instance. 
For it is easily shown that (for n = 1): 
dug/dx = (ug/x)/ — n). 
So dug/dx tends to zero as n> ©. But so does £ according 
to equation (57). Thus for the flat plate (ue = const.). 


(1/8) (dug/dx) becomes indeterminate and must be 
replaced by (1/2) (ug/x). 


0 


] 8? dug 1/2 
(iv) A value of the dimensionless momentum 
thickness, f’(1 — f’)dy. The definitions 
introduced above show that this is related 

to the momentum thickness 6, by: 


1 duc\?? 
= 
|, 1= ax) 


82 dug\}? 
( v dx 
It will be noted that equation (68) contains 
explicitly one of the quantities which have 
been used in Sections 2 and 3 of this paper. 
(v) A value of Fy, i.e. of (ug/v)dd?/dx. This may 
be obtained from (68) via the relation: 

v dx B dx 


which is proved by recognizing that, for a 
similar boundary layer: 


(68) 


(69) 


83 dug 
= const.; 
v dx 
so 
Cuz, = const 
therefore 
dds dug 0 70 
05 UG (9) 


(vi) Values of Ayo, i.e. of 5,/5,, and of Hy,, i.e. 
of 6,/5,. These are derived from the above 
results in a straightforward manner. 

(vii) Values of vsé,/v. These may clearly be 
obtained, by reason of equations (65) and 
(68), from the relation: 


Usd, 
=-f| £0 (71) 
0 

The above quantities need not be presented as 
functions of fj and £ as has just been suggested: 
instead one may take any two quantities derived 
from the solution and express the other quanti- 
ties as functions of them. Figs. 2, 3 and 4 furnish 
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examples of the latter practice: there F,, H., and 
Hy, are respectively represented as functions of 
the independent variables (6?/v) (dug/dx) and 
vs6,/v. Other re-arrangements are obviously 
possible. Sometimes the Euler number is used 
as a parameter; it is related to n and f, according 
to the above definitions, by: 


Eu =1/(1—n) =B/(2—8). (72) 


Obtaining the solutions. The method by which 
equation (60) is solved in order to yield the above 
results does not concern us here. It will merely 
be remarked that the equation is non-linear and 
possesses boundary conditions at both ends of 
the range of integration; inevitably iterative 
numerical techniques have to be used. These 
involve considerable labour. 

The difficulty of obtaining solutions to equa- 
tion (60) is such that an insufficient number have 
been obtained. However, for carrying out the 
computations discussed in Sections 2 and 3 of 
this paper, complete solutions of equation (60) 
are not needed: the f’ — » curve, for example, is 
not required. It suffices to possess plots such as 
shown in Figs. 2, 3 and 4. 

Although the available exact solutions are 
only sparsely scattered over the areas of interest 
in these diagrams, they can serve as foundation- 
points around which extensive charts can be 
constructed by interpolation. The means of 
doing so are described in Paper 2 of the present 
series. 


4.5. Axi-symmetrical flows 

For completeness we give here the details of 
the Mangler transformation by which the 
partial differential equations of the axi-sym- 
metrical laminar boundary layer can be trans- 
formed into those of the two-dimensional 
boundary layer. 

For the axi-symmetrical case, the momentum 
and continuity equations are respectively: 


dug 
dx cy" 


(73) 


UG 


(Ru) + (Rv) = 0 (74) 
ex ey 


Mangler [6] introduces the following changes 
of variables: 


(80) 


These will be recognized as possessing the same 
form as equations (47) and (48), valid for the 
two-dimensional boundary layer. 

It should be clear that the transformation 
introduced in Section 2.5 represents a particular 
form of that just discussed. It is the existence 
of the transformation for the partial differential 
equations which renders the treatment of the 
axi-symmetrical problem in Section 2.5 as 
correct as that of the two-dimensional problem. 


5. CONCLUSIONS 

(a) The distribution of boundary-layer 
thickness and wall shear stress over a two- 
dimensional or axi-symmetrical body in a 
laminar flow, with prescribed free-stream and 
normal wall velocity distributions, can be 
approximately calculated by solution of a non- 
linear ordinary first-order differential equation. 
(Equations (17) or (29).) 

(b) The calculation involves references to 
standard graphs or tables (Figs. 2, 3 and 4), 
which are based on the “similar” solutions of 
the laminar boundary-layer equation. 

(c) In many cases, good accuracy may be 
obtained by methods in which numerical integra- 
tion is replaced by a single quadrature (e.g. 
equation (23)). Repeated quadrature is often a 


= 
dt = | dx (75) 
R 
ju )» (76) 
vu-+y 
u u. ( 78 ) 
Equations (73) and (74) then transform to: — 
_ Cu _ dig Cu 
ox cy dt oy? 
and 
Cu 
0. | 
Xe 
61 
= 
: 
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quick procedure for obtaining the solution to 
the problem’(equations (23), (24), etc.). 

(d) The “similar boundary layers can be 
characterized as those appropriate to fiee- 
stream velocity distributions obeying the law: 
dug/dx = Cu%, where C and n are constants. 
The non-dimensional variables in terms of which 
their solutions are expressed can be chosen 
conveniently so as to involve dug/dx but not x 


itself. 
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Zusammenfassung—Es werden kritische Ziind- und Léschvorgange bei der Verbrennung eines in 
turbulenter Atmosphare schwebenden fliissigen Trépfchens mathematisch diskutiert. Die analytisch— 
numerische Untersuchung ist mit Hilfe der programmgesteuerten Rechenanlage IBM 650 durch- 
gefiihrt worden. 

Bei dem verwendeten Modell wird angenommen, dass die homogene Reaktion in einer diinnen, 
relativ zum Trépfchen ruhenden Zone stattfindet und dass die Reaktanten stark mit Inertgas verdiinnt 
sind, so dass der konvektive Austausch (Stefanstrom) zu vernachlassigen ist. Der Ablauf der Reaktion 
wird quasistationar behandelt. Bei den kritischen Ziind- und Léschvorgangen handelt es sich um ein 
Stabilitatsproblem. Der Einfluss der zehn Grundkonstanten auf den Reaktionsverlauf insbesondere 
wahrend der Induktionsperiode, und auf den Ziindvorgang, wird diskutiert. Zur Erfassung des kon- 

vektiven Austausches wird ein Iterationsverfahren kurz beschrieben. 


Kalli, B Ty pOyTeHTHOM TOTOKe. 
IBM 650. 

B YO TOMOreHHAA peakitA MMeeT MeCTO B TOHKOIi 
30HE, OTHOCHTEIbHO M YTO peareHTbl HACTOJIbKO CMJIbHO 
YTO KOHBEKTHBHEIM OOMeHOM (Cre@aHOBCKHM MOTOKOM) MO7KHO IIpeHedperb. 
XOW peak Kak B mpoueccax 
OCHOBHBIX KOHCTAHT Ha XOjl peaKIUIM, B OCOOeHHOCTH B TeYeHIe MHLYKUMOHHOrO 
Ha yuéTa KOHBeEKTHBHOrO OOmMeHAa KpaTkKoO 


Abstract—Critical ignition and extinction processes in the burning of a liquid droplet floating in a 
turbulent atmosphere are mathematically discussed. The analytical—-numerical investigation was 
carried out with the aid of the program-controlled computer IBM 650. 

In the case of the model employed it is assumed that the homogeneous reaction takes place in a 
narrow zone at rest in relation to the droplet and that the reactants are highly diluted with inert gas, so 
that the convective exchange (Stefan flow) can be neglected. The course of reaction is treated in a quasi 
stationary manner. The critical ignition and extinction processes are stability problems. The influence 
of the ten basic constants on the course of reaction, especially during the induction period, and on the 
ignition process, is discussed. For taking the convective exchange into account an iteration process is 

briefly described. 


Résumé—Les processus d’inflammation et d’extinction critiques dans la combustion d’une gouttelette 
liquide en suspension dans une atmosphére turbulente sont étudiés mathématiquement. La recherche 
numérique-analytique a été faite a l'aide d’une machine IBM 650 a programme contréle. 

Dans le cas du modeéle utilisé, on suppose que la réaction homogéne se fait dans une zone étroite au 
repos par rapport a la gouttelette et que les reactants sont trés dilués dans le gaz inerte de sorte que 
léchange par convection (Stefan flow) peut étre négligé. Le cours de la réaction est traitée de fagon 
quasi-stationnaire. Les processus d’inflammation et d’extinction critiques sont des problémes de 
stabilité. L’influence des 10 constantes de base sur la réaction, particuli¢rement pendant la période 
d’induction et sur le processus d’inflammation, est discutée. Un procédé d’itération est décrit briéve- 

ment pour tenir compte de l’échange par convection. 


* Erweiterte Fassung eines Referates bei der internen Sitzung des Fachausschusses “Technische Reaktions- 
fiihrung” der Verfahrenstechnischen Gesellschaft im Ver. dtsch. Ing. am 8. 9. 1959 in Hannover. 
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AUFSTELLUNG DER VERWENDETEN ZEICHEN 
Physikalische und dimensionslose Gréssen 


A, 


B, 


Cy 


dimensionslose reaktionskinetische Kon- 
stante: 

dimensionslose Aktivierungsenergie;: 
spezifische Warme des fliissigen Brenn- 
stoffs ; 

dimensionslose verdampfungskinetische 
Konstante; 

Diffusionskoeffizient der k-ten Gaskom- 
ponente; 
Aktivierungsenergie 
Reaktion; 
Oberflaiche des fliissigen Tropfchens:; 
erste dimensionslose kalorische Kon- 
stante; 

molare Enthalpie des Gasgemischs; 
zweite dimensionslose kalorische Kon- 
stante; 


der chemischen 


dimensionslose Warmeleistung der 
chemischen Reaktion; 
Haufigkeitsfaktor der Reaktionsge- 
schwindigkeit; 


dimensionslose verdampfungskinetische 
Konstante; 

Molekulargewicht des Brennstoffdamp- 
fes; 


. Nusselt-Zahl des Warmeaustausches mit 


der Aussenatmosphiare; 

Nusselt—Zahl 2. Art des Stoffaustausches 
mit der Aussenatmosphare; 
Nusselt—Zahl der Verdampfung; 
Nusselt-Zahl 2. Art der Verdampfung: 
Totaldruck der Gasphase; 

Partialdruck der k-ten Gaskomponente; 
Gleichgewichts-Partialdruck des Brenn- 
stoffdampfes bei der Temperatur des 
fliissigen Tropfchens; 
Sauerstoff-Partialdruck in der Aussen- 
atmosphire; 

Iterationsparameter; 

die obere Iterationsgrenze: 

molare Stromdichte der k-ten Gaskom- 
ponente; 

Energiestromdichte; 

Warmet6nung der thermischen Reak- 
tion (korrespondierend mit stdchio- 
metrischen Koeffizienten v,): 

molare Verdampfungswirme des fliis- 
sigen Brennstoffs; 


Abstand vom Mittelpunkt des Trépf- 
chens: 


R, —_universelle Gaskonstante; 

R,, Aussenradius der Reaktionszone: 

Rrr, Radius des Tropfchens; 

Rrrp, Anfangsradius des Trépfchens; 

t, Zeit; 

T, absolute Temperatur in der Reaktions- 
zone; 

7), absolute Temperatur der Aussenatmos- 
phare; 

Tyr, absolute Temperatur des Trépfchens; 

Trro, absolute Temperatur des Trépfchens zu 
Beginn der Reaktion; 

T,, absolute Siedetemperatur des fliissigen 
Brennstoffs ; 

v, Reaktionsgeschwindigkeit: 

V, Volumen des Trépfchens;: 

w, molare Stromdichte des Gasgemisches; 

x, dimensionsloser Abstand vom Mittel- 
punkt des Trépfchens (Ortsargument); 

X,  dimensionsloser Trépfchenradius; 

X,, Anfangswert des dimensionslosen Tropf- 
chenradius; 

y,  dimensionslose Temperatur in der Reak- 
tionszone; 

Y, dimensionslose Trépfchentemperatur; 

Y,, Anfangswert der dimensionslosen Trépf- 
chentemperatur; 

Y,, dimensionslose Siedetemperatur des 
fliissigen Brennstoffs: 

z,, dimensionsloser Partialdruck der A-ten 
Gaskomponente: 

Z,, dimensionsloser Gleichgewichts-Partial- 
druck des Brennstoffdampfes bei der 
Temperatur des fliissigen Brennstoffs; 

Z,;, dimensionsloser Totaldruck: 

Z,, dimensionsloser Sauerstoff-Partialdruck 


v= 


in der Aussenatmosphire; 
Warmeibergangskoeffizienten ; 
druckbezogener Stoffiibergangskoeffizi- 
ent der Verdampfung; 

druckbezogener Stoffiibergangskoeffizi- 
ent der A-ten Gaskomponente an der 
Aussengrenze der Reaktionszone: 
st6chiometrischer Koeffizient der k-ten 
Gaskomponente (fiir Ausgangsstoffe- 
negativ); 

2v;,, algebraische Summe stéchio- 
metrischen Koeffizienten: 


|_| 
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H, 
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Dichte des fliissigen Brennstoffs ; 
dimensionslose Zeitvariable; 
dimensionslose Reaktionsgeschwindig- 
keit. 


Indizes 
k,  Stoffindex: 1—Brennstoffdampf, 2— 
Sauerstoff, 3—Verbrennungsprodukt; 
a, Aussengrenze der Reaktionszone; 
i, Innengrenze der Reaktionszone. 


Differentialoperationen 
d( j/dx =( )', Ableitung nach dem dimen- 
sionslosen Ortsargument; 
Ableitung nach dem dimen- 
sionslosen Zeitargument: 


~ 
| 


| Laplace-Operator 


(Kugelsymmetrie). 


1. PHYSIKALISCHE VORAUSSETZUNGEN 
Das Wesen der kritischen Ziind- und Léscher- 
scheinungen bei heterogenen exothermen Reak- 
tionen ist in mehreren theoretischen Arbeiten 
mathematisch behandelt worden [1]. Es zeigte 
sich. dass diese Erscheinungen mit den ahnlichen 
Phinomenen der Explosion und der Ausléschung 
einer chemischen Reaktion in einem homogenen 
Reaktionsgemisch eng verwandt sind. Der 
wesentliche Unterschied zwischen diesen beiden 
Erscheinungsgruppen besteht darin, dass die 
kritischen Vorginge bei heterogenen Reak- 
tionen in weit starkerem Masse durch die Stoff- 
und Wiarmeibertragung gepragt werden, als es 
bei homogenen Umsetzungen der Fall ist. 

Der Verbrennungsvorgang an einem einzelnen 
schwebenden Brennstofftrépfchen vereinigt in 
sich Merkmale beider Reaktionstypen, da es sich 
zwar um eine homogene Gasreaktion handelt, 
deren Ablauf jedoch durch den Stoff- und 
Warmetransport entscheidend beeinflusst wird. 
Es ist daher verstandlich, dass auch die kritischen 
Ziind- und Léscherscheinungen an einem Brenn- 
stofftrépfchen eine Zwischenstellung einnehmen, 
und dass der Ziindvorgang im Grunde genom- 
men eine lokal begrenzte Explosion darstellt. 

Die vorliegende mathematische Untersuchung, 
die teils analytisch und teils unter Einsatz der 


programmgesteuerten Rechenanlage IBM 650 
numerisch durchgefiihrt worden ist, befasst sich 
im wesentlichen mit dem Studium der kritischen 
Vorginge. Zugleich wurde eine Reihe von sub- 
tileren Fragen wie etwa der Reaktionsverlauf 
wahrend der Induktionsperiode und Heran- 
nahen des Ziindvorgangs, zeitliche Anderung 
des Durchmessers und der Temperatur des 
Trépfchens sowie der Einfluss von mehreren 
Parametern auf den Reaktionsverlauf unter- 
sucht. 

Der eigentliche Zweck der vorliegenden 
Untersuchung ist nicht die bestmdgliche 
Approximation des reellen Verbrennungsvor- 
gangs und Beschaffung von praktischen Be- 
rechnungsunterlagen, sondern eine konsequente 
Diskussion eines in sich geschlossenen Modell- 
Vorgangs. (Wir verweisen in diesem Zusam- 
menhang auf die Ubersicht iiber Verbrennung 
der fliissigen Trépfchen von Wise und Agoston 
[2].) Wenngleich im weiteren gewoéhnlich die 
Rede von Brennstoff und Verbrennung ist, 
kommt dieser Diskussion doch eine allge- 
meinere Bedeutung zu, ndmlich als einer Unter- 
suchung autotherm verlaufender exothermer 
homogener Umsetzungen, bei denen eine Kom- 
ponente erst durch Verdampfen aus der angren- 
zenden Phase der Reaktion zugefiihrt wird. 

Der Untersuchung liegt die Vorstellung 
zugrunde, dass ein isoliertes Trépfchen in tur- 
bulent bewegter Atmosphire schwebt und von 
einer relativ zum Trépfchen ruhenden Grenz- 
schicht umgeben ist, in der die chemische Reak- 
tion stattfindet. Es wird ferner angenommen, 
dass ausserhalb dieser Grenzschicht, die im 
weiteren als Reaktionszone bezeichnet wird, 
konstante Temperatur und Gaszusammenset- 
zung herrschen. Die Konzentration des Brenn- 
stoffdampfes und des Reaktionsproduktes soll 
ausserhalb der Reaktionszone infolge der inten- 
siven turbulenten Vermischung gleich null sein. 

Die Vorstellung einer nach aussen hin abge- 
grenzten Reaktionszone gibt nicht nur den 
wirklichen Sachverhalt besser wieder, sondern ist 
im Vergleich zu der Alternativ-Vorstellung des 
unbegrenzten Reaktionsraumes auch rein 
methodisch wesentlich anpassungsfahiger und 
vorteilhafter, da der Einfluss der dusseren 
Bedingungen durch eine entsprechende Ver- 
fiigung iiber die Ubergangskoeffizienten an der 


35 
Ps i 
4,= + — | 
4 2 x 
. 
61 
4 


36 J. PAWLOWSKI 


Aussengrenze der Reaktionszone erfasst werden 
kann. 

Uber die Trépfchentemperatur Ty; werden 
keine weiteren Annahmen gemacht, ausser dass 
das Trépfchen stets in seinem ganzen Volumen 
gleichmissig temperiert ist. Der zeitliche Verlauf 
der Trépfchentemperatur ist durch ihren An- 
fangswert und die Warmebilanz, einschliesslich 
der stets aufzubringenden Verdampfungswarme, 
bedingt und steht daher mit dem zeitlichen Ver- 
lauf der chemischen Reaktion in wechselseitiger 
Beziehung. Es wird also keineswegs a priori 
angenommen, wie es Ofters der Fall ist [2], dass 
das Trépfchen siedet. 

Die Verdampfungsintensitét hiangt unter 
anderem von der Fliichtigkeit des Brennstoffes 
ab. Es wird vorausgesetzt, dass zwischen der 


Trépfchentemperatur und dem Gleich- 
gewichts-Partialdruck p,,, des Dampfes die 


Beziehung 


_ 


Pic = exp (—O,RT)) (1) 


besteht. die aus der Clausius—Clapeyronschen 
Gleichung hervorgeht. Es bedeuten darin: 
O,, = die molare Verdampfungswarme, 7, = die 
Siedetemperatur des Brennstoffes und p = den 
konstanten Totaldruck in der Gasphase. 

Die chemische Umsetzung soll nach dem 
st6chiometrischen Schema 


v, (Dampf) + v, (Sauerstoff) > 
vg (Verbrennungsprodukt) + Q 


verlaufen. Mit Q ist darin die Warmet6nung der 
Reaktion bezeichnet. Die stéchiometrischen 
Koeffizienten der Ausgangsstoffe werden negativ 
und der des  Reaktionsproduktes—positiv 
gezahit. Fir die Reaktionsgeschwindigkeit wird 
die Giltigkeit der Beziehung 


v =k p, p. exp (—E/RT) (2) 


vorausgesetzt, wobei mit p, und p, Partialdriicke 
vom Brennstoffdampf und von Sauerstoff be- 
zeichnet sind. 


2. QUASISTATIONARITAT 
Das umrissene Problem fiihrt bekanntlich auf 
ein simultanes System von partiellen Differential- 


gleichungen fiir Ortlich-zeitliche Abhingigkeit 
der Temperatur 7 und der Partialdriicke p, der 
Reaktionsteilnehmer in der Reaktionszone, 
dessen numerische Diskussion, auch beim 
Einsatz von programmgesteuerten Rechenan- 
lagen, erhebliche Schwierigkeiten bereitet, zumal 
auch die noch zu erléuternden Randbedingun- 
gen recht kompliziert sind. 

Das mathematische Problem lasst sich jedoch 
wesentlich vereinfachen, wenn der Reaktionsab- 
lauf als ein quasistationérer Vorgang behandelt 
wird. Bekanntlich erfolgt die molekular- 
kinetische Anpassung in Gassystemen an die 
jeweils vorliegenden Bedingungen so schnell, 
dass selbst in den Stosswellen annihernd ein 
thermodynamisches Gleichgewicht herrscht [3]. 
Auch bei dem_ vorliegenden physikalischen 
Problem kann angenommen werden, dass die 
Anpassung der Feldgréssen 7 und p, an die 
Randbedingungen im allgemeinen  wesentlich 
schneller erfolgt, als die zeitliche Anderung 
dieser Randbedingungen vor sich geht. 

Eine Ausnahme stellen in dieser Hinsicht nur 
Phinomene des Ziindens und des Léschens dar: 
hier handelt es sich um Vorginge, die infolge 
der Uberschreitung von gewissen Stabilitiits- 
bedingungen plétzlich ausgelést werden und bei 
praktisch unverandert gebliebenen Randbedin- 
gungen stattfinden. Die Dauer dieser Ubergiinge 
ist von derselben Gréssenordnung wie die 
Abklingzeit don Feldst6rungen. Im Rahmen der 
quasistationdren Behandlung des Gesamtprob- 
lems lassen sich diese Vorginge nicht mehr 
zeitlich aufldsen und werden konsequenterweise 
als zeitlose Momentereignisse interpretiert. Hier 
besteht volle Analogie zu ahnlichen Unter- 
suchungen von Ziind- und Léschvorgingen beim 
stationéren Verlauf von heterogenen Reak- 
tionen. 

Durch die quasistationire Behandlung zer- 
fallt das Gesamtproblem in zwei Teile: in ein 
simultanes System von gewohnlichen Differential- 
gleichungen zweiter Ordnung mit zugehérigen 
Randbedingungen, welches die Grtliche Ver- 
teilung der Feldgréssen 7 und p, fiir die momen- 
tan wirksamen Randbedingungen liefert und ein 
simultanes System von Differentialgleichungen 
erster Ordnung, welches die Verianderung einiger 
Randgréssen bestimmt und somit den zeitlichen 
Trend des Reaktionsablaufs bedingt. 
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3. RANDBEDINGUNGEN 


Die Formulierung der Randbedingungen 
erstreckt sich auf Festlegung des Integrations- 
intervalls, d.h. der Grenzen der Reaktionszone, 
Definition der Aussenwerte und Kopplung dieser 
Aussenwerte mit den Feldgréssen. 

Die innere Grenze des Integrationsintervalls 
ist durch den jeweiligen Trépfchenradius Rr, 
gegeben und daher einer zeitlichen Veranderung 
unterworfen, die mit allmahlichem Schwund der 
fliissigen Substanz zusammenhangt und von der 
Verdampfungsintensitaét, mithin auch von dem 
Reaktionsverlauf abhingt. Diese Zeitabhingig- 
keit wird durch die Diff. Gleichung (13) zum 
Ausdruck gebracht. Die dussere Grenze des 
Integrationsintervalls R, ist durch die Dicke der 
Grenzschicht gegeben und hiangt im wesent- 
lichen von der Grésse des schwebenden Trépf- 
chens und von den Eigenschaften der turbulenten 
Str6mung in der Aussenatmosphire ab. Diese 
Abhingigkeit stellt ein rein aerodynamisches 
Problem dar und liegt ausserhalb unserer 
Fragestellung. Um das ohnehin recht kom- 
plizierte Problem nicht mit zusatzlichen Schwie- 
rigkeiten zu belasten, wird R, = const vorausge- 
setzt. Es versteht sich, dass diese Annahme nicht 
bis zum vollstandigen Verbrauch des Trépfchens 
gelten kann und nur fir eine angemessene Dauer 
als eine Naherung sinnvoll ist. 

Unter Aussenwerten verstehen wir die zu den 
Feldgréssen korrespondierenden Werte ausser- 
halb des Integrationsintervalls. Es sind die im 
Aussenraum herrschenden Temperatur 7, und 
Sauerstoff-Partialdruck py, sowie die Null- 
Partialdriicke des Brennstoff-Dampfes und des 
Verbrennungsprodukts. Auch die Trépfchen- 
temperatur 7y; sowie der dieser Temperatur 
zugeordnete Gleichgewichts-Partialdruck des 
Dampfes p,, zahlen, entsprechend der ihnen 
zufallenden Rolle, zu den Aussenwerten des 
Problems. Uber die Trépfchentemperatur wird, 
mit Ausnahme ihres Anfangswertes, in keiner 
Weise verfiigt. Ihr zeitliches Verhalten ergibt sich 
vielmehr aus der Differentialgleichung (14), 
welche die Warmebilanz des Troépfchens ein- 
schliesslich der aufzubringenden Verdampfungs- 
wirme zum Ausdruck bringt und die wechsel- 
seitige Bedingtheit der Tropfchentemperatur und 
des Reationsverlaufs erkennen lasst. 

Zwischen den Randwerten der Feldgréssen 
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und den betreffenden Aussenwerten wird eine 
allgemeine lineare Kopplung vorausgesetzt, die 
zu den Randbedingungen dritter Art fiihrt. 
Diese Randbedingungen implizieren die Még- 
lichkeit, dass der Stoff- und Wéarmetransport 
durch beide Grenzen der Reaktionszone mit 
einem Widerstand verbunden ist, der selbstver- 
staindlich gegebenenfalls auch gleich null sein 
kann. Die aufgestellten Randbedingungen (s. 
Beziehungen 8-12) entsprechen durchweg dem 
ublichen Modus; lediglich die Randbedingung 
fiir den Partialdruck des Brennstoffdampfes an 
der Innengrenze der Reaktionszone bedarf einer 
kurzen Erlauterung: Falls der in unmittelbarer 
Nahe der Trépfchenoberflache herrschende 
Partialdruck des Dampfes den Betrag p,,;, haben 
wide, wirde die makroskopische Verdampfungs- 
geschwindigkeit gleich null sein, da sich die 
molukular-kinetische Verdampfung und die 
Riickkondensation aus der Dampfphase die 
Waage hielten. Da die Geschwindigkeit der 
molekularkinetischen Kondensation, bei sonst 
gleichbleibenden Bedingungen, dem Partial- 
druck des Dampfes proportional ist, besteht 
zwischen der effektiven Verdampfungsgeschwin- 
digkeit* und dem Betrag P,,;) ebenfalls 
eine Proportionalitat, die in (9a) zum Ausdruck 
kommt. 


4. ALLGEMEINER MATHEMATISCHER 
SACHVERHALT 
Nach den einleitenden Erléuterungen soll das 
mathematische Problem in seiner allgemeinen 
Form formuliert werden, die jedoch im nachsten 
Abschnitt eine weitere Einschrankung erfahren 
wird. Unter Vernachliassigung der Warmestrah- 
lung, der Thermodiffusion und der Diffusions- 
wiarmeleitung gelten fiir die Dichte des Warme- 
stréms q,, und die molaren Stromdichten einzel- 
ner Gaskomponenten q, die Beziehungen 


Qu = —Agrad T + hw (3) 


D,. Pre 
Rr Pr w (k=1,2,3) (4) 


*Wir benutzen den Ausdruck ‘“Verdampfung”’ 
unabhiangig von der Temperatur, bei welcher der Uber- 
gang flissig-gasf6rmig stattfindet, da das Wort “Ver- 
dunstung” zu dem recht intensiven Phaseniibergang bei 
der Verbrennung nicht so richtig passt. 
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worin / = die molare Enthalpie und w = die 
molare Stromdichte des Gasgemisches bedeuten. 


Die Grtliche Verteilung der Feldgréssen 7, p, 


und w bei momentan vorliegenden Rand- 
bedingungen ist durch das simultane System von 
fiinf Differentialgleichungen 


div = Qv (5) 
divg, =v,v (k =1, 2,3) (6) 
div w vv (v = 2») (7) 
gegeben, wobei auf der rechten Seite der 


—) 


Gleichungen die betreffenden Quellendichten 


worin F = die Oberflaiche des Trépfchens, c und 

= die spezifische Warme und die Dichte des 
fliissigen Brennstoffs und m = das Molekular- 
gewicht des Brennstoffdampfes bedeuten. Als 
Anfangsbedingungen fiir ¢ = 0 gelten V = Vy 
bzw. Rrr und Try = Trrp. 

Bevor wir in der Diskussion unseres Problems 
fortfahren, sei noch erwahnt, dass die molare 
Stromdichte w aus den Feldgleichungen eliminiert 
werden kann: Aus (5) und (7) geht niamlich 
hervor, dass die vektorielle Grosse vq, — Qw 
quellenfrei ist. Da diese Grésse in Anbetracht 
der Kugelsymmetrie nur eine Radialkomponente 
besitzt, muss ihre Abhangigkeit von der Ortsko- 


stehen. Als Randbedingungen gelten dabei die ordinate r der Form const/r®? entsprechen. Man 
Gleichungen: 
Innengrenze der Aussengrenze der 
Reaktionszone Reaktionszone 
a; (7; Ttr) Vwi (7, Ty) Awa (8a, b) 
Yo (Pig Pu) = Pra = Ga 
Joi = 0 ¥2 (P20 — Pea) = (10a, b) 
= 9 ¥3 Psa = (ila, b) 
Wi = Gj (12a) 


worin a und y konstante Gréssen sind. Die 
Indizes i und a beziehen sich auf die innere und 
die dussere Grenze der Reaktionszone. Fiir w 
liegt nur eine Randbedingung vor, da die 
Differentialgleichung (7) erster Ordnung ist. 

Die Differentialgleichung fiir das Reaktions- 
produkt (k 3) kann von dem simultanen 
System separiert werden und hat auf die Lésung 
des ubrigen Systems keinen Einfluss; sie bleibt 
daher im weiteren samt den dazugehérigen 
Randbedingungen (11a, b) unberiicksichtigt.* 

Die zeitliche Anderung des Trépfchenvolu- 
nens V und der Trépfchentemperatur 77; wer- 
den durch zwei Differentialgleichungen erster 
Ordnung beschrieben 
pdV/dt 


Fmq,, (13) 


+ + Faw; =0 (14) 


* Uber die Partialdruck-Verteilung des Verbrennungs- 
produktes gibt (48) Auskunft. 


erhalt daher in Verbindung mit (3) eine niitzliche 
intermediare Beziehung zwischen 7 und w 


A 4 
T+ 


Die darin enthaltene Konstante wird aus der 
Randbedingung (12a) ermittelt. In dhnlicher 
Weise lasst sich die molare Str6mungsdichte w 
auch in Verbindung mit den Partialdriicken p, 
bringen. Wird mit Hilfe von (15) aus den Bezie- 
hungen (3) und (4) die Grdésse w eliminiert, so 
reduziert sich das System der Feldgleichungen 
auf vier Differentialgleichungen zweiter Ord- 
nung fiir 7 und p, mit den dazugehérigen Rand- 
bedingungen. 


const/r*. (15) 


5. VERNACHLASSIGUNG DES KONVEKTIVEN 
TRANSPORTES 
Leider stésst die numerische Behandlung 
dieses Problems auf eine erhebliche methodisch- 
technische Schwierigkeit, die damit zusammen- 
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hingt, dass die Feldgréssen T und p, zugleich an 
beiden Grenzen des Integrationsintervalls an 
entsprechende Randbedingungen gebunden sind. 
Dieser, fiir eine analytische Untersuchung vollig 
unwesentliche Umstand ist bei numerischem 
Verfahren insofern entscheidend, als die schritt- 
weise Integration nur mit kompletten Bedingun- 
gen am Anfang des Integrationsintervalls ein- 
geleitet werden kann. Man ist daher gezwungen, 
einen Teil dieser Bedingungen willkiirlich fest- 
zulegen, um erst am Ende des Integrationsinter- 
valls ihre Stichhaltigkeit anhand der dort 
geltenden Randbedingungen zu priifen. Dieser 
Sachverhalt fiihrt zu einem komplizierten vier- 
dimensionalen \terationsverfahren, dessen Durch- 
fiihrung, wie es noch eingehend erlautert wird, 
durch Ziind- und Léschvorginge und die damit 
verbundene Mehrdeutigkeit des Iterationsziels 
ausserordentlich erschwert wird. 

Es ist indes méglich, durch die zusitzliche 
Voraussetzung, dass die Reaktionsteilnehmer 
durch Inertgas stark verdiinnt seien, das mathe- 
matische Problem entscheidend zu vereinfachen 


D, 
A,.T = 


= 
a; (T, Try) = A(dT/dr);: 
Ye Pie — Pr) 


(dp./dr); = 0; 


dD; lAr\ 
RT, (dp, dy 


Y2 (P20 — Pea) RT, (dp,/dr),,; 


und auf numerische Integration einer einzigen 
Differentialgleichung zweiter Ordnung zu redu- 
zieren, die mit dem eindimensionalen Iterations- 
verfahren gekoppelt ist. Diese Voraussetzung ist 
nicht eigentlich verfialschender, sondern viel- 
mehr einschrainkender Natur, was im Abschnitt 
10 noch ausfihrlich besprochen wird. Der 
einschrankende Charakter der Voraussetzung 
besteht darin, dass die Stoffdaten reeller Brenn- 
stoffe diesem Kriterium vielfach nicht entspre- 
chen diirften. Im tibrigen kann diese Einschran- 
kung nur bei der Diskussion des oberen Reak- 
tionszustandes ins Gewicht fallen, wahrend sie 
fiir den unteren Reaktionszustand und, was 
besonders wichtig ist, auch fiir Diskussion der 


Ziindvorgiinge praktisch belanglos ist. Die 
Annahme, dass das Reaktionsgemisch stark mit 
Inertgas verdiinnt sei, erméglicht die Vernach- 
lassigung des konvektiv bedingten Stoff- und 
Warmetransports gegeniiber dem Molekular- 
transport, so dass in den Ausdriicken (3) und (4) 
die konvektiven Terme gestrichen werden kén- 
nen. 

Schliesslich sei angenommen, dass nicht die 
Diffusionskoeffizienten D,, sondern die Aggre- 
gate D,/RT temperaturabhangig seien. Diese 
Festsetzung gibt den wahren Sachverhalt besser 
wieder, da die Diffusionskoeffizienten von Gasen 
proportional der 1,5. bis 2. Potenz der absoluten 
Temperatur sind. Man kann daher, gemiass der 
getroffenen Annahme, fiir D,(T)/RT den Aus- 
druck D,(7,)/RT, setzen, so dass von nun ab 
unter D, die auf die Aussentemperatur 7, 
bezogenen Diffusionskoeffizienten gemeint sind. 

Unter diesen zusatzlichen Voraussetzungen 
nimmt das simultane System der Feldgleichun- 
gen und die betreffenden Randbedingungen 
Folgende Gestalt an: 


—k p, po exp (—E/RT); (16) 


a,(T, — T,) A(d7/dr),,: (17a, b) 


D 
(dp,/dr),: (18a, b) 


Y1 Pia RT 
0 


(19a, b) 


Mit 4, ist dabei der Differentialoperator 


bezeichnet. Die Gleichungen (13) und (14) fiir 
zeitlichen Trend von Rry und 7yy gehen nach 
kurzer Unformung in die Beziehungen 


— m(D,/RT,) (dp,/dr), pd(Rrr)/dt (20) 


A(dT, dr), QO, (D, RT) (dp, dr), 
+4hepR,d(Tr)/dt (21) 


uber. 
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6. DIMENSIONSLOSE BEHANDLUNG DES 
PROBLEMS 

Die Weiterbehandlung wird in dimensions- 
loser Darstellung durchgefiihrt, so dass die 
Mannigfaltigkeit der physikalischen Grdéssen, 
die den Vorgang bestimmen, auf ein Minimum 
von dimensionslosen Konstanten reduziert wird. 
Es seien folgende dimensionslose Gréssen defi- 
niert, die wir einfachheitshalber auch weiterhin 
Temperatur, Druck usw. nennen wollen: 


x = 7/R,, Ortskoordinate: 
7 Cp R2 eitvariabdle: 
T—T, 
y= =, Temperatur:; 
O D, Pi 

2 ART?’ Partialdruck (k i, ) 

= Rr/R, Trépfchenradius; 

Trr — T 
Y =  Trépfchentemperatur; 
0 
T, —T, 
=- Siedetemperatur des fliis- 
sigen Brennstoffs ; 
O dD, p 
Zy = 
1s ART? Totaldruck 
Dy Po 
Sauerstoff-Partialdruck 
"21 ausserhalb der Reaktions- 
zone; 

Nu; = a; R,/A, Nusselt—Zahl des Wiarme- 
ubergangs an der Innen- 
grenze; 

Na, = a, R,/A, Nusselt—Zahl des Wirme- 


iibergangs an der Aussen- 
grenze; 


Nu, = y, RT, R,/D,. Nusselt-Zahl des Stoff- 
libergangs an der Innen- 
grenze; 


Nug = Dy = ve RT, Ra/ Do, 
Nusselt-Zahl des  Stoff- 
ubergangs an der Aussen- 
grenze; 


J. PAWLOWSKI 


RT, k x RT? 
Reaktionskinetische 
Konstante; 
B = E/RT,, Aktivierungskonstante; 
C = Q,/RT,, Verdampfungskinetische 


Konstante: 


G = mcT,/3Q. Erste kalorisch 
Konstante; 


H = |»,\Q,/Q, Zweite kalorische 
Konstante; 


Die Gréssen Z,, und Y, treten nur in der Kom- 
bination 

K + (22) 
auf, die bei der numerischen Behandlung des 
Problems als eine neue Bestimmungskonstante 
neben den iibrigen fungiert. Dank diesem Um- 
stand stehen die Ergebnisse der numerischen 
Integration, wie es im Abschnitt 10 noch aus- 
fiihrlich erlautert wird, niemals im formalen 
Widerspruch zu der Voraussetzung, dass die 
Reaktionsteilnehmer mit inertem Gas stark ver- 
diinnt seien. 

Da die Nusselt—Zahlen 1. und 2. Art bei Gasen 
bekanntlich nur wenig voneinander  unter- 
schiedlich sind, setzen wir, um die ohnehin 
beachtliche Anzahl von Bestimmungskonstanten 
zu reduzieren, Nu; = Nu,. Eine entsprechende 
Gleichsetzung von Nu, und Nu; kann jedoch 
nicht a priori vorgenommen werden, da es sich 
um unterschiedliche Ubertragungsmechanismen 
handelt. Nach entsprechender Umwandlung 
von Differentialgleichungen und Randbedni- 
gungen erhalt man die nachstehende dimensions- 
lose Darstellung des mathematischen Problems, 
wobei mit (’) und (‘) die Ableitungen nach x und 
7, und mit 4, der Differentialoperator 


d?/dx? + 2/x d/dx 
bezeichnet sind: 
4, y — —A, Zk — 


B 
—Z, exp (4 (23a, b) 


(kK=1,2; 0< X¥ I) 
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mit den Randbedingungen 
Nu; — Y)— =0 (24a) 
Nua Va + Oa = 0 (24b) 


Nu, (in Lis + ) 


Cc 


1+ 
Nut, + (Z,)a =0 (25b) 
(x), =0 (26a) 
Nu, — 220) — = 0. (26b) 
Die‘ Zeitgleichungen (20), (21) gehen dabei in 
G (zi), — X/3 =0 (27) 
H (2'); + —X ¥/3 =0 (28) 


liber. Da wir im weiteren den Reaktionsablauf 
nicht in Abhangigkeit von der dimensionslosen 
Zeit 7, sondern in Abhangigkeit vom dimensions- 
losen Trépfchenradius X diskutieren werden, 
wird aus den beiden letzten Gleichungen die 
Zeitvariable mit Hilfe der Identitat Y/¥ =d Y/dX 
eliminiert, und man erhalt eine Differential- 
gleichung 1. Ordnung 


GX dY/dX = H + (y"/z'), (29) 


die eine Bestimmungsgleichung fiir Y(X) dar- 
stellt. Das gesamte mathematische Problem ist 
durch 10 Bestimmungskonstanten, Nu;, Nu,, 
Nu,, A, B. C, G, H, K und Z, sowie durch die 
Anfangswerte von X und Y eindeutig festgelegt. 
Die Bestimmungskonstanten G und H treten bei 
dem Feldproblem nicht auf, wodurch die Sepa- 
rierung des Gesamtproblems in das Feld- und 
das Zeitproblem eine bemerkenswerte, in den 
Abschnitten 8 und 9 diskutierte Akzentuierung 
erfahrt. 

Aus der Beziehung (1) erhalt man in Ver- 
bindung mit den eingefiihrten dimensionslosen 
Grdéssen fiir den Gleichgewichtspartialdruck des 
Brennstoffdampfes den dimensionslosen Aus- 
druck 


exp (x (30) 


der als eine Funktion von Y aufzufassen ist. Der 
in (23) auftretende dimensionslose Ausdruck fiir 
die Reaktionsgeschwindigkeit wird zur Abkiir- 
zung mit 


(31) 


bezeichnet. 

Da die Grésse ()’); im Verlauf unserer Dis- 
kussion die zentrale Rolle eines Iterations- 
parameters spielen wird, soll sie durch ein 
besonderes Symbol ersetzt werden: 


g =(’);. (32) 


Das nunmehr formulierte mathematische Prob- 
lem lasst eine bemerkenswerte und fiir praktische 
Diskussion ausschlaggebende Reduktion des 
Gleichungssystems (23) auf eine einzige Dif- 
ferentialgleichung zweiter Ordnung zu, die—wie 
bereits erwihnt—es ermdglicht, das vierfache 
Iterationsproblem zu umgehen. Zu _ diesem 
Zweck fiihren wir zwei neue Feldgréssen wy, 
gemiss der Definitionsgleichung 


y “T <k (k 2) (33) 


ein, die nach (23) die Laplace-Differential- 
gleichung 


4u, =0 


befriedigen und daher wegen der vorliegenden 
Kugelsymmetrie des gesamten Problems die 
Form 


M,. N, (34) 


haben. Die Integrationskonstanten M, und N, 
lassen sich aus den Randbedingungen (24) bis 
(26) bestimmen, und man erhilt nach einigen 
Umrechnungen fiir die neuen Feldgréssen die 
endgiiltigen Beziehungen 


+ (Nuz! — Nuz) q 


+ WX) Ax) 


u(x, gq) = 


u(x, g) = Z. — gq Wx), 


wobei mit # und / die Funktionen 


y(x) = X?2(x-1 + Nuz! 


= 
B 
= 2, 2,exp (4 || 
I+y 
(36) 
(37) 
al 
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und 
f(Y)= Y+ exp (InZ + -) 


Cc 


Y+Z,(¥) (38) 


bezeichnet sind. 

Es ist bemerkenswert, dass die Uberlagerung 
der Temperaturverteilung mit der Verteilung der 
Partialdrucke bei starker Verdiinnung mit 
Inertgas d\~ einfachen Beziehung (34) ents- 
pricht.* Eben der Umstand, dass der Zusam- 
menhang zwischen z, und y durch endliche 
Funktionen gegeben ist, die bis auf g bekannt 
sind, ermdglicht es, das Problem der Feldver- 
teilung auf numerische Integration einer einzigen 
Differentialgleichung 2. Ordnung zu reduzieren. 

Das reduzierte mathematische Problem folgt 
aus (23) und (29), indem die dort enthaltenen 
z,—Variablen durch die Ausdriicke u,(x, g)— 
y ersetzt werden. Man gelangt dadurch zu einer 
Differentialgleichung 2. Ordnung 


+ (x, q) — y] [ue (x. g) — 
5) 


0, (39) 
l+y 


exp (4 
deren schrittweise numerische Integration mit 
den Anfangsbedingungen 


Y + q/Nu, (40) 
=4 (41) 


einzuleiten ist. Der in diesen Gleichungen enthal- 
tene Parameter q ist dabei so zu bestimmen, dass 
die Gleichung (24b), die nunmehr als eine Neben- 
hedingung fungiert, erfiillt wird. Aus (29) folgt 
nach Eliminieren von z, eine Differential- 
gleichung erster Ordnung zur Bestimmung von 
Y(X): 

G XdY/dX¥ = H +4q/[(u}); — 4], (42) 


die mit der Anfangsbedingung Y¥ = X, < 1 und 
Y, integriert werden soll. 
Die Gleichung (24b) kann in Verbindung mit 


* Aus (23) erkennt man, dass auch die Differenz 
zweier beliebiger Partialdrucke, z.B. z, — Zo, ebenfalls 
die Laplace-Gleichung befriedigt. 


(23a) in eine fiir weitere Diskussion zweck- 
miissigere Beziehung iibergefiihrt werden: Wird 
namlich (23a) mit x? multipliziert und zwischen 
X und | integriert 


1 1 
| 4,yx*dx = — | ¢ x* dx 
x x 


so kann das links stehende Integral durch 
partielle Integration in y, — g X* umgewandelt 
werden, und man gelangt mit der Abkiirzung 


1 
| x* dx (43) 


X 


zu der Beziehung 
(y’), —q X*?+1=0, 


die schliesslich mit (24b) zu der Aquivalenten 
Bedingung 


I— Nu, —q X?=0 (44) 


fiihrt. Diese Beziehung stellt, wie man_ sich 
leicht iiberzeugt, eine dimensionslose Energie- 
bilanz fiir die ganze Reaktionszone dar, wobei / 
der gesamten Wirmeerzeugung und die beiden 
iibrigen Terme—dem Energiefluss durch die 
Grenzen der Reaktionszone entsprechen. 

Das Gesamtproblem, welches nunmehr in den 
Beziehungen (39) bis (42) und (44) zusammen- 
gefasst ist, hangt wie bereits erwahnt, von 10 
Grundkonstanten Nu;, Nu,, Nu,, A, B. K, C, Zo. 
sowie G und H ab, wobei die beiden letzten 
Grundkonstanten nur in den zeitlichen Trend 
eingehen. 

Die Differentialgleichung (39) ist durch die 
Randbedingungen (40) und (41) formal-mathe- 
matisch vollstindig festgelegt und _liefert, 
wenigstens fiir einen gewissen kontinuierlichen 
Wertebereich von gq, eine  kontinuierliche 
Mannigfaltigkeit von formal-mathematischen 
Lésungen, die, sofern sie die Nebenbedingung 
(44) nicht erfiillen, keine physikalischen Lésun- 
gen des Problems darstellen. Diese Neben- 
bedingung wird nur bei gewissen diskreten 
g-Werten erfiillt, die zu physikalisch realisier- 
baren Lésungen y(x) fiihren, womit das gesamte 
Feldproblem fiir eine momentane Situations- 
méglichkeit im wesentlichen gelést ist. Der 
jeweilige Wert des gq-Parameters stellt ein 
entscheidendes Mass fiir die Abschatzung der 
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Reaktionsintensitat dar, da er die Energiestrom- 
dichte angibt, die in erster Linie fiir die Ver- 
dampfung des flissigen Brennstoffs benétigt 
wird. 

Die physikalisch verifizierbaren g-Werte, die 
einem vorgegebenen (X, Y)-Paar zugeordnet 
sind, werden numerisch als Nullstellen der 
Iterationsfunktion 


F(q, X, Y) = 1 — Nugya—QX? (45) 


bestimmt, die in Anlehnung an die Neben- 
bedingung (44) gebildet ist. Der Bereich des 
Arguments g, welcher physikalisch sinnvolle 
Nullstellen von F(q) enthalt, ist nach oben hin 
durch einen charakteristischen Wert gmax ein- 
geschrankt. Beim Uberschreiten von gmax Wiirde 
der Sauerstoff-Partialdruck z, an der Innen- 
grenze der Reaktionszone bereits einen negativen 
Wert annehmen. Man erhalt den analytischen 
Ausdruck fiir gmax aus (33) und (36) mit x = _X, 
indem dort z,; gleich null gesetzt und y,; mit 
Hilfe von (40) eliminiert wird: 


(46) 


Als untere Grenze des zu _ untersuchenden 
q-Bereichs kann im allgemeinen g = 0 angenom- 
men werden. 

Mit der Bestimmung von Nullstellen der 
Iterationsfunktion ist die Grtlich bedingte Inte- 
gration beendet. Mit Hilfe der gefundenen 
Funktion (x) und dem nunmehr bekannten 
Wert von qg werden aus (33), (35) und (36) die 
Partialdrucke z, und z, errechnet. Da die Rand- 
bedingungen (lla, b) fiir das Verbrennungs- 
produkt mit Z; 0 auf die den Gleichungen 
(26a, b) entsprechende Form gebracht werden 
k6nnen, erhilt man fiir vu, den Ausdruck 


Us = — q Wx). (47) 


Daraus folgt in Verbindung mit (36) eine 
weitere bemerkenswerte Beziehung zwischen den 
Partialdrucken von Sauerstoff und von Ver- 
brennungsprodukt 

(48) 


7. DER UNTERE UND DER OBERE 
REAKTIONSZUSTAND 


Die numerische Bestimmung der Iterations- 
funktion (45) zeigt, dass es sich im allgemeinen 


um eine Kurve handelt, die mindestens eine, 
unter gewissen Bedingungen jedoch drei physi- 
kalisch_ sinnvolle Nullstellen besitzt. (Siehe 
Abb. 1). Somit hat die Differentialgleichung (39) 


F (g,X,Y) 


3:10? 


+ 


Ass. 1. Zwei typische Iterationskurven (Beziehung 
42). Kurve a ergibt entsprechend ihren Nullstellen 
einen unteren (1), einen labilen mittleren (2) und 
einen oberen Reaktionszustand (3). Kurve + liefert 
nur einen Reaktionszustand. Grundkonstanten und 
Aussenwerte fiir Kurve a (und 5): Nu, © (500); 
Nu, = 5 (50); Nu, 10 (10); A 12 (11,4); B = 25 
(25); K 10,5 (8,6); C = 6,29 (3,2); Z, 10 (10); 
X = 0,43 (0,80); Y 0,163 (—0,5). 


mindestens eine und unter gewissen, noch naher 
zu erérternden Umstinden drei physikalisch 
mégliche Lésungen, die simtlich denselben 
Randbedingungen entsprechen. Hier begegnen 
wir offensichtlich dem bekannten Sachverhalt, 
den man von der Theorie der stationdren 
heterogenen exothermen Reaktion her kennt 
[1], und der einen Zugang zum Verstandnis der 
eingangs erwahnten kritischen Ziind- und 
Léschphinomene bildet. Wir wollen in diesem 
Zusammenhang von dem unteren, mittleren und 
dem oberen Reaktionszustand in der Reihenfolge 
der zunehmenden q-Werte sprechen. Jedem 
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dieser Reaktionszustinde ist ein charakteris- 
tisches Feld der Temperatur, der Gaszusammen- 
setzung und der Reaktionsgeschwindigkeit in 
der Reaktionszone zugeordnet, wie dies in den 
Abb. 2 bis 4 an einem speziellen Beispiel darge- 


| | | | 
Z,+ | 


10+ 


stellt ist. 
10 N *2 Z, 
6-4 
| | 
| | 
2+ Ass. 3. Zustandsbild des mittleren (labilen) Reak- 
tionszustandes. Erlauterungen und Daten wie zu ; 
Xx | 
Abb. 2. 
05 06 08 x «+10 i 
flussiges Gupere — 


Ass. 2. Zustandsbild des unteren Reaktions- 
zustandes. Feldgréssen: y Temperatur, z, und 
Ze Dampf- und Sauerstoff-Partialdrucke, ¢ 

Reaktionsgeschwindigkeit (in dieser Abbildung 
= 0). Aussenwerte: Tropfchenradius, Y 

Trépfchentemperatur, Z, Gleichgewichtsdampf- 
druck, Z, = Sauerstoff-Partialdruck in der 4usseren 
’Atmosphare. Grundkonstanten: Nu, 2; Nu, 
Nuy 10; A 12: B = 25; K = 10,45; C = 6,23; 

Z,= 10(X = 0,472: Y = —0,16). 


Der wuntere Reaktionszustand zeichnet sich 
durch ausserordentlich geringe Intensitaét der 
chemischen Umsetzung aus. Bei dem in diesen 
Abbildungen angenommenen Fall 


Ttr < Ty) (¥ < 0) 


stromt die Warme entsprechend dem nach 
innen gerichteten Temperaturgefalle von der 
Aussenatmosphiare durch die Grenzschicht hin- 
durch zum Trépfchen; die Sauerstoffkonzen- 
* tration unterscheidet sich praktisch nicht von 
dem Sauerstoffpegel ausserhalb der Grenz- 
schicht, da der Brennstoffdampf diffundiert 7éz/erer 


oupere 


Reaktonszone Atmosphére 


durch die Grenzschicht hindurch und die Reak- 
tionsgeschwindigkeit ist Uberall verschwindend 


Ass. 4. Zustandsbild des oberen Reaktionszustandes. 
Erlauterungen und Daten wie zu Abb. 2. 
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gering. Man wiirde praktisch das gleiche Bild 
bei der Lésung des wesentiich einfacheren 
Problems der Verdampfung und Diffusion des 
Dampfes durch die Grenzschicht erhalten (Das 
Problem der Psychrometrie). Dennoch unter- 
scheiden sich beide Probleme in einem wesent- 
lichen Punkt: Wie weiter gezeigt wird, kann der 
untere Reaktionszustand im Verlauf seiner 
zeitlichen Entwicklung zum Ziinden und zu 
einem Sprung in den oberen Reaktionszustand 
fiihren. 

Ein vollig anderes Bild zeigt der obere Reak- 
tionszustand: Hier handelt es sich um einen 
intensiven Verbrennungsvorgang. Das Tempera- 
turfeld liegt wesentlich tiber der Temperatur der 
Aussenatmosphire und weist das bekannte [2] 
charakteristische Maximum auf. Die durch 
Reaktion erzeugte Warme str6mt demnach teils 
nach aussen und teils nach innen, wo die 
nunmehr intensiv gewordene Verdampfung eine 
entsprechend starke Energiezufuhr erfordert. 
Der Ortliche Verlauf des Sauerstoffpartialdrucks 
sowie der Sprung* an der Aussengrenze der 
Reaktionszone zeugen vom intensiven Nach- 
diffundieren in die Grenzschicht. Der nahezu 
waagerechte Verlauf der Kurve in der Nahe des 
Trépfchens lasst erkennen, dass dort infolge der 
niedrigeren Temperatur der Sauerstoffverbrauch 
recht gering ist, was auch durch die Verteilungs- 
kurve der Reaktionsgeschwindigkeit unter- 
strichen wird. Das Gefille der Dampfkonzentra- 
tion ist im Vergleich zum unteren Reaktions- 
zustand stirker ausgeprigt; der Dampf wird 
nahezu vollstandig umgesetzt, sein Partialdruck 
sinkt in der Nahe der Aussengrenze praktisch 
auf null. Auch der gréssere Unterschied* 
zwischen der Dampfkonzentration an der Innen- 
grenze und dem dort markierten Wert der 
Gleichgewichtskonzentration, die der momentan 
herrschenden Temperatur des Trépfchens ent- 
spricht, weist auf recht beachtliche Verdamp- 
fungsintensitat hin. 

Der mittlere Reaktionszustand nimmt eine 
Zwischenstellung zwischen den beiden besproch- 
enen extremen Reaktionsfillen ein. Es handelt 
sich jedoch—wiederum in voller Analogie [1] zu 
heterogenen Reaktionen—um_ einen_ /abilen 


Die Grosse des ‘Sprunges hangt von dem Wert der 
betreffenden Nu-Zahl ab, die hier, wie auch bei anderen 
Beispielen, willkiirlich festgesetzt worden ist. 


Zustand, der in Anbetracht der unvermeidlichen 
gelegentlich auftretenden Fluktuationen physi- 
kalisch nicht realisierbar ist. 

Die Stabilitdt bzw. die Labilitdt eines Reak- 
tionszustandes hingt davon ab, ob die Iterations- 
kurve in der Umgebung der betreffenden Null- 
Stelle fallt oder steigt. Bei fallender Charak- 
teristik ruft gelegentliche Fluktuation der Warme- 
erzeugung in der Reaktionszone, d.h. die 
Schwankung des /-Wertes in (45) eine Anderung 
des qg-Wertes hervor, die die Wirkung dieser 
Schwankung abschwicht und daher den Vor- 
gang stabilisiert. Bei steigender Charakteristik 
wird hingegen eine derartige Schwankung durch 
entgegengesetzte Reaktion des qg-Wertes weiter 
angefacht und der urspriingliche stationire 
Reaktionszustand wird nicht mehr wiederherge- 
stellt. Je steiler die fallende Charakteristik ist, 
desto stabiler ist der Vorgang und desto straffer 
ist er an die herrschenden Bedingungen gebun- 
den. Die Abb. | zeigt, wie steil die rechte Flanke 
der Iterationskurve verlaufen kann. Der obere 
Reaktionszustand stellt somit im allgemeinen 
einen ausserordentlich straff stabilisierten Vor- 
gang dar. 

Wir wollen die Gesamtheit aller Verteilungs- 
kurven, die sich bei jeweiligem Reaktions- 
zustand in der Reaktionszone einstellen, als 
Reaktionsbild des betreffenden Reaktionszu- 
standes bezeichnen und den Einfluss einiger 
Parameter auf dieses Reaktionsbild diskutieren. 
Da das Reaktionsbild des unteren Reaktions- 
zustandes von einer Reihe von Parametern, wie 
A, B und Z, weitgehend unabhingig ist und nur 
relativ wenig ausgepraigte Eigentiimlichkeiten 
aufweist, k6nnen wir uns auf eine Diskussion des 
oberen Reaktionszustandes beschrinken. 

In Abb. 5 ist der Einfluss der dimensionslosen 
Aktivierungskonstanten B auf das Zustandsbild 
zu ersehen. Mit dem abnehmenden B wird das 
Maximum der Temperaturverteilung »(x) immer 
hdéher und ausgeprigter; da die Temperatur- 
kurven in einen gemeinsamen absteigenden Ast 
einmiinden, hingt die Wiéarmeabgabe nach 
aussen, d.h. der momentane dussere Heizeffekt 
der Reaktion (nur konduktiver Warmetrans- 
port!) nicht von B ab. Andererseits zeigt die 
Abb. 6, dass die momentane Warmeerzeugung / 
in der gesamten Reaktionszone bei kleineren 
Werten der Aktivierungskonstante grésser wird. 
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Der Warmeiiberschuss wird somit ausschliesslich 
vom Trépfchen aufgenommen und vorwiegend 
zur Intensivierung der Verdampfung aufge- 
braucht. Eine kleinere Aktivierungskonstante B 
hat somit nicht nur einen Reaktionszustand zur 
Folge, der einem intensiveren momentanen 
Reaktionsablauf entspricht, sondern bedingt 
zugleich auch eine starkere zeitliche Beschleuni- 
gung der Reaktion. Der starkere Warmestrom 
zum Trépfchen hin manifestiert sich unter 
anderem auch in steilerem Temperaturgefille des 
aufsteigenden Astes von )(x) bzw. in grdésseren 
g-Werten. Entsprechend diesem Sachverhalt 
weist der Sprung des Sauerstoffpartialdrucks an 
der Aussengrenze der Reaktionszone sowie der 


Ass. 5. Einfluss der Aktivierungskonstante B auf 

den oberen Reaktionszustand. Erlauterungen wie zu 

Abb. 2. Grundkonstanten; Nu; 500; Nu, = 50; 

Nu, 10; A 10,4; K = 8,6; C = 3,2; Z, = 20; 
(X = 0,8; Y = —0,3). 


J. PAWLOWSKI 


Verlauf der z,(x)-Kurve auf einen intensiveren 
Sauerstoffverbrauch bei kleineren Werten von B 
hin. Dasselbe gilt auch sinngemiss fiir 2, (x). 
Steigende Werte der Aktivierungskonstanten 
haben einen milderen Reaktionsverlauf zur 
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Asp. 6. Einfluss der Aktivierungskonstante B auf den 
oberen Reaktionszustand: q Iterationsparameter, 
(zo); = Sauerstoff-Partialdruck an der inneren Grenze 
der Reaktionszone, / Warmeerzeugung in der 
gesamten Reaktionszone. Daten wie zu Abb. 5. 


Folge, und es gibt einen kritischen Wert von B, 
bei dessen Uberschreitung ein oberer Reaktions- 
zustand nicht mehr méglich ist und die Reaktion 
nur entsprechend dem_ unteren Reaktions- 
zustand verlaufen kann, was durch den zuneh- 
mend steiler werdenden Abfall der Kurven /(B) 
und q(B) in Abb. 6 angekiindigt wird. Das 
Zustandsbild behalt im oberen Reaktionszustand 
seinen charakteristischen Habitus bis zum Lésch- 
vorgang bei. Der kritische Wert von B hangt von 
den iibrigen Konstanten sowie von X und Y ab, 
worauf noch im Abschnitt ,,Zustandsfunktion* 
naiher eingegangen wird. 

Der Einfluss der dimensionslosen reaktions- 
kinetischen Konstante A auf das Zustandsbild 
ist dem der Aktivierungskonstante B reziprok: 
Mit zunehmendem A steigt die momentane 
Intensitat der Reaktion ebenfalls an. Auch hier 
st6sst man bei Verringerung von A auf einen. 
von den iibrigen Konstanten abhingigen kriti- 
schen Wert, bei dessen Unterschreitung der 
obere Reaktionszustand nicht mehr méglich ist. 

Eine Verminderung des Sauerstoffpegels Z, in 
der Aussenatmosphire verindert das Zustands- 
bild erst merklich, sobald Sauerstoff auf den 
Reaktionsverlauf limitierend zu wirken beginnt. 
Abb. 7 bringt ein Beispiel fiir eine derartige 
Situation: Der Schwerpunkt der chemischen 
Umsetzung verlagert sich in dussere Regionen 
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der Reaktionszone und die Temperaturkurve 
weist einen entsprechend niedrigen q-Wert auf. 
Wihrend beide, den Stoff- und den Wiarme- 
iibergang an der Innengrenze der Reaktionszone 
kennzeichnende Nusselt-Zahlen Nu, und Nu; 
durch  molekularkinetische Gegebenheiten 


bedingt sind und sich durch die Anderung von 
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Ass. 7. Zustandsbild des oberen Reaktionszustandes 

bei Sauerstoffmangel. Erlauterungen siehe Abb. 2. 

Grundkonstanten: Nu; 00; Nu, 5; Nu, 10; 

A= 18; B= 25; K = 10; C = 7;Z, = 2;(X = 05; 
Y = —0,05). 


Versuchsbedingungen nicht beeinflussen lassen, 
kann die Intensitét des Stoff- und Wéirme- 
austauschs zwischen der Reaktionszone und der 
Aussenatmosphire, wenigstens im_ Prinzip, 
variiert werden. Der Einfluss der betreffenden 
Nusselt-Zahl Nu, auf den Reaktionsverlauf ist 
um so mehr interessant, als mit der Anderung 
von Nu, sowohl der Sauerstoff-Nachschub in die 
Reaktionszone als auch die Warmeabfihrung 
nach aussen gekoppelt sind. Abb. 8 gibt das 
Zustandsbild fiir Nu, 1, 2 und 10 wieder. Mit 
zunehmender Austauschintensitaét verlagert sich 
das Temperaturmaximum und zugleich auch der 
Schwerpunkt des chemischen Prozesses immer 
weiter von der Aussengrenze in die Reaktions- 
zone hinein, wobei bemerkenswerterwiese bei 
Nu, 2 die Temperaturkurve das héchste 
Maximum und der Sauerstoff-Partialdruck in 
der Nahe des Trépfchens den tiefsten Stand auf- 
weisen, obgleich / mit zunehmendem Nu, 
monoton ansteigt. Diese Intensivierung der 
Reaktion erkennt man auch an zunehmenden 
q-Werten (Anfangssteigung von y) und an dem 
Verlauf der Dampfdruck-Kurve 2. 


Es ist einleuchtend, dass eine weitere Herab- 
setzung der Nusselt—Zahl schliesslich zu einem 
akuten Sauerstoffmangel fiihren wiirde, bei dem 
ein oberer Reaktionszustand nicht mehr existent 
wire. Nicht ganz selbstverstindlich ist 
dagegen die Beantwortung der Frage, ob durch 
eine weitere Erhdhung der Nusselt—Zahl Nu, die 
Reaktion ,,ausgeblasen“ werden kann. Hieriiber 


14 


Ass. 8. Einfluss der Austauschintensitéat an der 

ausseren Grenze der Reaktionszone auf den oberen 

Reaktionszustand. Es sind drei Zustandsbilder fiir 

Nu, 1, 2 und 10 gemeinsam dargestellt. Erlau- 

terungen siehe Abb. 2. Grundkonstanten: Nu 

500; Nu, = 30; A = 10,4; B = 25; K =8,6; C =3,2; 
2, = 20; (X = 0,8; Y 0,5). 


gibt Abb. 9 Auskunft, wo in dopellogarith- 
mischer Darstellung die Abhingigkeit des 
q-Parameters von Nu, wiedergegeben ist. Unter- 
halb von Nu, 11,5 sind sowohl der untere als 
auch der obere Reaktionszustand existent. Die 
Intensitaét des oberen Zustandes nimmt zuniichst 
mit steigender Nusselt-Zahl zu, durchlauft 
jedoch ein Maximum und reisst bei Nu, 11,5 
plotzlich ab. Bei héheren Werten von Nu, kann 
die Reaktion nur im unteren Zustand existieren. 
Die Intensitaét des Vorgangs im unteren Reak- 
tionszustand—wir haben bereits erwahnt, dass 
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Nu 


2. 

10° 2 4 661’ 2 4 6 810? 
Ass. 9. ,,Ausblasen* der Reaktion bei zunehmender 
Austauschintensitat an der dusseren Grenze der 
Reaktionszone. Abhangigkeit des g-Parameters von 
Nu, im oberen (1) und im unteren (2) Reaktions- 
zustand. Im Punkt a wird die Reaktion ausgeblasen. 
Grundkonstanten wie zu Abb. 8. 


es sich dabei um einen nahezu reinen Verdun- 
stungsprozess handelt—nimmt mit steigendem 
Nu, monoton zu, was physikalisch evident ist. 


8. ZUSTANDSFUNKTION 

Die Beschaftigung mit dem ,,Feldproblem*, 
d.h. mit der Lésung der Differentialgleichung 
(39) mit den Rand- und Nebenbedingungen (40), 
(41) und (44) hat zwei verschiedene Aspekte: 
Der erste, vordergriindige ist eine Diskussion 
des Zustandsbildes, wie wir es im vorange- 
gangenen Abschnitt fragmentarisch durch- 
gefiihrt haben, der zweite und fiir das Gesamt- 
problem wohl wichtigere Aspekt er6dffnet sich, 
wenn man die Integration der Differential- 
gleichung (39) als eine verklausulierte Vor- 
schrift zur Bestimmung von q fir ein vorge- 
gebenes (X, Y)-Paar auffasst. Die dadurch 
definierte Funktion g(X, Y) vermittelt die 
Realisierungsméglichkeiten der momentanen 
Feldsituation fiir die jeweilige Temperatur und 
Grosse des Brennstofftrépfchens und wird im 
weiteren als Zustandsfunktion bezeichnet. Sie 
bildet den Schliissel zum tieferen Versténdnis 
des vorliegenden Gesamtproblems und stellt 
insbesondere den Ausgangspunkt fiir eine Dis- 
kussion der kritischen Ziind- und _ Lésch- 


bedingungen dar, die im vorangegangenen 
Abschnitt kurz gestreift wurden. 

Die Zustandsfunktion g(X, Y) stellt die Man- 
nigfaltigkeit der Nullstellen der Iterationsfunk- 
tion (45) bzw. die Mannigfaltigkeit der Reak- 
tionszustinde mit ausgeglichener Energiebilanz 
(44) dar. Die Gestalt der Zustandsfunktion wird 
durch den Umstand geprigt, dass die Iterations- 
funktion bei gewissen Wertepaaren (XY, Y) nicht 
eine, sondern gleich drei Nullstellen besitzt. 
Stellt man sich die Zustandsfunktion als eine 
iiber der Grundebene (X, Y) aufgespannte 
Flache vor, so bildet diese Flache tiber einem 
gewissen Gebiet eine iiberhangende Falte (siehe 
Abb. 10), deren Sohle—die unteren, und der 
Riicken—die oberen Reaktionszustinde erfassen. 
Der zuriickweichende Bereich der Zustands- 
flache entspricht den labilen mittleren Reaktions- 
zustanden. 


Ass. 10. Ein Schnitt durch die Zustandsflache q(X, Y) 
bei Y = const (schematisch): | = Bereich des unteren, 
F des mittleren und 3 = des oberen Reaktions- 
zustandes. Inversionspunkte A und B entsprechen 
den kritischen Ziind- und Léschlinien auf der 
Zustandsflache. Strecken a und 6 veranschaulichen 
die Grdsse des erforderlichen positiven bzw. nega- 
tiven Energieimpulses, um bei betreffendem Y den 
Sprung von | nach 3 (Ziinden) bzw. von 3 nach 1 
(Léschen) zu bewerkstelligen. 


Die Ubergiinge von dem unteren Reaktions- 
zustand zu dem oberen und umgekehrt, d.h. die 
Ziind- und Léschvorginge lassen sich in Ver- 
bindung mit der geometrischen Darstellung der 
Zustandsfliche unschwer energetisch deuten: 
Die Ordinate der Zustandsfliche ist durch 
solche g-Werte gegeben, bei denen die Warmezu- 
fuhr zum Trépfchen unter ausgeglichener Ener- 
giebilanz (44) méglich ist. Wird dem Trépfchen, 
welches sich im unteren Reaktionszustand 
befindet, ein Ziind-Energieimpuls zugefiihrt, 
der die Energiebilanz stért und eine momentane 
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Situation erzeugt, die durch einen aus der 
Zustandsflache heraufgehobenen Punkt charak- 
terisiert wird, so kann diese Stérung folgende 
Wirkungen nach sich ziehen: 

(1) Falls der Zustand urspriinglich in dem 
Gebiet lag, wo die Zustandsfunktion eindeutig 
ist, vermag der Energieimpuls unabhangig von 
seiner Grésse die Ziindung nicht herbeizufihren. 
Der Impuls ,,verpufft** und die Reaktion fallt in 
ihren urspriinglichen Zustand zuriick. 

(2) Lag dagegen der urspriingliche Zustand 
im Faltungsgebiet der Zustandsflaiche, so hingt 
der weitere Reaktionsverlauf davon ab, ob der 
durch den Ziindimpuls ,,angeregte Zustand 
noch unterhalb des labilen mittleren Zustandes 
liegt oder ob dieser Zustand bereits Uberschritten 
ist. Wahrend im ersten Fall der Energieimpuls 
gleichfalls ohne Wirkung bleibt, kommt es im 
zweiten Fall—d.h. bei ausreichender Starke des 
Energieimpulses—zum Zinden der Reaktion 
und der ,,angeregte** Punkt stdsst bis zum 
oberen Bereich der Zustandsfliche vor. 

Das Ahnliche gilt sinngemiss auch fiir einen 
..negativen Léschimpuls™, d.h. fiir einen pl6tz- 
lichen Energieentzug, der gegebenfalls eine 
Reaktion, die im oberen Zustand verlauft, 
léscht und in den korrespondierenden unteren 
Reaktionszustand iberfiihrt. Man hat somit in 
den Abschnitten a und b der Abb. 10 sozusagen 
ein energetisches Mass fir die erforderliche 
Ziind- bzw. Léschenergie. 

Je naiher ein Zustandspunkt an der unteren 
bzw. an der oberen Inversionslinie der Zustands- 
fliche liegt, mit desto geringerem Impuls kann 
ein Reaktionssprung herbeigefiihrt werden, bis 
schliesslich bereits eine geringfiigige Fluktuation 
des Reaktionszustandes das Ziinden oder 
Léschen der Reaktion bewirken kann. In diesem 
Fall wollen wir in Anlehnung an den dhnlichen 
Sachverhalt bei stationiren exothermen Vor- 
giingen von den kritischen Ziind- und Léschvor- 
gdngen und von den kritischen Bedingungen, die 
diese Vorgiinge auslésen, sprechen. 

Die Projektion der Inversionslinien auf die 
Grundebene (X, Y) ergibt die kritischen Ziind- 
und Léschgrenzen, welche diese Ebene, wie es in 
Abb. 11 dargestellt ist, in drei Gebiete zerlegen, 
in welchen entweder beide Reaktionszustande 
oder nur einer davon existent sind. 

Der zeitliche Reaktionsablauf spiegelt sich in 


D 


der Anderung von XY und Y wider und kann 
daher, worauf im nachsten Abschnitt noch aus- 
fiihrlich eingegangen wird, als eine Bahn in der 
Grundebene (X, Y) dargestellt werden, die 
gegebenenfalls auch die kritischen Grenzen 
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Ass. 11. Kritische Ziind- und Léschgrenzen entstan- 
den als Projektion der Inversionslinien der Zustands- 
flache auf die Grundebene (X, Y). Im Gebiet I ist 
nur der untere Reaktionszustand, in II ist sowohl 
der untere wie der obere und in III ist nur der obere 
Reaktionszustand existent. Mit den Bahnen A und B 
ist schematisch der Verlauf zweier Reaktionen im 
unteren und im oberen Bereich angedeutet, die beim 
Erreichen der betreffenden kritischen Grenze ziinden 
(a) bzw. léschen (b). Grundkonstenten: Nu, 0 ; 
Nu, 5; Na, = 10; A 20; B 24; K 10; 
C=17;2, 10. 


iiberquert. Der korrespondierenden Bewegung 
des Zustandspunktes auf der Zustansfliche 
entnimmt man, dass die kritischen Grenzen nur 
dann wirksam sind, wenn sie von einer bestimm- 
ten Seite her iiberquert werden, wie es in Abb. 11 
durch zwei Bahnen schematisch angedeutet ist. 

Die numerische Bestimmung der kritischen 
Grenzen ist mit einem grésseren Rechenauf- 
wand verbunden, da diese Grenzen an Erfiillung 
von zwei Bedingungen 


F(q, X, Y)=0, é@F(q, X, Yy/éqg =0 (49) 


gebunden sind und eine zweifache Iteration 
erfordern. In den Abb. 12-14 ist der Einfluss der 
Grundkonstanten A, B und Z, auf den Verlauf 
der Ziindgrenze zu erkennen. 


9. BAHNEN DES ZUSTANDSPUNKTES 
Die quasistationire Behandlung des Problems 
gestattet, den zeitlichen Reaktionsverlauf als 
eine Bewegung des Zustandspunktes auf der 


.. 
Ql 30 1a 
Se 08 OF 9? 
o> 
- 
ol. 
2 
96 1 

a 
” 

a 
+ 
> 
q 
4 


50 J. PAWLOWSKI 


Ass. 12. Einfluss der reaktionskinetischen Kons- 

tante A auf den Verlauf der kritischen Ziindgrenze. 

Die Werte der iibrigen Grundkonstanten wie zu 
Abb. 11. 


02 Q4 06 06 X 10 


Ass. 13. Einfluss der Aktivierungskonstante B auf 
den Verlauf der kritischen Ziindgrenze. Die Werte 
der ibrigen Grundkonstanten wie zu Abb. 11. 


Ass. 14. Einfluss des Sauerstoff-Partialdrucks Z, 

ausserhalb der Reaktionszone auf den Verlauf der 

kritischen Ziimdgrenze. Die Werte der wubrigen 
Grundkonstanten wie zu Abb. 11. 


Zustandsflache zu interpretieren, wobei diese 
Flache unabhiangig von der etwaigen Bahn des 
Zustandspunktes, d.h. unabhaingig von dem 
faktischen Verlauf des chemischen Prozesses 
durch die Grundkonstanten im voraus festgelegt 
ist. 

Die Bahnen, die vom Zustandspunkt auf 
einer vorgegebenen Zustandsflaiche zuriickgelegt 
werden, sind durch beide kalorische Grund- 
konstanten G und H sowie durch die Anfangs- 
werte XY, und Y, bedingt. Aus den Gleichungen 
(27) und (28) ersieht man, dass die Konstante 
G—den zeitlichen Verlauf von X, wihrend die 
Konstante H—den zeitlichen Verlauf von Y 
bestimmt. Abb. 15 zeigt den Einfluss von H 
auf die Bahn des Zustandspunktes im unteren 


Reaktionsbereich. Da diese Konstante das Ver- 
haltnis der Verdampfungswirme zu der Reak- 
tionswarme angibt, muss die Verdampfung des 
Brennstoffs bei grésseren Werten von H im 


Ass. 15. Einfluss der kalorischen Konstante H auf 

den Verlauf der Zustandsbahnen im unteren Reak- 

tionsbereich bei vorgegebenen Anfangswerten X, 

und Y,. Grundkonstanten: Nu; 0: Nu, = 5: 

Nu, = 10; A = 18; B= 25; K = 10; C=7;Z,= 10; 
G = 5, 


zunehmenden Masse auf Kosten der Enthalpie 
des fliissigen Brennstoffs vor sich gehen, so dass 
sich das Trépfchen schneller abkihlt. 

Besonders interessant und aufschlussreich ist 
der Einfluss der Anfangswerte X,) und Y, auf 
die Gestalt der Bahnen. In Abb. 16 sind die 
Bahnen des Zustandspunktes dargestellt, die 
zwar den gleichen Werten von G und H entspre- 
chen, aber in verschiedenen Punkten der 
(X, Y)-Ebene ihren Anfang haben. Wie ersicht- 
lich, laufen die einzelnen Pfade zu einer gemein- 
samen Bahn zusammen, so dass der Ablauf einer 
Reaktion, insbesondere der Ziindpunkt und der 
anschliessende Verlauf im oberen Bereich letzten 
Endes von den Anfangswerten X, und Y, 
unabhingig ist. 


| 


| 
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Ass. 16. Einfluss der Ausgangspunktes auf den Ver- 

lauf der Zustandsbahnen im unteren Reaktions- 

bereich bei vorgegebenen Grundkonstanten: G 

0,6; H = 0,02; die iibrigen Werte wie zu Abb. 11. 
Im Punkt a ziindet die Reaktion. 
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Dieser Umstand ist insofern von Bedeutung, 
als der Reaktionsablauf im unteren Bereich— 
die sogenannte Induktionsperiode—mit einem 
Verlust an Brennstoff, welcher nahezu vdllig 
unverbraucht die Reaktionszone verlasst, und 
einer Verz6gerung des Ziindvorgangs verbunden 
ist. In einer kontinuierlich bzw. periodisch 
arbeitenden Brennkammer, wie etwa in einer 
Diisenkammer bzw. in einem Verbrennungs- 
motor, wiirden so/che Brennstofftrépfchen, die 
aufgrund ihrer (Xp , Y9)-Werte langere Bahn- 
strecken bis zum Ziindpunkt zeriickzulegen 
haben, u.U. gar nicht zum Ziinden kommen, da 
sie inzwischen die Diisenkammer bereits ver- 
lassen haben bzw. weil der betreffende Arbeit- 
sakt des Verbrennungsmotors bereits beendet ist. 

Die weitgehende Unabhiangigkeit der Bahn 
von ihrem Ausgangspunkt findet eine Parallele 
in dem Problem der Psychrometrie: auch dort 
hangt die sich stationar einstellende Temperatur 
nicht von der urspriinglichen Temperatur des das 
Thermometer umgebenden feuchten Belages ab. 
Dieser Analogie ist jedoch dadurch eine Grenze 
gesetzt, dass der Ausgangspunkt der Bahn auf 
alle Faille noch demselben Bereich der Reaktions- 
flache angeh6ren muss, und dass der im unteren 
Bereich verlaufende Prozess gegebenenfalls zum 
Ziinden fiihrt, wie dies im Punkt a der Abb. 16 
eingetreten ist. 

Uber die Art, wie die einzelnen Bahnen 
zusammenlaufen, lasst die Differentialgleichung 
(42) Niheres erkennen: Da die Zustands- 
funktion g( X, Y) bis auf Inversionslinien iberall 
differenzierbar und in jedem der beiden Bereiche 
eindeutig ist, trifft dasselbe auf (u,),; und folglich 
auch auf die in (42) rechter Hand stehende 
Funktion zu. Daraus geht hervor, dass sich die 
Bahnen nicht kreuzen, sondern sich unmitellbar 
bzw. asymptotisch vereinen. 

Der Umstand, dass die Zustandsbahnen aus 
einem grésseren Einzugsgebiet die kritische 
Ziindlinie praktisch in einem Punkt erreichen, 
legt die Frage nahe, ob es sich nicht etwa 
schlechthin um einen einzigen kritischen Punkt 
(bzw. bei asymptotischer Vereinigung der Bah- 
nen—im einen kurzen Abschnitt) handelt, der 
an der kritischen Linie, die eine Funktion der 
acht Grundkonstanten ist, durch die Vorgabe 
der restlichen Konstanten G und H festgelegt 
wird. Diese Frage wurde nicht naher untersucht. 


Ein kritischer Ziindvorgang, der beim Errei- 
chen der kritischen Ziindgrenze erfolgt, wird 
durch rapide Zunahme des g-Parameters ange- 
kiindigt, wie dies in Abb. 16 zu erkennen ist. 
Nach erfolgter Ziindung springt der Zustands- 
punkt vom unteren Wulst der Zustandsflache auf 
ihren oberen Bereich iiber und setzt dort seine 
Bewegung fort. Die Projektion der Bahn auf 
der (X, Y)-Ebene erleidet dabei einen Knick, 
welcher stets, wie eine naihere Diskussion der 
Gleichung (42) zeigt, mit einer algebraischen 
Verminderung von d Y/d X verbunden ist. 

Die Rechnungen zeigen, dass die Zustands- 
bahnen nicht notwendigerweise die kritische 
Linie iiberqueren, sondern bei gewissen Werten 
von G und H an ihr vorbeiziehen, so dass es 
zum Ziinden gar nicht kommt. 

In Verbindung mit Abb. 10 ist die Méglich- 
keit des Ziindens einer Reaktion mit Hilfe eines 
Energieimpulses erlautert worden, ohne dass die 
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Ass. 17. Zeitliche Entwicklung des Zustandsbildes 

nach dem herbeigefiihrten Sprung in den oberen 

Reaktionszustand (Fremdziindung). Grundkonstan- 

ten wie zu Abb. 15, H = 0,1. Siehe Erlauterungen zu 

Abb. 2. Die die Reihenfolge kennzeichenden Num- 
mern sind jeweils eingekreist. 
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Zustandsbahn die Ziindgrenze erreicht hatte. In 
einem solchen Fall bleibt die charakteristische 
Ankiindigung des kritischen Vorgangs natur- 
gemiss aus. Nach erfolgtem Sprung setzt eine 
intensive Anpassung der Trépfchentemperatur 
Y an die neuen Verhiltnisse ein. In Abb. 17 
ist die Entwicklung des Zustandsbildes nach 
erfolgter Fremdziindung dargestellt. Die vier 
aufeinanderfolgenden Zustandsbilder lassen an 
der Verinderung der Temperaturkurve und der 
Verteilungskurve der Reaktionsgeschwindigkeit 
sowie am rapiden Absinken des Sauerstoff- 
Partialdrucks in der Reaktionszone die fort- 
schreitende Intensivierung des chemischen 
Prozesses erkennen. Wiahrend dieses Vorganges 
wandert die Innengrenze der Reaktionszone mit 
allmahlichem Brennstoffverbrauch stetig nach 
innen. Die Abb. 18 zeigt den Verlauf von gq und 
Y vor der Ziindung und unmittelbar nach dem 
erfolgten Sprung. 


Abb. 18. Verlauf des g-Parameters und der Trépf- 
chentemperatur Y bei dem in Abb. 17 dargestellten 
Vorgang der Fremdziindung. 


10. ABSCHLIESSENDE BEMERKUNGEN 

Es ist bereits betont worden, dass die durch- 
gefiihrte Diskussion bei keinen physikalisch 
sinnvollen Werten von Grundkonstanten in 
einem formalen Widerspruch zu der Voraus- 
setzung der starken Verdiinnung durch Inertgas 
steht. Dies ist dadurch bedingt, dass der Total- 
druck Z,, und die Siedetemperatur Y, nicht 
einzeln, sondern nur als Bestandteile der Grund- 
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konstante K (22) in das Problem eingehen, was 
einen zusdtzlichen Freiheitsgrad der Interpreta- 
tion von Ergebnissen bietet. Es sei mit 7 der 
grésste, entlang der Zustandsbahn vorkom- 
mende Wert von z, und 2, bezeichnet, welcher 
sicherlich kleiner ist als der grésste Z,-Wert oder 
gegebenenfalls als Z,. Da nun Z, und Z, wesent- 
lich kleiner sind als exp(K), kann man stets ein 
Z,, so Wahlen, dass die Ungleichung 7 < 2,, 
(bzw. Z,) < Z,, < exp(K) erfiillt wird. Alsdann 
lasst sich aus (22) der entsprechende Wert von 
Y, errechnen. Das Gesagte sei am Beispiel des in 
Abb. 4 dargestellten oberen Reaktionszustandes 
erlautert: Der grésste in der Reaktionszone 
herrschende Partialdruck 7 ist der Sauerstoff- 
Partialdruck z, an der fusseren Grenze, 7 = 8,8; 
dem gegeniiber betrigt mit K = 10,45 die 
limitierende Grésse exp(K) den Wert von 
4,3.10*; nimmt man z.B. an, dass die Voraus- 
setzung der Verdiinnung noch sinnvoll ist, falls 
= 10 Prozent des Totaldrucks nicht iibersteigt, 
so ist der kleinste, mit dieser Voraussetzung 
vertragliche Totaldruck Z,, 88.0 und der 
korrespondierende niedrigste Wert der Siede- 
temperatur errechnet sich bei C = 6,29 zu 
Y, = +0,05. 

Die Situation dndert sich, wenn die Rechnung 
anhand von vorgegebenen p/ysikalischen Daten 
vorgenommen werden soll. In diesem Fall ist es 
nicht die Grundkonstante K, sondern ihre 
Bestandteile Z,, und Y,, die primar gegeben sind. 
Dadurch entfallt der erlauterte Freiheitsgrad der 
Interpretierung von Ergebnissen, und es muss 
daher mit der Mdglichkeit gerechnet werden, 
dass die gewonnenen Ergebnisse mit der Voraus- 
setzung der starken Verdiinnung unvereinbar 
sind. 

In dem letzten Abschnitt, der den rechentech- 
nischen Fragen gewidmet ist, wird noch eine 
MOglichkeit erértert, das mathematische Prob- 
lem auch auf Vorginge mit dem konvektiven 
Stoff- und Warme transport auszudehnen. Hier 
sollen nur noch einige qualitative Uberlegungen 
uber den Einfluss des konvektiven Transport- 
mechanismus auf den Verbrennungsvorgang 
wiedergegeben werden. 

Die durchgefiihrte Diskussion zeigt, dass die 
Intensitat des chemischen Prozesses im oberen 
Reaktionsbereich, im Einklang mit den dhn- 
lichen Festellungen anderer Verfasser [2], im 
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wesentlichen durch den Energienachschub fiir 
die Verdampfungswarme bedingt wird. Die bei 
hdherer Verdampfungsintensitét einsetzende, 
vom Trépfchen gerichtete Stephan- 
Str6mung ruft in der Nihe der Trépfchenober- 
flache einen nach aussen gerichteten konvektiven 
Energietransport hervor, welcher die Energie- 
versorgung des Troépfchens erschwert. Auch das 
Eindringen des Sauerstoffs in die Reaktionszone 
wird durch die Stephan-Strémung_behindert. 
Der mit steigender Intensitét des Vorgangs 
zunehmende konvektive Stoff- und Wéarme- 
transport wirkt sich somit als ein zusatzlicher 
stabilisierender und limitierender Faktor aus. Er 
sorgt dafiir, dass die Intensitaét des chemischen 
Vorgangs in Schranken bleibt und ihren quasi- 
stationaéren Charakter weiterhin beibehilt. 

Es lassen sich einige zu erwartende charak- 
teristische Verainderungen des Zustandsbildes, die 
durch den konvektiven Transportmechanismus 
verursacht werden, unschwer voraussagen: So 
wird der Partialdruck von Sauerstoff und von 
Verbrennungsprodukten in unmittelbarer Nahe 
der Trépfchenoberflache nicht mehr eine waage- 
rechte Tangente, sondern ein nach innen gerich- 
tetes Gefiille besitzen. Die Verteilungskurve der 
Reaktionsgeschwindigkeit wird sich weiter nach 
aussen verlagern, wahrend die Temperatur- 
kurve eine steilere Innenflanke aufweisen wird, 
um die Energieversorgung des Trépfchens, 
trotz des entgegen gerichteten Enthalpiestromes, 
aufrechtzuerhalten. Im grossen und ganzen 
diirfte der konvektive Transport wohl gewisse 
quantitative Verschiebungen, jedoch keine prin- 
zipiell neuen Gesichtspunkte, insbesondere 
hinsichtlich der kritischen Ziind- und Léschvor- 
giinge in die Diskussion des Problems mit sich 
bringen. 


11. ZUSATZ: EINIGE BEMERKUNGEN ZU 
DEM RECHENPROGRAMM 

In Abb. 19 ist das Rechenprogramm in seinen 
wesentlichen Ziigen dargestellt. Die Verar- 
beitung der Grundkonstanten, der Aussenwerte 
X, Y und des jeweiligen g-Parameters ist hin- 
tereinander_ gestaffelt. Die Integration der 
Differentialgleichung (39) umfasst die im Fliess- 
diagramm gestrichelt' eingerahmten Blécke: 
das eigentliche Integrationswerk—Runge-Kutta- 
Verfahren 4. Ordnung—besorgt die schrittweise 
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Verarbeitung 
Grundkonst. 


Veraorbetung 


von X,Y 


Verarbeitung 


Ermittiung 
e/nes Neuen 
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/terarion 
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Ass. 19. Fliessdiagramm. Grundzige des 
Rechenprogramms. 


Integration. Nach jedem Schritt, deren Anzahl 
fiir den oberen Reaktionszustand 20 nicht unter- 
schreiten sollte, tritt die sogenannte ,,analytische 
Priifung’ in Aktion, die dariiber entscheidet, 
ob die Integration mit dem gerade vorliegenden 
q-Wert fortgesetzt oder abgebrochen werden soll. 
Bejahendenfalls wird die schrittweise Integration 
iiber dem gesamten Integrationsintervall durch- 
gefiihrt, der Wert der Iterationsfunktion (45) 
errechnet und geprift, ob die gesuchte Nullstelle 
bereits mit vorgegebener Genauigkeit ermittelt 
ist. Sofern dies noch nicht der Fall ist, wird ein 
neuer Wert des g-Parameters errechnet und der 
Rechenvorgang ab Konnektor 3 iteriert. Die 
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Bestimmung eines neuen qg-Wertes wird unter 
Beriicksichtigung der vorangegangenen q-Werte 
und der charakteristischen Gestalt der Iterations- 
funktion inter- bzw. extrapoliert. Auch bei 
negativem Befund der .,analytischen Priifung* 
wird die Rechnung mit einem neuen, zweck- 
missig bestimmten qg-Wert iteriert. Sobald die 
gesuchte Nullstelle der Iterationsfunktion mit 
vorgegebener Genauigkeit ermittelt ist, wird die 
Rechnung mit nunmehr richtigem g-Wert durch- 
gezogen und die Iteration beendet. Alsdann wird 
die Integration der Differentialgleichung (42) 
durchgefiihrt und ein neuer Zyklus mit neuen 
(XY, Y)-Werten ab Konnektor 2 eingeleitet. 

Die praktische Durchfiihrung der Rechnung 
steht und fallt mit der Wirksamkeit des Iterations- 
verfahrens. Wahrend im unteren Reaktions- 
bereich die Iteration glatt und schnell zum Ziel 
fiihrt, bereitet der obere Reaktionszustand dem 
Iterationsverfahren erhebliche Schwierigkeiten, 
die hauptsachlich folgenden drei Ursachen 
entspringen: 

1. Das ausserordentlich steile Gefille der 
Iterationsfunktion in unmittelbarer Nahe der 
oberen Nullstelle (vgl. Abb. 1) macht ein vor- 
sichtiges Herantasten erforderlich und ist daher 
recht zeitraubend. 

2. Das Herantasten entlang der Iterations- 
kurve wird beim Berechnen von Reaktions- 
zustaénden hoher Intensitaét durch Recheninstabili- 
taten unmdéglich gemacht. Diese Instabilitaten 
von Ljapunow-Typ [4] dussern sich im plétz- 
lichen Abreissen der y-Werte und anschliessen- 
dem Uberschreiten des verfiigbaren Werte- 
bereichs (10-°° bis 10°°, Zahlendarstellung in 
Gleitkomma), so dass die Integration von (39) 
mitten im Integrationsintervall abgebrochen 
wird und die Berechnung des dazugehGrigen 
Wertes der Iterationsfunktion undurchfiihrbar 
wird. Da die Instabilitéten durch das eigen- 
tiimliche Verhalten von y, z, und z, angekiindigt 
werden, erfolgt nach jedem Integrations-Elemen- 
tarschritt eine ,,analytische Priifung* dieser 
Werte. Sobald sich die bevorstehende Instabili- 
tat bemerkbar macht, wird geprift, ob der 
momentan geltende g-Wert unterhalb oder 
oberhalb der gesuchten Nullstelle der Iterations- 
funktion liegt, was am spezifischen Verhalten der 
errechneten Feldfunktion erkennbar ist. Darauf- 
hin wird ein neuer geeigneter g-Wert bestimmt 


und der Integrationsprozess ab Konnektor 3 von 
neuem eingeleitet. Auf diese Weise ist es méglich, 
die Eingabelung der Nullstelle ohne explizite 
Berechnung der Iterationsfunktion sukzessive 
durchzufiihren. Auch dieses Notverfahren ist 
recht zeitraubend. 

3. Bei den Reaktionszustanden hoher Intensitat 
treten die Instabilitéten bei derart geringen 
Abweichungen von dem richtigen qg-Wert vor, 
dass die verfiigbaren achtstelligen Mantissen der 
Zahlendarstellung haufig fiir die Eingabelung 
des g-Werte nicht mehr ausreichen. In solchen 
Fallen kann dass Zustandsbild nur fiir einen 
Teil des Integrationsintervalls, eben bis zum 
Auftreten der Instabilitét bestimmt werden. 
Diese unvollstandige Ermittlung des Zustands- 
bildes hat allerdings auf die Integration der 
Differentialgleichung (42) keinen Einfluss, da 
die ermittelten 7-8 Dezimalstellen von q dort 
mehr als ausreichend sind. Wir haben in dem 
Abschnitt ,,Zustandsfunktion™ hervorgehoben, 
dass die Integration von (39) zwei verschiedene 
Aspekte hat: Die Bestimmung des Zustands- 
bildes und die Berechnung von q fir Integration 
von (42). 

Gestiitzt auf die Einsicht, dass die Ermittlung 
des Zustandsbildes gegebenenfalls mit 8 Dezimal- 
stellen nicht herbeizufiihren ist*, kann man auf 
den ersten Aspekt bewusst verzichten und das 
Rechenprogramm ausschliesslich auf den zwei- 
ten Aspekt ausrichten, indem man sich von 
vornherein auf eine erforderliche Stellenzahl 
bei der Bestimmung von qg (etwa 5 Dezimal- 
stellen) beschrankt und lediglich die Integration 
von (42) vorantreibt. 

Die erlauterten Schwierigkeiten, die der 
Iteration des g-Parameters anhiangen, lassen 
erkennen, mit welchen rechen-technischen Kom- 
plikationen die Lésung des allgemeinen Prob- 
lems bei Beriicksichtigung des konvektiven 
Stoff- und Wiarmetransportes belastet ist. Da in 
diesem allgemeinen Fall eine Reduktion des 
simultanen Gleichungssystems, wie dies mit der 
Differentialgleichung (39) erfolgte, nicht méglich 
ist, wurde das Problem, nach Eliminieren der 
Molarstr6mung w (vgl. Beziehung 15), in ein 


* Man kann allerdings eine vollstandige Berechnung 
des Zustandsbildes auch bei 8 Dezimalstellen erzwingen, 
wenn die Werte von y, z, und z, mitten im Integrations- 
intervall entsprechend korrigiert werden. 
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vierdimensionales Iterationsverfahren miinden, 
indem jede der vier Funktionen y, z,, Zz. und 2, 
mit einem individuellen q-Parameter verkniipft 
ware. 

Das allgemeine Problem mit konvektivem 
Transport dirfte einen wesentlich einfacheren 
Zugang erhalten, wenn man _ beachtet, dass 
zwischen diesem allgemeinen und dem hier dis- 
kutierten Problem eine Korrespondenz besteht: 
Die Loésungen des allgemeinen Problems gehen 
bei vorgegebenem Satz von Grundkonstanten mit 
zunehmendem Wert von Y, allmiahlich in die 
Lésungen des hier diskutierten Problems iiber. 
Man kann daher im umgekehrten Verfahren die 
letztgenannten Lésungen als erste Ndherung 
einer iterativen Folge von Lésungen betrachten, 
indem Y, von einem willkiirlich gewahlten, 
hinreichend grossen Wert sukzessive auf den rich- 
tigen Wert zu bei unverandert bleibenden Grund- 
konstanten variiert wird. Bei diesem Verfahren 
wirde die vierdimensionale g-Iteration entfallen, 
da die Anfangsneigungen von y und z, einer vor- 


hergehenden Niaherungslésung auch fiir die 
folgende Niaherung iibernommen werden. Das 
ganze Verfahren wiirde somit auf eine ein- 
dimensionale Y,-Iteration hinauslaufen. 
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INTERFEROMETRISCHE MESSUNGEN AN EINER 
EBENEN LAMINAREN FLAMME 
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te Zusammenfassung—Es wird gezeigt, dass die interferometrische Temperaturmessung an ebenen 
: Flammen in der Auswertung besonders einfach ist. Sie erweist sich auch als besonders genau, da der 
Fehler, der durch die Ablenkung der Lichtstrahlen im Temperaturfeld der Flamme entsteht, sich als 


a von héherer Ordnung klein erweist, und weil an den am meisten interessierenden Stellen, wo der 
ae Temperaturgradient gross ist, die Messpunkte am dichtesten liegen. Uber eine Flammendicke von 
ve 4 mm konnten 60 Messpunkte erhalten werden. 
#3 Aus dem Temperaturverlauf wurden die einzelnen Energiefliisse ermittelt. Wahrend in theoretischen 
ae a Arbeiten meistens bei 80 Prozent des Temperaturanstieges eine Ziindtemperatur angenommen wird, 
“¢ zeigte es sich hier, dass die entsprechende Temperatur bereits mitten im Reaktionsgebiet liegt. Die 
- chemische Reaktion ist dort bereits zu 40 Prozent abgeschlossen, und die Reaktionsgeschwindigkeit 
aft hat ihr Maximum. Die sog. ,,Excess enthalpy“ wurde festgestellt. 
Annotanms—B cratbe Bompoch NoTOKa Tpit 
KOTOpbe He BO BHUMaHHe. IlokasaHoO, ObITb 
K TOUHOMY norpaHnynoro con. 13 YNCIOBEIX OCHOBHBIX 


HaiieHO, YTO BIMAHUA Ha Ten1006MeH He3Ha- 

HOCTHBI€ TpeHHA BbISbIBAIOT YMeHbINeHHe 


Abstract—The interferometric temperature measurement in flat flames shows itself to be a very simple 
and exact method for determining temperature profiles. The error caused by the deflection of the light 
beams is of negligible order. Through a flame front of approximate 4 mm thickness sixty measuring 
points could be obtained. The density of the measuring points was highest where the temperature 
gradient is large. 

: From the temperature profile the energy fluxes were calculated. Whereas in theoretical treatises an 
ignition temperature is often assumed at 80 per cent of the total increase in temperature, in the 
measurements set out here, it is seen that the corresponding temperature is already located in the 
middle of the reaction zone. There the chemical reaction is 40 per cent completed and the heat release 

rate has its maximum. The “excess enthalpy”’ was determined. 


Résumé—La mesure de température, par interférométrie, dans les flammes planes s’est révélée étre 
une méthode exacte et trés simple de détermination des profils de température. L’erreur causée par la 
déviation des faisceaux Jumineux est négligeable. On a pu faire soixante points de mesure dans un 
front de flamme de 4 mm d’épaisseur environ. La densité des points de mesure était la plus élevée ol 
Pinclinaison de la température est grande. 

On a calculeé les flux d’énergie a partir du profil de température. Alors que dans les études théoriques 
on suppose la température d’allumage a 80°, de l’accroissement total de température, dans les mesures 
exposées ici, On voit que la température correspondante se trouve déja au milieu de la zone de réaction 
La, la réaction chimique est compléte a 40° et le taux de chaleur dissipée est maximum. L’excés 

d’enthalpie a été déterminé. 
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INTERFEROMETRISCHE MESSUNGEN AN 


VERZEICHNIS DER BENUTZTEN SYMBOLE 


x = Horizontalkoordinate(cm)(S. Abb. 3): 

Zz = Vertikalkoordinate (cm) (S. Abb. 3): 

y= vertikaler Abstand von der Brenner- 
mindung (cm); 

D Flammendurchermesser (cm): 


T absolute Temperatur (°K): 
Taa adiabate Flammenendtemperatur 


(“K); 

M = Massenfluss (g cm~? sec~?); 

p = Dichte (g cm~*); 

v= Geschwindigkeit (cm sec~?); 

O = Reaktionswirme pro Masseneinheit 
des Frischgasgemisches (cal g~!): 

A = Wellenlange des zur Messung benutz- 
ten Lichtes (): 

A - Warmeleitfihigkeit (cal cm~! 
grad~'): 

= spezifische Warme bei konst. Druck 
(cal g-! grad~'): 

R= Energiefluss durch Strahlung (cal cm~? 
sec); 

n Brechungsindex : 

ii Brechungsindex ausserhalb der 
Flamme: 
dn 

a d- (cm~*) 

= Lichtweg (cm); 
Reaktionslaufzahl ; 

h Streifenverschiebung: 


Die Indizes haben folgende Bedeutung: 


Q = Ort, andem y = 0 oderz = 0; 

g gemessener Wert; 

5 seitliche Umgebung der Flamme; 

F Ort, an dem die Flammenendtempera- 


tur erreicht wird. 


Dit laminare Flamme ist sowohl fiir den Ver- 
brennungsablauf als auch fiir die Reaktions- 
kinetik von grundlegender Bedeutung. Ihre 
Theorie ist so weit entwickelt, dass die Tem- 
peraturabhingigkeit der Reaktionsgeschwindig- 
keitskonstanten, der Reaktionsablauf und die 
Diffusion in Abhiangigkeit von der jeweiligen 
Konzentration fiir die Berechnung der Fort- 
pflanzungsgeschwindigkeit beriicksichtigt wer- 
den kénnen. Man nimmt dabei eine ebene 
Flamme in unendlich ausgedehntem, ruhendem 
Gemisch an. Dann sind die Zustinde in der 
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Flamme nur senkrecht zu ihrer Ebene verinder- 
lich. Da nur kleine Geschwindigkeitsainderungen 
auftreten, k6nnen und 
Anderungen der kinetischen Energie unberiick- 
sichtigt bleiben. Der Impulssatz liefert dann 
einen iiber die Flamme konstanten Druck. Fiir 
die Anwendung der Theorie bestehen aber 
einige Einschrénkungen. Die Diffusion kann 
mangels genauerer kinetischer Grundlagen nur 
niherungsweise beriicksichtigt werden. Jedoch 
ist bei armen Gemischen die Diffusion von 
untergeordneter Bedeutung. Aber auch fir eine 
rein thermische Theorie sind die Kenntnisse 
liber den Reaktionsablauf schon bei unimole- 
kularen Reaktionen ungeniigend. Hinzu kommt- 
noch eine theoretische Schwierigkeit, die in dem 
halbempirischen Ausdruck von Arrhenius fiir 
die Temperaturabhingigkeit der Reaktions- 
geschwindigkeitskonstanten 


k = Bexp(—A/T) 


(T, absolute Temperatur; B,A, Konstante) 
begriindet liegt. Hiernach besteht erst bei 7 = 0 
keine Reaktion mehr, wahrend weit vor der 
Flamme, wo jedenfalls 7 + 0, sicher keine 
Reaktion besteht. Das macht die kiinstliche 
Einfiihrung des Reaktionsbeginns in Form eines 
mathematischen Flammenhalters oder einer 
Ziindtemperatur notwendig. 

Wegen dieser verschiedenen noch offenen 
Fragen kommt Experimenten eine grosse Bedeu- 
tung zu. Neben der Fortpflanzungsgeschwindig- 
keit interessiert die Energieumsetzung in der 
Flamme. Es ist heute méglich, nach den Vor- 
schligen von Powling [1] und Egerton und 
Thabet [2] eine ebene Flamme zu erzeugen, die 
neben der Ubereinstimmung mit der Voraus- 
setzung der Theorie die Anwendung optischer 
Methoden zulisst, wenn sich bei der Reaktion 
die Molzahl nicht andert. Diese Methoden haben 
den Vorteil, dass sie die Ausmessung von 
Flammenzonen normaler Dicke bei Atmos- 
phirendruck erméglichen. So wurde von Bur- 
goyne und Weinberg [3] aus der Lichtablenkung 
das Gradientenfeld des Brechungsindex ermit- 
telt, daraus durch Integration der Verlauf des 
Brechungsindex in der Flamme erhalten und 
hieraus die Temperatur berechnet. Der Umstand, 
dass der Lichtstrahl durch seine Ablenkung 
nicht parallel zur Flammenebene verlauft und 
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daher Gebiete mit verschiedenem Brechungs- 
index durchléuft, macht aber eine zeitraubende 
Korrektur notwendig. Die Flamme war von 
einem zylindrischen Gehaiuse aus Glimmer 
umgeben, das neben einer sicher nicht ganz 
einwandfreien optischen Qualitét den Nachteil 
einer zusatzlichen Lichtablenkung fiir den exzen- 
trisch hindurchtretenden Vergleichsstrahl mit 
sich bringt, mit dem das Temperaturfeld in dem 
Ringquerschnitt zwischen Flamme und Gehduse 
in der Flammenebene beriicksichtigt wird. Die 
Lichtablenkung selbst wurde dagegen unter der 
Annahme ermittelt, dass die Temperatur in 
Gehdusequerschnitten weit unter- und oberhalb 
der Flamme konstant ist. 

Der Umweg iiber den Gradienten des 
Brechungsindex lisst sich vermeiden, wenn man 
mittels eines Mach-Zehnder Interferometers den 
Brechungsindex unmittelbar misst. Der Mess- 
fehler verursacht dadurch, dass die Lichtstrahlen 
infolge ihrer Ablenkung Gebiete verschiedenen 
Brechungsindex durchlaufen, erweist sich hier als 
von héherer Ordnung klein. Die Annahme der 
Temperaturkonstanz in  Parallelebenen weit 
unter- und oberhalb der Flamme entfallt, da auf 
die dort herrschenden Temperaturen nicht 
bezogen zu werden braucht. Nachdem durch 
Biedler und Hdlscher [4] bekannt ist, dass in der 
Flamme das Temperaturfeld eindimensional ist, 
konnten ebene Fenster in das Gehiduse eingebaut 
werden, was die Verwendung schlierenfreier 
Glaser zuliess. 

Nach diesen Vorbemerkungen sei zundchst 
die Versuchseinrichtung beschrieben. 


DIE FLACHE FLAMME 

Das Brennstoff- Luftgemisch tritt von unten 
in ein vertikales Rohr von etwa 30 cm Linge 
und 6 cm Durchmesser ein. Etwa 6 cm unterhalb 
der Rohrmiindung ist ein Sieb eingebaut, auf 
dem eine 4 cm hohe Schicht Glasperlen von 4 mm 
Durchmesser ruht. Oberhalb der Glasperlen- 
schicht befindet sich eine ,,Matrix**, die aus etwa 
4000 Nickelr6hrchen mit einem Querschnitt von 
0.5 mm? besteht. Umgibt man die Brenner- 
mundung mit einem Gehduse von den in der 
Abb. | angegebenen ungefaihren Abmessungen, 
das oben durch ein Drahtsieb abgedeckt ist, so 
ergibt sich wegen des homogenen Geschwindig- 
keitsfeldes eine ebene Flamme, die sich in dem 


leicht divergierenden Strahl dort einstellt, wo 
ihre Fortpflanzungsgeschwindigkeit gleich der 
Gasgeschwindigkeit ist. Am Rand ist die 
Flamme wegen Sekunderstrémungen* leicht 
aufgebogen. Abb. 2 zeigt ein Lichtbild der 
flachen Flamme. 


\ will” 
S 
D 
6laskugeln Matrix. 
= 


~ 


Ass. 1. Brenner nach Powling [1] und Egerton and 
Thabet [2]. (Masse in mm.) 


Mit diesem Brenner lassen sich besonders 
magere Gemische untersuchen infolge der Vor- 
wairmung des Gases durch die Matrix, die 
ihrerseits von der Flamme durch Strahlung 
erwarmt wird, und Flammen mit kleiner Fort- 
pflanzungsgeschwindigkeit. Beide Eigenschaften 
sind fiir die vorliegende Untersuchung von 
Vorteil, einmal um den Diffusionseinfluss még- 
lichst auszuschalten und um méglichst dicke 
Flammenzonen bei atmosphirischem Druck zu 
erhalten. 


* S. bei Levy und Weinberg [5]. 
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DER EINFLUSS DER LICHTABLENKUNG 
IN DER FLAMME 

Die Ablenkung des zur interferometrischen 
Messung benOtigten streifend einfallenden Licht- 
strahles im variablen Dichtefeld der Flamme 
k6nnte eine mégliche Fehlerquelle sein. Um dies 
zu untersuchen, sei Abb. 3 betrachtet, die einen 
vertikalen Schnitt durch die Flammenmitte und 
die Objektivlinse O darstellt. Der Gradient 
des Brechungsindex n ist vertikal gerichtet. In 


Daraus folgt, dass sich auch bei Anwesenheit 
der Flamme die homologen Strahlen im 
urspriinglichen Punkt P’ virtuell schneiden und 
daher die durch das homologe Strahlenpaar 
erzeugte Interferenzerscheinung mit und ohne 
Flamme an der gleichen Stelle auf dem Schirm 
scharf erscheint. 

Jetzt soll noch der durch die Flamme hervorge- 
rufene zusatzliche Gangunterschied, der sich in 
P reell schneidenden homologen Strahlen berech- 


Schirm 


Ass. 3. Zur Ablenkung der Lichtstrahlen im Dichtefeld der Flamme. 


der Héhe des Strahleintritts bei P, sei der 
Brechungsindex Mp, z sei die Vertikalkoordinate 
des Strahls. Die Ebene M sei die Interferenz- 
ebene, wenn die Flamme sich nicht im Strah- 
lengang befindet. Betrachtet werden soll das 
homologe Strahlenpaar, das sich dann in P’ 
schneidet. Die Linse O sei auf die Ebene M 
scharf eingestellt. Sie bildet den Punkt P’ in 
P ab. Bei Anwesenheit der Flamme wird aber 
der bei P, eintretende Strahl in z-Richtung 
abgelenkt. Dies liasst sich naherungsweise 
beschreiben durch 


z”’ = |gradn| =a. (1) 


Der Gradient des Brechungsindex werde vor- 
laufig als konstant und klein angesehen. Es sei 
also, wenn D der Flammendurchmesser ist, 
a D < 1. An der Strahlaustrittsstelle P, ist dann 


(2) 


und 


(3) 


net werden. Da bei einer optischen Abbildung 
alle Lichtwege vom Dingpunkt zum Bildpunkt 
gleich gross sind, geniigt es, den Lichtweg L, 
des reellen Strahls von P, nach P, und den 
Lichtweg L, des virtuellen Strahles von Py nach 
zu berechnen, wenn P; dadurch gekennzeich- 
net ist, dass P; die gleiche Entfernung von P’ 
hat wie P,. Fiir den Lichtweg L, erhalten wir 
mit m = ny + az bei Vernachlassigung hdherer 
Glieder als a? D®, 


(ng + az) + 2) dx 
0 


x 


L,= |. ( No + 1+ x*) dx 


No + 1 
=n, D+ 6 4 


Fiir den Lichtweg L, erhalt man wenn mit 7 der 
Brechungsindex ausserhalb der Flamme bezeich- 
net wird 


‘ 
2 
| 
— | Pp’ 
| 
| 
a 
61 
‘= 
vay 
) 
| 
| 
(4) 
| 
a D | 
| 
= 5 D=7,5- q 
= 
a 


60 F. SCHULTZ-GRUNOW und G. WORTBERG 


) 
L,~aiD+(PP,- 5) a | 
| 
. 4 J 
Durch die Flamme wird der Gangunterschied 
4L=L,-—L= 
(ng — mi) D+ no + | ") D* (6) 
6 4 


hervorgerufen. Das erste Glied in Gleichung (6) 
stellt den Gangunterschied dar, den man messen 
wiirde, wenn keine Strahlablenkung erfolgen 


In Wirklichkeit hat der Gradient des 
Brechungsindex vor und hinter der Flammen- 
zone den Wert Null. Daraus ergibt sich, dass 
wie in Abb. 4 angedeutet, die Strahlen in weiterer 
Entfernung am unteren Rand der Flammenzone 
eine Brennlinie ergeben und dass der obere Rand 
der Flammenzone verdunkelt' wird. Dies 
bestatigt das Lichtbild in Abb. 5. 


ERMITTLUNG DES TEMPERATURVERLAUFES 
AUS DEM INTERFEROGRAMM 

Voraussetzung fiir die Anwendung der inter- 
ferometrischen Methode ist die Unverdnder- 
lichkeit der Molzahl bei der Verbrennung. Nur 
dann ist die Temperatur bei dem hier vorliegen- 
den Fall konstanten Druckes allein von der 
Dichte abhaingig. Die Dichte selbst kann dann 
unmittlebar aus dem Brechungsindex ermittelt 


Ass. 4. Zur Entstehung der Brennlinie bei der Schattenaufnahme. 


wiirde. Das zweite Glied ist von der Gréssen- 
ordnung ,'; a? D*®. Bei den hier durchgefiihrten 
Messung betrug dieser Fehler in der Lichtweg- 
bestimmung maximal 0,08 yw. Die gleiche 
Anderung wiirde auftreten, wenn man das 
gleiche Dichtefeld relativ zum Strahl um 0,02 
mm vertikal verschieben wirde. Ferner ist zu 
erwdhnen im Hinblick auf die Annahme eines 
konstanten Dichtegradienten, dass die Strahl- 
ablenkung z, am Austritt aus der Flamme nach 
(3) mit D = 64,2 mm und a = 0,604. 10-4 mm~?, 
z, = 0,12 mm betrigt. Uber diese kleine Strecke 
ist die Annahme zulassig, dass, wie die Messun- 
gen zeigen, sich der Dichtegradient in der Flam- 
menzone nur wenig 4ndert. 


werden, weil der Brechungsindex nur von der 
Zahl der Atome je Volumeneinheit und ihrer 
Polarisierbarkeit, nicht aber von ihrer chemischen 
Bindung abhidngt. 

Es wurde bereits erwahnt, dass nach friiheren 
Messungen die Temperatur in jedem Quer- 
schnitt eines Zylinders, der die Flamme als 
Querschnitt hat, konstant ist. Ausserhalb dieses 
Zylinders muss die Temperaturveranderlichkeit 
beriicksichtigt werden. Dies geschah durch Aus- 
messung des Temperaturfeldes mittels Thermo- 
element in drei radialen Abstanden (s. Tabelle 1). 

Aus diesen Messwerten wurde die Verschie- 
bung der Interferenzstreifen berechnet, die das 
Temperaturfeld der seitlichen Umgebung 
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Ass. 2. Lichtbild der flachen Flamme. 


5. Schattenaufnahme der flachen Flamme. (Die runden Flecken sind 


von Staubk6rnern erzeugte Beugungsfiguren.) 
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Ass. 7. Interferogramm der Flamme. (Die Flecken ruhren von Staub 
auf den Interferometerspiegeln her.) 
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Tabelle 1. Die durch die seitliche Umgebung der Flamme hervorgerufene Streifenverschiebung 


h, als Funktion der vertikalen Entfernung y von der Brennermiindung. Zur Berechnung von h, 
wurde die Umgebung in drei hohlzylinderférmige Bereiche aufgeteilt und auf dem mittleren 
Radius dieser Bereiche der Temperaturverlauf gemessen. Der Bereich I hatte die Durchmesser 
64 mm und 102 mm, der Bereich II 102 mm und 126 mm und der Bereich II] 126 mm und 


162 mm. h, ist die Summe von und hy, 


Bereich I 


Bereich II 


Bereich III 


bewirkt. Das Resultat ist in Abb. 6 iiber der 
vertikalen Entfernung von der Brennermiindung 
aufgetragen. fh, ist ein weiter unten erkliartes 
Mass fiir die Streifenverschiebung, der Index s 
bezieht sich auf die seitliche Umgebung. 

Nach diesen Vorbereitungen kann das in 
Abb. 7 gezeigte Interferogramm ausgewertet 
werden. Das Interferometer war so eingestellt 
worden, dass bei Abwesenheit der Flamme ver- 
tikale Streifen auftreten. Die untere Begrenzung 
des Streifenfeldes ist durch die Brennermiindung 
gegeben, die obere durch den Haltering fiir das 
Drahtnetz oberhalb der Flamme. Der Abstand 
zwischen Brennermiindung und _ Drahtnetz 
betrug 20 mm. 

Das Interferogramm bezieht sich auf ein 
armes Gemisch von 5,4 Vol Prozent chemisch 
reinem Methan in vorher getrockneter Luft. 
Methan wurde gewdhlt, weil keine Molzahlin- 
derung auftritt. Die Flammenfortpflanzungs- 
geschwindigkeit wurde zu 9,97 cm/sec gemes- 
sen bezogen auf eine Zustrémtemperatur 
T, = 409°K. Zur Auswertung wurde im Inter- 
ferogramm in dessen Mitte ein Messmikroskop 
senkrecht zum unteren Bildrand, d.h. senkrecht 
zur Brennermiindung von diesem Rand aus nach 
oben bewegt und beobachtet, wieviele Streifen 
bis zum Vertikalabstand y von der Brenner- 


miindung durch das Fadenkreuz des Mikro- 
skops treten. Diese Zahl wurde /, genannt. In 
Abb. 8 ist /, iiber y aufgetragen. Bis zur oberen 
Begrenzung des Interferogrammes waren 31 
Streifen gezihlt worden. Da sowohl Stellen 
maximaler Helligkeit als auch Stellen maximaler 
Dunkelheit beobachtet worden waren, wurden 
insgesamt 62 Messpunkte erhalten. Von der 
Streifenzahl 4, muss noch die oben ermittelte 
Streifenzahl h, (Abb. 6) abgezogen werden, um 
nur die durch die Flamme allein hervorgerufene 
Streifenverschiebung / zu gewinnen. Die Zahl 
h gibt in Vielfachen der Wellenlainge A des zur 
Messung benutzten monchromatischen Lichtes 
an, um wieviel der Lichtweg Z an einer Stelle y 
grésser ist als an der Stelle y = 0, also an der Bren- 
nermindung. In Abb. 9 ist / iiber y aufgetragen. 

Aus der Streifenverschiebung / lasst sich nun 
die Temperatur 7 berechnen. Durch den Index 0 
seien Werte, die an der Brennermiindung gelten, 
gekennzeichnet. Es gelten folgende Gleichungen, 
wenn wie hier der Druck konstant ist: 


(n — 1)T-= (ny — 1) (7) 
—n) D=haA (8) 
Daraus folgt: 


T =f, 


l 


— — DI ©) 


y T T 
(mm) (CK) hey CK) (CK) hes h, 
0 413 0 417 0 408 0 0 .: 
2 417 0,13 421 | 0,07 411 0,08 0,28 
4 422 0,27 425 0,16 414 0,17 0,60 a 
6 429 0,50 433 «0,29 420 0,33 1,12 
’ 8 445 0,94 447 0,55 429 0,61 2,10 a 
10 466 1,48 466 0,86 442 0,95 3,29 a: 
12 514 2,53 498 1,33 473 1,70 5,56 - 
14 602 4,07 564 2,13 523 2,72 8,92 a 
16 674 5,03 608 2,56 553 3,26 10,85 y ; 
18 819 6,45 702 3,32 619 4,23 14,00 ‘oa 
20 849 6,69 720 3,44 631 4,39 14,52 - 
1. 
61 
a 
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Ass. 6. Verlauf der durch die seitliche Umgebung der Flamme hervorgerufenen Streifenverschiebung /,,. 
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Asp. 8. Verlauf der aus dem Interferogramm abgelesenen Streifenverschiebung /,. 
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Asp. 9. Verlauf der durch die Flamme allein hervorgerufenen Streifenverschiebung /. 
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8 10 
Ass. 10. Temperaturverlauf in der Flamme. 
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Zur Messung wurde von einer Quecksilber- 
dampflampe herriihrendes monochromatisches 
Licht der Wellenlainge A = 0,579 » benutzt. Die 
Temperatur 7, des Gasgemisches an der Brenner- 
miindung ist wegen der langen Kontaktzeit 
gleich der Matrixtemperatur. Diese wurde mit 
einem Thermoelement gemessen, und betrug 
409°K. Der Durchmesser D der Flamme betrug 
64.2 mm _ ausschliesslich ihres aufgebogenen 
Randes, der eine Breite von 2 mm hatte. In 
Abb. 10 ist die Temperatur 7 iiber der vertikalen 
Entfernung von der Brennermiindung aufgetra- 
gen. Die gemessene Flammenendtemperatur ist 
aus den weiter unten genannten Griinden 
niedriger als die adiabate Flammenendtempera- 
tur. Die Differenz betragt 36°. 


Adiabate Flammenendtemperatur 
Flammenendtemperatur 
Raumtemperatur wahrend der Messung 


temperatur erreicht wird 


Massenfluss 
Reaktionswirme bei T= Ty, 


Spezifische Warme bei konstantem Druck bei 


T = Tp 


ERMITTLUNG DER ENERGIEUMSETZUNG 
IN DER FLAMME 

Fiir die Priifung theoretischer Ergebnisse ist 
die Energieumsetzung in der Flamme interessant. 
Die vorgefiihrten Versuche sind besonders 
geeignet, weil sie dhnlich wie bei Burgoyne 
und Weinberg [3] den einfachsten theoretischen 
Voraussetzungen entsprechen. Die geringe 
Brennstoffkonzentration erlaubt die Annahme 
konstanten Druckes und die Vernachliassigung 
der Diffusion, die wie oben bemerkt, noch nicht 
geniigend genau theoretisch erfasst ist. Ausser- 
dem ist, wie erwahnt, das Temperaturfeld streng 
eindimensional. Der Strahlungsverlust, der bisher 
abgeschatzt wird, konnte wenigstens zum grés- 
seren Teil erfasst werden. 

Unter diesen, hier vorliegenden Verhilt- 
nissen lautet die Kontinuitaétsgleichung, wenn p 


die Gesamtdichte, v die Stoffgeschwindigkeit, M 
der sekundliche Massenfluss ist, 


pv = M = konst. 


Fir die Formulierung der Energieerhaltung 
wird die Reaktionslaufzahl « eingefiihrt. Sie ist 
das Verhiltnis der erzeugten Reaktionswirme 
zur gesamten Reaktionswirme Q. Die Warme- 
leitzahl A und die spezifische Warme c, werden 
als temperaturverinderlich angesehen. Wegen 
der geringen Brennstoffkonzentration kénnen fiir 
A die Werte von Luft und fiir c, die Werte des 
Abgases eingefiihrt werden. In der folgenden 
Aufstellung sind die Versuchsdaten angegeben. 
Die Koordinate y bezeichnet wieder den ver- 
tikalen Abstand von der Brennermiindung. 


Zustr6mtemperatur an der Brennermiindung (y = 0) 7, 409 -K 


Koordinate des Punktes, an dem die Flammenend- 


Taa 1558°K 
Tr = 1522°K 
wa 290°K 
VF 13 mm 


M 0.00844 g cm~* 
QO 366,3 cal 


Warmeleitfahigkeit bei T = Ty A 0,811 . 10-° cal sec-! mm~! grad~ 
Warmeleitfahigkeit bei T = Tr A = 1,95 .10-* cal sec-? grad- 
Spezifische Wiarme bei konstantem Druck bei 

T=T, 0,258 cal grad~} 


0,318 cal grad“? 


Die Bedingung konstanten Energiefiusses 
liefert nun, wenn R der Energiefluss durch 
Strahlung ist, 

d dT d 
~ dy (045) - dy M29) + 
d dR 
+e (| a7) (10) 

Durch Integration von der Brennermiindung 
aus, wo die Anfangswerte durch den Index 0 
gekennzeichnet sind, erhalt man, wenn beriick- 
sichtigt wird, dass wie die Versuche (Abb. 9) 
zeigen, an der Brenneréffnung d7/dy = 0 ist und 
daher dort noch keine Reaktion besteht, 


dT r 
+ c,dT— R= 


d) To 
MQ —R,=@=const. (11) 
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Fiir den Energiefluss durch Strahlung wird 
die Naherungsformel 


7 ry T! 
R Ry=—M | 
T: 


~ Ty) dy (12) 
— dy 
benutzt, die sich von einer von Burgoyne und 
Weinberg hergeleiteten Niaherungsformel da- 
durch unterscheidet, dass an Stelle von 
T*, T* — T} gesetzt wird. So wird die Rand- 
bedinung am Brenner erfiillt, dass dort der 
Energiefluss durch Strahlung konstant wird. 
Andernfalls wiirde bis zur Brennermiindung das 
Gas durch Strahlung erwarmt. Aber die Ver- 
suche (Abb. 10) zeigen, dass sich noch im 
grésseren Abstand die Temperatur nicht andert. 
Hiermit wird die Strahlung der Flamme zur 


T(*K) 


Brennermiindung beriicksichtigt. Sie lasst sich 
ermitteln, weil die Matrix alleine durch Strah- 
lung erwarmt wird und diese Wiarme voll- 
stiindig an das Gas abgegeben wird. Fiir die 
anderen Richtungen lasst sich die absorbierte 
Strahlungsmenge nicht angeben. Das wirkt sich 
darin aus, dass die Messergebnisse weit hinter 
der Flamme die adiabate Flammentemperatur 
nicht ganz erreichen, wie Abb. 10 zeigt. Es 
handelt sich um eine Differenz von 36° bzw. 
3 Prozent des Temperaturanstieges. 

Wenn Gleichung (12) in Gleichung (11) 
eingefiihrt wird, erhailt man ausser dem Reak- 
tionsglied lauter von T abhangige Glieder. Da 
durch den Versuch (Abb. 10) 7(y) gegeben ist, 
kann « in Abhiangigkeit von y ermittelt werden. 
Man bekommt den Verlauf in Abb. 11. 


y(mm 


Ass. 11. Verlauf der Reaktionslaufzahl e«. 
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Ass. 12. Warmeproduktion pro Volumen- und Zeiteinheit. 


Durch graphische Differentiation wurde die 
sekundliche Warmeproduktion 


MO (de/dy) = pQ (de/dt) 


bestimmt. Sie ist in Abb. 12 aufgetragen. Die 
Aufteilung in die verschiedenen Energiefliisse 
zeigt Abb. 13, ferner ist in Abb. 14 die sog. auf 
die Masseneinheit bezogene .,excess enthalpy* 
also die Grisse Q (1 — «) — [7#4c, dT aufgetra- 
gen. 


DISKUSSION DER VERSUCHSERGEBNISSE 

Aus Abb. 13, die die einzelnen Energiefliisse 
zeigt, lasst sich einmal entnehmen, dass der 
Strahlungsfluss (Kurve e), der in den theoreti- 
schen Rechnungen stets vernachlassigt wird, 


immerhin bis auf9 Prozent des gesamten Energie- 
flusses ansteigt bei diesem relativ armen 
Gemisch. Aus den Messungen von Burgoyne 
und Weinberg [3] mit einem andern Gas sind 
sogar 18 Prozent zu entnehmen. Das Maximum 
des Warmeflusses durch Leitung (Kurve d) 
betragt 35 Prozent des Gesamtflusses. Es tritt 
kurz vor der sichbaren Flammenzone auf. Der 
Fluss der thermischen Energie (Kurve c) 
erreicht hinter der Flamme nicht ganz den der 
adiabaten Flammentemperatur entsprechenden, 
durch die Horizontale b gezeigten Wert, da wie 
erwahnt, die Abstrahlung nicht voll beriicksich- 
tigt wurde. Weil aber bei der Auswertung kon- 
stanter Energiefluss angenommen worden ist, 
bleibt ein rechnerischer Uberschuss gleichen 
Betrages der chemischen Energie, d.h. des 
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Energieflu (cal sec”) 


Ass. 13. Energiefliisse in der Flamme. a = Fluss der chemischen Energie, 5 = Fluss der 


Gesamtenergie, c = 


Fluss der thermischen Energie, d = Warmefluss durch Leitung, 


e = Strahlungsfliuss. 


Warmefiusses durch chemische Umsetzung 
(Kurve a). Dass dieser Uberschuss rein rech- 
nerisch ist, wird durch die Versuche von Biedler 
und Hoelscher [4] bestatigt, die hinter der 
Flamme vollstandige Verbrennung ergaben. 
Abb. 13 zeigt fernerhin, dass, wie zu erwarten 
ist, die Erwarmung durch Warmeleitung vor der 
Erwirmung durch Verbrennung einsetzt. Es 
besteht, wie bereits bekannt, kein ausgepragter 
Ziindpunkt oder Einsatzpunkt der Reaktion, 
wie er theoretisch bei 80 Prozent des Tempera- 
turanstieges eingefiihrt wird. Es zeigt sich, dass 
die Reaktion bereits zu 10 Prozent vollendet ist, 
wenn der Temperaturanstieg 37 Prozent seines 
Endwertes erreicht hat. Die Reaktionsgeschwin- 
digkeit p Qde/dt hat nach Abb. 12 hier bereits 


14 Prozent ihres Maximalwertes erreicht. Bei 
der theoretischen Ziindung, die wie gesagt, bei 
80 Prozent der Endtemperatur angenommen 
wird, ist die Reaktion schon zu 40 Prozent 
abgeschlossen und die Reaktionsgeschwindig- 
keit besitzt hier bereits ihr Maximum. Wahrend 
die thermische Flammendicke 4 mm betragt, 
ist die Halbwertbreite der Reaktionszone 0,75 
mm (Abb. 12). 

Endlich gibt Abb. 14 ein Bild iiber den Verlauf 
der spezifischen ,,excess enthalpy“. Sie hat ihr 
Maximum dort, wo die Summe von Wirme- 
leitung und Strahlung extremal ist. Dieses 
Maximum, das bei der Ziindung als bedeutungs- 
voll erachtet wird, betraigt 41 Prozent der Reak- 
tionswirme Q. 
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Ass. 14. Verlauf der spezifischen Exzessenthalpie. 
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Abstract—Consideration is given to the two-phase flow problem in laminar film condensation which 

arises when induced motions of the vapor are included. The shear forces at the liquid—vapour interface, 

heretofore neglected, have been fully taken into account. It is shown that the problem can be formu- 

lated as an exact boundary layer solution. From numerical solutions of the governing equations, it is 

found that the effects of the interfacial shear on heat transfer are negligible for Prandt! numbers of ten 

or greater and are quite small even for a Prandtl number of one. For the liquid metal range, the inter- 
facial shear was found to cause substantial reductions in heat transfer. 


Résumé—On considére le probléme de Il’écoulement a deux phases qui se pose, dans la condensation en 
film laminaire, quand il existe des courants induits de vapeur. On a pleinement tenu compte des forces 
de frottement sur l’interface vapeur-—liquide, jusqu’ici négligées. On a montré que la formulation de ce 
probléme pouvait se faire comme une solution exacte de couche limite. On a trouvé, a partir des 
solutions numériques des principales équations, que les effets du frottement interfacial sur la trans- 
mission de chaleur étaient négligeables pour des nombres de Prandtl égaux ou supérieurs a 10 et 
étaient encore trés petits pour des nombres de Prandtl égaux a |. Pour les métaux liquides, on a trouvé 
que le frottement interfacial réduisait de fagon substantielle la transmission de chaleur. 


Zusammenfassung—Fiir die laminare Filmkondensation wird das Problem des Zweiphasenstroms 
behandelt, bei dem zusatzliche Dampfbewegungen auftreten. Die bisher vernachliassigten Schub- 
krafte an der Trennflache von Fliissigkeit und Dampf sind dabei voll beriicksichtigt. Man kann das 
Problem als eine exakte Grenzschichtlésung darstellen. Numerische Lésungen der massgebenden 
Gleichungen zeigen, dass der Einfluss des Schubs an der Trennflache fiir den Warmeiibergang ver- 
nachlassigbar ist bei Prandtl-Zahlen von zehn und grosser und noch ziemlich klein ist bei einer 
Prandtl-Zahl von eins. Im Bereich der fliissigen Metalle wird durch den Schub an der Trennflache 
der Warmeibergang betrachtlich herabgesetzt. 


Annotanna—B cratpe JByX@asHoro TOTOKAa 
Hapa. HallpAKeHMe TpeHHA Ha NOBePXHOCTH AMAKOCTH M Mapa, 
KOTOp ble He BO BHUMaHHe. [loKasaHo, 4TO 8Ta Bayada MOAeT OBITS 
K TOYHOMY Hcxona M3 pemennit OCHOBHBIX 
ypaBHeHHii 4YTO CHI TpeHMA Ha 


NOMENCLATURE F, shear stress vector at the interface; 
C;,. ¢,, dimensional constants, equations (10)and_ 8, acceleration due to gravity; 
(17): h, local heat transfer coefficient, q/(Tsar—T,,.); 
fies specific heat at constant pressure; hyg, latent heat of condensation ; 
a dimensionless velocity variable for vapor, 1 unit vector along the x-direction; 
equation (18); ji. unit vector along the y-direction; 
F, dimensionless velocity variable for liquid, ; thermal conductivity ; A 
equation (11); ni, unit vector normal to the liquid—vapor 
interface ; 
* Present address, Aero-Space Division, Boeing Air- Nu, local Nusselt number, dimensionless, 
plane Company, Seattle, Washington. hx/k; 
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Prandtl number, dimensionless, ¢,u/k ; 
local heat transfer rate per unit area; 
unit vector tangent to the liquid—vapor 
interface ; 

temperature; 

velocity component in x-direction; 
velocity component tangent to the inter- 
face; 

velocity vector at the interface; 

velocity component in y-direction; 
co-ordinate measuring distance along 
plate from the leading edge; 

co-ordinate measuring distance normal to 
plate; 

thickness of condensate layer; 

similarity variable, equations (10) and 
(17); 

dimensionless temperature, 

(T — Teat)/(T~ — Tsat); 

absolute viscosity ; 

kinematic viscosity; 

density ; 

stream function. 


Subscripts 

interface : 
liquid : 
saturated ; 


vapor; 
wall. 


Superscript 
prime (’), differentiation with respect to ». 
INTRODUCTION 

LAMINAR film condensation on a vertical plate 
has been actively studied for many years. The 
pioneer work was reported by Nusselt [1], who 
formulated the problem in terms of simple force 
and heat balances within the condensate film. 
The effects of inertia forces and energy con- 
vection were not taken into account. An im- 
provement on Nusselt’s analysis was made by 
Rohsenow [2]. He included energy convection 
in the heat balance, while continuing to neglect 
the inertia forces. More recently, Sparrow and 
Gregg [3] have reformulated the problem in 
terms of boundary layer theory, including both 
convection and inertia. They showed that the 


effect of the inertia forces on heat transfer was 
fully negligible for Prandtl numbers of 10 or 
greater and was quite small even for a Prandtl 
number of one. For condensation of liquid 
metals, the inertia forces play an important role 
in decreasing the heat transfer relative to the 
Nusselt-Rohsenow prediction. 

In the physical model which has been used in 
previous analyses, it has been usual to suppose 
that the vapor plays a very passive role. In 
particular, it has been assumed that there is a 
zero shear force acting on the condensate at the 
interface between the liquid and vapor. In 
reality, the flow of the condensed liquid induces 
motions within the vapor: and, in turn, the 
induced vapor flow will affect the velocities in 
the condensate. This mutual interaction requires 
simultaneous solution of the flow problem in the 
liquid and vapor. It is this two-phase flow prob- 
lem and the associated heat transfer to which 
consideration will be given here. 

A sketch of the physical model and co-ordinate 
system is given in Fig. 1. The plate surface is 


GRAVITY 
FIELD 


Tsat 


Fic. 1. Physical model and co-ordinates. 


maintained at a uniform temperature 7. while 
the vapor is pure and saturated at its temperature 
Teat(Tsat > T,,). It will be shown that the prob- 
lem can be formulated as an exact boundary 
layer solution.* Numerical results will be re- 
ported for Prandtl numbers in the range from 
0-003 to 810. 

It is interesting to speculate about the expected 
effects of including interfacial shear forces in the 
problem. In previous work where the interfacial 


* The case of superheated vapor can also be treated 
within the boundary layer framework. 
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shear was neglected, all the momentum possessed 
by the liquid layer was retained by it. But, when 
interfacial shear forces are permitted to act, then 
a mechanism is provided by which the motions 
of the liquid can induce vapor velocities. In the 
process of inducing such a flow, the liquid must 
give up some of its momentum. So, for a given 
condensate layer thickness, the average conden- 
sate velocity will be lower when interfacial shear 
is permitted to act. Consequently, there will be 
a smaller mass flow of condensate. Since the 
heat transfer is nearly proportional to the mass 
flow times the latent heat, it is expected that the 
heat transfer will decrease. 


ANALYSIS 

Physical Model and Co-ordinates. A schematic 
diagram of the physical model and co-ordinate 
system is shown on Fig. 1. An isothermal 
vertical flat plate is suspended in a large volume 
of pure vapor. The vapor is at its saturation 
temperature, Tsa:. The plate temperature 7,,, is 
lower than TJxa: and therefore condensation 
occurs on the plate surface. In steady state, there 
is a continuous laminar film of condensate 
flowing downward along the plate. Along the 
liquid—vapor interface, the vapor velocity tan- 
gent to the interface is the same as that of the 
liquid if there is no slip. The vapor velocity 
approaches zero at some distance away from 
the interface. Consequently, there simultaneously 
exist both liquid and vapor boundary layers. 

Boundary Layer Equations. The equations 
expressing conservation of mass, momentum and 
energy for steady laminar flow in a liquid boun- 
dary layer on a vertical plate are as follows [3]: 


Liquid: 


Continuity + = 0. (1) 


Momentum 


nergy u l oy : (3) 
The variation of the fluid properties has been 
neglected, and the viscous dissipation term has 
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been omitted from the energy equation since it is 
negligibly small. All the fluid properties are 
those of the condensate except p,, which is the 
density of the vapor. 

Next, turning to the vapor, we note that the 
saturation condition implies that the vapor 
temperature is essentially constant. Conse- 
quently, the energy equation need not be con- 
sidered,* and only the continuity and momentum 
equations remain: 


Vapor: 
cu Cl 
Continuity 
cus Cu 
Momentum uw (5) 
cx cy cy? 


The boundary conditions are: 
at y = 0 (for liquid phase), 
T= 7, (6) 
at y = 6 (liquid—vapour interface), 
T Tent | 
u,v and éu/éy for both the liquid (7) 


and vapor must be compatible | 
at the interface 


as y -» © (for vapor phase), u — 0. (8) 


Similarity Transformation. The continuity 
equation can be satisfied by introducing a stream 
function such that: 
ous cus 
v= — >. 


ey ex 


(9) 


The remaining partial differential equations can 
be transformed to the corresponding ordinary 
differential equations by the following similarity 
transformation: 


a. Liquid Layer 


( 
=" = 2 (10) 


4v 


* If the vapor is superheated, the energy equation must 
be used to determine the temperature distribution in the 


vapor. 
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Then there is introduced a dimensionless stream 
function F which is a function of 7 alone, 


py, (11) 


The transformation from x, y plane to v,, 
7, Plane can be carried out by the following 


relations: 


Cr a 

and the velocity components can be expressed 
in terms of the new variables as follows 


x 


u = 4v,c?2 x! F’ (12) 
v = (n, F’ — 3F) (13) 


where the primes denote differentiation with 
respect to 7,. With this, the momentum and 
energy equations for the liquid layer are then 
transformed to the ordinary differential equa- 
tions: 


Momentum 
+ 3FF"” — AF’? +1=0 (14) 
Energy 0” + 3PrFe’ (15) 
T — 
where (16) 


It may be noted that the momentum equation is 
independent of the energy equation, and hence, 
can be solved separately provided certain com- 
patibility conditions at the interface are satisfied. 


b. Vapor Layer: 

Parallel to the above transformation, the 
following substitution will be used to reduce the 
vapor-layer partial-differential equation to an 
ordinary differential equation: 


g 


te = (18) 


where / is assumed to be a function of 7, only. 
The resulting ordinary differential equation cor- 
responding to equation (5) is: 
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+37" (19) 


The boundary conditions at the interface will 
now be discussed in some detail. 

Interface Matching. \t is clear that the velocity, 
mass transfer and shear force along the interface 
must be matched in both liquid and vapor phases 
in such a way that the physical laws are satisfied.* 
These compatibility requirements will be treated 
one at a time. 

(a) Interface Velocity: Along the liquid—vapor 
interface, the vapor and liquid velocities tangent 
to the interface must be equal if there is no slip, 
i.¢., 


Momentum 


(uy), 


where ¢ denotes the direction tangent to the 
interface. 
The normal and tangent unit vectors respec- 
tively at the interface are: 
hi = (jdx — idd)/(dx? — déd?)! 
t = (idx + jdd)/(dx? + déd?)! 


The vector velocity at the interface is: 
U = iu + je 


Hence, the velocity tangent to the interface is: 


dé 
=U = (u dxf(dx? + dé?)! & 
udx/(dx? + 


The last expression is within the accuracy of the 
boundary layer assumptions since u is of order 
one, while v and dé/dx are of order 6. Conse- 
quently, the no slip condition at the interface is 
fulfilled if the uw velocity components in the 
liquid and vapor are equal, i.e., 


(u,.); = (Uz); (20 


where the subscript i denotes conditions at the 
interface. 
In terms of the transformed variables, this 


becomes 
PL Py 
fi=Fi| “| 
PL 


* Similar matching conditions were considered in 
Ref. 5. 


and, when p;, > p, 
(21) 


This last form is valid if the vapor pressure is 
small in comparison to the critical pressure. In 
the present analysis, it will be assumed that this is 
the case. 

(b) Interface Mass Flow: By continuity, the 
mass transfer from the vapor to the interface 
must equal the mass transfer from the interface 
to the liquid. The mass transfer across the inter- 
face can be expressed as : 


p(U fi) = (prdx — pudd)/(dx? + dd*)! 


Therefore, mass conservation requires the 
following equation to be satisfied at the inter- 
face: 


( px — pus (ee pu = (22) 


After rer the new variables, equation 
(22) takes the form 


Pr — 
| 


le ‘| 
(pe), 


(c) Interface Shear Stress: According to 
Newton’s Third Law, the force exerted on the 
liquid by the vapor must be equal to the force 
exerted on the vapor by the liquid. The total 
shear stress in Newtonian flow is: 


‘Cu Me (Cu. 
(5, ox cy ox 
So, the shear stress tangential to the interface is: 
cu cv 


+ 


or 


when p, > p,. (23) 


Within the framework of boundary layer theory, 
this expression reduces to: 
cu 
by’ 
Hence, the balance of tangential shear at the 
interface is expressed by: 
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=) (24 


In terms of the new variables, equation (24) can 
be written as: 


( pH)» PL 


and for p;, > p,, this becomes 


(pH), 


Boundary Conditions. Making use of these 
matching conditions and of equations (12) and 
(16) for uw and #6, the boundary conditions 
(6)-(8) may be rephrased as: 

For the momentum equations (19) and (14) 


» = 2 
1 (pH): 
or (27) 
Ny > f' +0. (28) 
For the energy equation (15) 
= = 0. (30) 


It is seen that the solution of the momentum 
equation depends upon the dimensionless film 
thickness (7 and on the ratio 
The appearance of the pu ratio is a new feature 
of the problem and arises from the consideration 
of the continuity conditions at the interface. 
From physical reasoning, it would be expected 
that when the vapor density and viscosity are 
very small, the vapor drag would play a minor 
role. Conversely, the effects of vapor drag should 
increase as pp), decreases. 


° For ¢ convenience we choose 7, = 0 at the interface. 
This can be done because 7, does not enter into the inter- 
face matching equations. 


Po 2 
| 
a 
4 
51 
= 
a 
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The Parameter c,,4T/hy, 

The liquid film thickness 5 (and hence » 5) is 
not known a priori, but rather, is one of the 
results of the analysis. Fortunately, as shown in 
Ref. 3, 7,3 can be replaced by the dimensionless 
group, ¢,,47/hy,, which contains quantities 
which would all be known in any physical situa- 
tion. The relationship between 7,5 and c,,47/hy, 
is found by invoking an overall energy balance: 


6 


6 
| sat T)dy (31) 
0 


The left-hand side is the heat transferred from 
the condensate to the plate over a length from 
x = Oto x = x. The first term on the right-hand 
side is the latent heat of condensation and the last 
term is the heat liberated by sub-cooling of the 
liquid. In terms of the new variables, equation 
(31) becomes: 


F; 
3Pry, 6’. (32) 


where 4; and F; are the values of dé@/dy, and 
F at mz. The energy equation (15) has 
been used in obtaining the above relation. For 
any given Pr, and [(pu)z/(py),]*, and 6, 
depend only on 7,5. Hence, there is a unique 
relation* between the liquid layer thickness 
and c,,4T/h,,. The present problem there- 
fore involves three parameters, namely, Pr, 
[( pu) and c,,47/hy,. 


Heat transfer formulas. In the preceding 
paragraphs, the governing differential equations 
for the velocity and temperature distributions 
have been derived. Now, it will be shown how the 
solutions of these equations are related to the 
heat transfer results. According to Fourier’s 
Law, the local heat transfer at the surface of the 
plate is given by 


*in Ref. 3, it was found that c,,47/h,, increases as 
the film thickness increases. The same trend applies 
in the present study. 
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In terms of the transformed variables of equations 
(10) and (16) the expression for g becomes 


g = k(Tsar — Ty 


where 6’(0) is an abbreviation for [d@/dy],,_9. It is 
convenient to report the heat transfer results in 
terms of a local heat transfer coefficient and 
local Nusselt number defined as follows 


=x — 


With this, the heat transfer can be rephrased as 


7 
or 


Nu Cp hy, i 
‘ 2Cyl Pr — Pr L 


. A } 


35 
Pr, (35b) 


where the last form has been found by experience 
(Ref. 3, Appendix 1) to provide an especially 
convenient representation. It is seen from equa- 
tions (35) that once the dimensionless tempera- 
ture slope [—6'(0)] has been supplied by the 
solutions, then the heat transfer is immediately 
known. Since Pr, ¢,,47T/hz,, and (pu)z/( pp), 
appear as parameters in the governing equations, 
it would appear that @’(0) will also depend on 
these same parameters. It can be shown without 
difficulty that the average heat transfer coeffi- 
cient is 4/3 times the local coefficient. 

Solutions. The velocity and temperature dis- 
tributions are governed by equations (14), (15), 
and (19) in conjunction with the boundary con- 
ditions (26)-(30). It is not possible to find ana- 
lytical solutions to this formidable array and 
hence numerical means were used. The general 
procedure by which solutions were obtained may 
be outlined as follows: Consideration was first 
given to the momentum equations (14) and 
(19), and a dimensionless film thickness 7,5 was 
selected. Then, a guess was made for the value 
of F; and this, together with the conditions 
F(0) F’(0) = 0, provided three boundary 
conditions for the liquid momentum equation 


4 2( Pr) 0 33 

33 

: 

| k,{—] dx = | hy, + Nu, (34) 

2 
4 1961 


(14). A solution for equation (14) could then be 
carried out. The values of F; and F! correspond- 
ing to this solution can be transformed by equa- 
tion (27) into values of f; and f/, once the ratio 
[( is assigned. And, with the third 
condition f'(0) — 0, the vapor momentum 
equation (19) was solved. Finally, it remained to 
be checked whether Newton’s Third Law as 
expressed by the last of equations (27) was 
satisfied by the F;’ and f;’ values from the liquid 
and vapor solutions. If not, a new guess was 
made for F; and the entire calculation was re- 
peated until the matching condition for F;’ 
and f;’ was fulfilled. Once a solution of the 
momentum equations for a given y,5 and pu 
ratio was obtained, it was used as input data for 
the solution of the energy equation (15). Then, 
for a fixed Prandtl number the heat transfer and 
the value of c,,47/h;, were evaluated from 
equations (35) and (32) respectively. 

The actual numerical solutions were carried 
out by recasting the differential equations into 
integral form in a manner analogous to Ref. 4, 
and then iterating each equation until converg- 
ence was achieved. The numerical integrations 
were accomplished by the trapezoidal rule. 

For the higher Prandtl number fluids (Pr = 10), 
it has already been demonstrated in Ref. 3 that 
the inertia terms in the liquid momentum equa- 
tion can be neglected. As a consequence, the 
solutions for the higher Prandt! numbers can in 
part be carried out analytically. In the absence of 
the inertia terms, equation (14) becomes 


F'’+1=0. (36) 


A solution of this equation which satisfies the 
conditions F(0) = F’(0) = 0 and F’ = F; at 


= Is 


F’ = Cy, — 13/2 (37b) 
+ C (37c) 


where C = F;/n13 + 71,/2. 

So, for a given value of the film thickness 
zs. the solution for F corresponding to a 
particular interfacial shear F; is given in a simple 
analytical form. The general procedure for 
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simultaneous solution of liquid and vapor re- 
mains as previously described. 

The cases for which solutions have been carried 
out are listed in Tables 1 and 2 and may be 
summarized as follows: For the non-metallic 
liquids, solutions were obtained for Prandtl 
numbers between 1 and 810* for c,,47T/h,, 
ranging from essentially zero to 1:2 and for 
[(p)1/(ppe),]* between 10 and 600. For the 
liquid metals, the solutions were found for 
Prandtl numbers of 0-003, and 0-008, and 0-03 
for c,,47T/h,, ranging from essentially zero to 
0-1 and for [(pu),/(pu),]* of 100 and 600. The 
results obtained from these solutions will be 
presented and discussed in the next section. 


HEAT TRANSFER RESULTS 

Ordinary liquids (Pr > 1). The Nusselt num- 
bers which have been calculated from the solu- 
tion of the governing equations are given in Table 
1 and at the top of Table 2 under the designation 
interfacial shear. The results are tabulated as a 
function of the Prandtl number, c,,47/h,;,, and 
the (pz)? ratio. Also given for comparison pur- 
poses are the Nusselt number results which corre- 
spond to the condition of no interfacial shear 
(Ref. 3). The percentage deviation of the earlier 
results from those of the present analysis isshown. 
For Prandtl numbers of 10 and above, all solu- 
tions were carried out neglecting inertia forces 
in the liquid layer momentum equation, in ac- 
cordance with the findings of Ref. 3. Turning first 
to the results for Pr = 10, it is seen that no 
matter what values of the parameters [(pu); 
(pu), ]* and c,,47/h;, are selected, the effect of 
the interfacial shear on the Nusselt number is 
very small. The greatest deviation of 1-1 ~ 1-3 
per cent occurs at a c,,47/h,, of 1-2, which is 
usually outside the range of current practice. It 
may also be observed that varying the (pz)! ratio 
from 10 to 600 has a negligible effect on the 
Nusselt number. On the other hand, increasing 
the thickness of the condensate layer (i.e., 
increasing 7,5) causes the interfacial drag to be 
somewhat more effective in reducing the heat 
transfer. With increasing Prandtl number, the 
value of the dimensionless film thickness 7,5 
decreases at a fixed c,,47T/h,, (columns 3 and 


* A computationally convenient number. 
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Table 1. Summary of Results. No Inertia Terms in Momentum Equation of Condensate Layer 


Nu,[e,t4T/h,, 4, — 


Pri 
Interfacial Per cent 
shear No shear deviation 
810 600 0-08282 0-1 1-014 1-014 0 
810 10 0-08275 0-1 1-014 1-014 0 
810 600 1-294 0-1867 1-175 1-175 0 
810 10 1-290 0-1867 1-174 1-174 0 
10 600 0-08232 0-3 1-012 1-013 0-1 
10 100 0-08224 0-3 1-012 1-014 0-2 
10 10 0-08191 0-3 1-011 1-014 0-3 
10 150 0-2694 0-4 1-039 1-043 0-38 
10 10 0:2679 0-4 1-037 1-042 0-48 
10 10 0-7021 0-5 1-091 1-102 1-0 
10 600 1-196 0-56 1-147 1-161 1-2 
10 150 1-197 0-56 1-147 1-161 1-2 
10 10 1-185 0-56 1-145 1-159 1-2 
] 600 0-07833 0-5335 0-999 1-013 1-4 
10 0-07778 0-5335 0-998 1-013 1-5 
600 0-8369 0-9958 1-031 1-119 8-5 
1 10 0-8316 0-9958 1-029 1-118 8-6 


Table 2. Summary of Results. Including Inertia Terms in Momentum Equation of Condensate Layer 


Nu,[c,t4T/hy, pr — py)x* 


Pri pp). cpt AT/h,, NLS 
Interfacial No Per cent Noshear, Per cent 
shear shear Deviation no inertia | deviation 

600 0-07704 0:5335 0:9951 1-010 1-5 1-013 1:8 
] 600 0-3447 0-8 0-9893 1-037 49 1-054 6°5 
10 0-3430 0:8 0-9878 1-036 49 1-054 6:7 
600 0-5231 0-9 0-9909 1-054 6-4 1-079 8-9 
] 600 0:7478 0-9958 0:9967 1-075 78 1-108 11-2 
] 10 0:7442 0:9958 0-9953 1-075 8-0 1-108 11-3 
0-03 600 4:79 x 10-5 0:2 0-9995 1 0 
0-03 600 2:41 x 10-4 0:3 0:9979 1 0-2 
0-03 600 1-774 x 10-3; 0:9864 0-997 1-1 
0-03 600 9-499 x 0:8 0:9386 0-9822 46 
0-03 600 0-03215 1-2 0-8510 0-9512 11-8 

0-03 600 0-06831 1:6 0:7741 0-910 17-5 

; 0-03 600 0-1487 2:2 0:7100 

0-008 600 4-728 10-4 0-5 0-9862 0-998 1:2 

0-008 600 5-059 1-0 0-8923 0-967 8-4 

* 0-008 600 0-01526 1:5 0:7849 0-911 16 

0-008 600 0-06579 06110 0-767 25:5 

0-008 100 0-06577 2:8 0-6109 0-767 25°5 
0-008 600 0-1012 3-4 0-5639 0-713 26:4 

= 0-003 600 7-497 x 10-5, 0-4 0-9940 1 0-6 

0-003 600 1-907 x 10-7 1-0 0-8931 0-967 8-5 

0-003 600 8-927 x 10-3, 1-8 | 0-7305 0-8742 19-7 

0-003 600 0-02828 3-0 0-5867 0-740 26:1 

ay 0-003 600 0-08746 5-0 0-4722 0-5995 27 


4 
2 
1961 


4 of the table). So, it would be expected that 
the effects of vapor drag would decrease as 
Prandtl number increases. This is clearly in- 
dicated by the results for Pr = 810, which 
show no deviations (to four figures) from 
those based on zero vapor drag. From these 
findings, it may be inferred that the interfacial 
shear is indeed very nearly zero for the high 
Prandtl number fluids, and this will be verified 
later when the velocity distributions are shown. 

Inasmuch as interfacial shear is practically 
unimportant for Pr > 10, the Nusselt number 
results of Ref. 3 have been accepted without 
numerical alteration and have been rephrased 
and replotted on the more convenient co- 
ordinates of Fig. 2. 


TWO PHASE BOUNDARY LAYER IN 


WITH INTERFACIAL SHEAR 
WITHOUT INTERFACIAL SHEAR 
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higher Prandtl numbers. For example, for 
C»t4T/h;, = 0-75, the Nusselt number is reduced 
by 8 per cent when interfacial shear is taken into 
account. If the comparison were made using the 
non-inertia result of Ref. 3 as a basis, then the 
present Nusselt number would be | 1 per cent low. 
Further study of the Pr = 1-0 results shows that 
the value of the pu ratio again appears to be a 
second order effect within the range considered 
here. From this, we are led to speculate that there 
must be a threshold value above which the magni- 
tude of the pz ratio is unimportant, and further, 
that this threshold lies below most of the tech- 
nically interesting situations. 

The Nusselt number results for Pr 1-0 as 
listed in Table 2 have been plotted on Fig. 2 


(ref. 3) 


For a Prandtl number of 1-0, the inertia forces 
continue to be unimportant for thin condensate 
films (small c,,;47/h;,) and have a small effect 
for thicker films [3]. So, with this in mind, solu- 
tions including the effects of interfacial shear 
were obtained both with and without inertia 
forces. The Nusselt number results without 
inertia are given at the end of Table 1, while those 
including inertia appear at the beginning of 
Table 2. In each table are included for compari- 
son purposes the appropriate results of Ref. 3. 
An additional comparison is made in Table 2 
where the non-inertia results of Ref. 3 are given 
as well as those including inertia. Inspection of 
the tables shows that the effects of interfacial 
shear are much greater for Pr = 1-0 than for the 


Fic. 2. Effect of interfacial shear stress on heat transfer, Pr 


Cp, ST 


Neg 


as a solid curve. Also included in the figure is a 
dashed curve depicting the results for zero inter- 
facial shear. Without interfacial shear, the curve 
rises monotonically with increasing film thick- 
ness; while with interfacial shear, the curve 
drops slightly at first and then commences to 
rise. This behavior may not seem unreasonable 
when the various factors effecting the heat trans- 
fer are discussed. First of all, for very thin films 
(small c,,47/h;,) neither the inertia forces nor 
the interfacial shear nor the sub-cooling are 
significant, and all curves come back to a com- 
mon asymptote of unity. Now, as the film thick- 
ness increases, the inertia forces and interfacial 
shear tend to decrease the heat transfer, while the 
sub-cooling tends to increase the heat transfer. 
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For Pr = 1-0 without interfacial shear, the sub- 
cooling wins out over the inertia forces and the 
curve rises. But, when interfacial shear is intro- 
duced, the inertia forces are given an ally which 
appears to be strong enough to win out for 
thinner films, only to lose to the effects of sub- 
cooling for the thicker films. 

Liquid metals. The Nusselt number results for 
the liquid metal range as computed from the 
solutions of the governing equations including 
inertia and interfacial shear are given in Table 
2. Also given there are the results based on zero 
interfacial shear. Inspection of the table shows 
that except for very small values of c,,4T/hy,, 
the effects of interfacial shear are quite large. 
For example, for Pr = 0-008 and c,,4T/h;, = 
0-06, the Nusselt number as computed without 
interfacial shear is 25 per cent too high. As 
might be expected on the basis of the prior 
discussion, the effects of interfacial shear increase 
with decreasing Prandtl number. Almost all the 
calculations were carried out for a value of 
[( of 600, which is realistic for liquid 
metals. As a check, a single case was computed 
with this ratio reduced to 100, and as seen in 
Table 2, the Nusselt number is unchanged. 
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These Nusselt number results for low Prandt! 
numbers are presented on Fig. 3. The solid curves 
represent the solutions with interfacial shear 
and the dashed curves* are without interfacial 
shear. The figure graphically demonstrates the 
substantial effects of interfacial shear. From these 
findings, it may be inferred that the shear at the 
interface differs appreciably from zero, and this 
will be convincingly demonstrated in the follow- 
ing section. 


VELOCITY AND TEMPERATURE PROFILES 


The velocity profiles are of considerable inte- 
rest since they show the detailed manner in which 
the flow is affected by the interfacial shear. 
Space limitations preclude a presentation of 
results for all the cases studied, so we must 
content ourselves with showing representative 
situations. Such a presentation is made on Figs. 
4 through 7, which correspond respectively to 
Prandtl numbers of 10, 1, 0-03 and 0-003. 


Curves associated with representative values of — 


* The results of Ref. 3 for c,,4T/h,, > 0-025 were 
found to be low by about | per cent and corrections have 
been made. 


~ 
~ 


~ 


WITH INTERFACIAL SHEAR 


WITHOUT INTERFACIAL SHEAR (ref. 3) 


Fic. 3. Effect of interfacial shear stress on heat transfer, liquid metal range. 
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Fic. 5. Velocity profiles, Pr = 1, [(pu)/(),}) = 600. 
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FiG. 7. Velocity profiles, Pr = 0-003, [(pu)x/(pu),]? = 600. 
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¢,t4T/h;, are shown on each figure. Both liquid 
and vapor velocities have been plotted; and to 
facilitate this, the abscissa scale has been sub- 
divided into two parts, the left-hand portion 
applying to the liquid and the right-hand portion 
to the vapor. The velocity distribution corre- 
sponding to a given value of c,,47/h,, is made 
up of the liquid layer curve from the left portion 
of the figure to which is continuously joined the 
vapor layer curve from the right portion of the 
figure. The gap between corresponding liquid 
and vapor curves is due solely to the method of 
plotting. 
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Figs. 6 and 7, which correspond to liquid metal 
Prandtl numbers. For example, on Fig. 7, cases 
are shown where the velocity maximum (i.e.. 
the zero shear condition) occurs at a position less 
than half-way across the film. 

The temperature profiles are less informative, 
and the results may be summarized on two 
typical Figs., 8 and 9. The first of these corre- 
sponds to high Prandtl numbers (Pr 10) and 
the second to low Prandtl numbers (Pr = 0-003). 


Turning to Fig. 8, it may be seen that the tem- 
perature profiles for thin films are nearly straight 
lines, indicating that conduction dominates and 


1.0 


Fic. 8. Temperature profiles, Pr - 


Turning first to Fig. 4, it is easily seen that the 
curves for the condensate velocity have essentially 
zero slope at the interface. Since the shear stress 
is proportional to the slope of the velocity pro- 
file, it is apparent that the condition of zero 
interfacial shear is essentially fulfilled for Pr 
10. Next, proceeding to Fig. 5 for Pr 1-0, 
we observe that the condition of zero shear is no 
longer achieved at the interface, but rather at 
some location within the liquid film. The thicker 
the film, the further removed from the interface 
is the velocity maximum and consequently, the 
greater the departure from the condition of zero 
interfacial shear. The effects of interfacial shear 
are demonstrated even more dramatically on 


F 


0.3 
Ie 
10, 10. 


convection plays a small role. For thicker films, 
the effect of convection is felt more and more, 
and the departure from the straight line profile 
is somewhat greater. For low Prandtl numbers, 
Fig. 9, the deviations from the straight line 
profile are rot as great as those noted on Fig. 8. 
This is undoubtedly due to the fact that the 
liquid metals have very high heat conductivities. 


CONCLUDING REMARKS 
It has been shown that the two-phase flow 
problem which arises in laminar film condensa- 
tion when the induced vapor motion is included 
can be formulated as an exact boundary layer 
solution. It is found that the effect on the heat 
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T-Tsot 
Two Tsat 


Fic. 9. Temperature profiles, Pr 


transfer of the heretofore-neglected shear at the 
liquid—vapor interface is negligible for Prandtl 
numbers of ten and higher and is quite small 
even for a Prandtl number of one. For the 
condensation of liquid metals, the interfacial 
shear does cause a substantial reduction of the 
heat transfer. For all Prandtl numbers, it was 
found that the effect of the interfacial shear on 
the heat transfer increased with film thickness 
(i.e., increased c,,47/h,,). On the other hand, 
the heat transfer was relatively unaffected by the 
magnitude of the parameter [(pu),/(pp),.]?. 

It is interesting to observe that in the case of 
film boiling, the governing equations are the 
same as those derived here, except that the role 
of liquid and vapor are interchanged. So, the 
jump of the velocity functions at the interface 
is governed by [(pu),./(pu),]*, rather than the 
reciprocal as appears in the condensation prob- 


3 a 5 6 
0-003, = 600. 


lem. This “jump parameter” will be substantially 
less than unity. Since the present investigation 
considered values of the “jump parameter” no 
less than 10, the present solutions cannot be 
applied to film boiling without further verifica- 
tion. 
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THE DYNAMICS OF VAPOR BUBBLES IN NONUNIFORM 
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Abstract—The physical principles governing bubble growth in a superheated liquid were originally 
formulated by Bosnjakovic and Jakob. Using these principles, Fritz and Ende derived an approximate 
formula for the growth of a bubble in a uniformly superheated liquid. It is shown below that the 
energy considerations in the Bosnjakovic-Jakob analysis enable one to calculate also the approxi- 
mate rate of growth of a bubble on a heated surface in a liquid at saturation. One need only take into 
account the heat flux trom the heated surface to the liquid. One can improve the agreement with 
experimental data by making corrections which have already been applied by other authors to bubbles 
in a uniformly superheated liquid. 

Experimental data for bubbles growing and collapsing in subcooled boiling can be approximated 
similarly by considering the growth and collapse process separately. The growth rate is given by the 
extended Bosnjakovic-Jakob analysis described above. As shown by Bankoff and Mikesell, the col- 
lapse rate can be predicted by the solution of Rayleigh’s equation for an isothermal process. The 
growth and collapse process can be combined by matching them at the maximum bubble radius, thus 

giving a complete picture of the life history of bubbles formed in subcooled boiling. 


Résumé—Les principes physiques qui régissent le développement d°une bulle dans un liquide sur- 
chauffé ont été formulés, a l’origine par Bosnjakovic et Jakob. En utilisant ces principes, Fritz et 
Ende ont déduit une formule approchée pour le grossissement dune bulle dans un liquide uniformé- 
ment surchauffé. Il est montré ci-dessous que les considérations énergétiques de l’analyse de Bosn- 
jakovic-Jakob permettent également de calculer la vitesse approchée de grossissement d’une bulle a 
la surface chauffée d’un liquide saturé. II suffit de tenir compte du flux de chaleur de la surface chauffée 
vers le liquide. On peut améliorer l'accord avec les données expérimentales en faisant les corrections 
déja appliquées par les autres auteurs aux bulles dans un liquide uniformément surchauffe. 

Les données expérimentales pour des bulles grossissant et éclatant au cours d’une ébullition a basse 
température sont susceptibles d’une similitude approximative si l'on considére séparément les pro- 
cessus du grossissement et de l’éclatement. La vitesse de grossissement est donnée par l’extension de 
l'étude de Bosnjakovic—Jakob décrite ci-dessus. Comme l’ont montré Bankoff et Mikesell, la vitesse 
d’éclatement peut étre prévue par la solution de l’équation de Rayleigh pour un processus isotherme. 
Grossissement et éclatement peuvent étre combinés pour le rayon de bulle maximum, donnant ainsi 
une vue complete de histoire de la vie des bulles qui se forment dans lébullition a basse température. 


Zusammenfassung—Die physikalischen Prinzipien des Blasenwachstums in Uberhitzter Flussigkeit sind 
urspriinglich von Bosnjakovic und Jakob formuliert worden. Fritz und Ende leiteten unter Benutzung 
dieser Prinzipien eine Naherungsgleichung fiir das Blasenwachstum in gleichformig Uberhitzter 
Flissigkeit ab. Es wird weiter unten gezeigt, dass man mit Hilfe der Energiebetrachtungen von Bosn- 
jakovic und Jakob auch das Blasenwachstum an einer Heizflache in gesattigter Fliissigkeit naherungs- 
weise berechnen kann, wenn man den Warmestrom von der Heizflache zur Fliissigkeit in Betracht zieht. 
Beim Vergleich mit Versuchsergebnissen sind Korrekturen erforderlich, wie sie auch von anderen 
Autoren auf Blasen in gleichférmig tberhitzter Fliissigkeit angewandt wurden. 

Versuchsergebnisse fiir das Blasenwachstum und fiir das Zusammenbrechen in unterkihtter 
Fliissigkeit kénnen in dhnlicher Weise approximiert werden, wenn man Wachstum und Zusammen- 
brechen getrennt betrachtet. Die Wachstumsgeschwindigkeit ist durch die oben erwahnte Erweiterung 

* The research reported in this paper was sponsored by the U.S. Atomic Energy Commission, Reactor Safety 
Branch, under Contract No. AT (04-3)-165 for the Kinetic Studies of Heterogeneous Water Reactors. 

+ A Division of Thompson Ramo Wooldridge Inc., Los Angeles, California. 

* Present address, General Engineering Laboratory, General Electric Company, Schenectady, N.Y. 
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der Methode nach Bosnjakovic und Jakob gegeben. Die Geschwindigkeit des Zusammenbrechens 3 
kann, wie Bankoff und Mikesell gezeigt haben, aus der L6sung nach Rayleigh fiir den isothermen Pro- 
zess berechnet werden. Wenn man die Prozesse des Wachstums und des Zusammenbrechens kom- 
biniert, indem man sie beim gréssten Blasenradius aneinander anpasst, erhalt man die vollstandige 
Lebensbeschreibung von Blasen in unterkihlter Fliissigkeit. 
3akKOHbI, POCTOM TySbIPbKOB Mapa B Neperperoil 
OCHOBAHIM 9THX Opury mu (hopMyaly pocta 
B paBHOMepHoO Hike mokasaHo, 4TO MeTO 
BOSMOMHOCTh IL CROPOCTb pocta IV3bIpbRot 
Ha ropsuell MOTOR Tella B Yepe 
MowkHo COBMAaTeHHA C aHHbIMIT 
aBTOPOB, CCIM BHECTH LIA pocta 
B paBHOMepHO HeperpeTol AMAKOCTH. 
WVTeM, Mpomecchl pocta PpacCMaTphBaTbh Onncanne CROpocTit 
pocTa TY3bIpbKOB ABIAeTCH MeToya 
omucanHoro Bie. Ilo Bankodda mu Maiikeceana CKOpOcTh MOmHO 
pels ypapHenne Jaa mpomecca. B MomMeHT, Kora 
NV3bIPbKOB 3HaAYeHHe, CROpOCcTH poctTa pacilata PpaBHbl 
MOAR coool. 9TO, MOFRHO RapTHHy CVINeCTBOBAHHA TNV3bipb- 
NOMENCLATURE To temperature of the superheated liquid 
(Dimensions in the ML@T system) [7]: 
saturation temperature [7]: 
“ _— iL ‘ wall and therefore of the liquid in 2 
b a numerical constant equal to l or 7/2; contact with it [7]: 1961 
c = specific heat of the liquid at constant AT T, T. =f. T. liquid super- 
[4M]; heat temperature difference [7]: 
Da diameter of a bubble departing from a xX, thickness of the superheated liquid 
horizontal heated surface [L]: film adjacent to the heating surface 
D,, = maximum bubble diameter [L]: 
h = heat transfer coefficient mass density [ML~*]: 
JI, = Jakob Modulus (dimen- 
Lp, sionless); L liquid, 
thermal conductivity 
L latent heat of vaporization [HM~—"]; 
P pressure [ML~-16-2]; INTRODUCTION 
P. saturation pressure [ML~16-*]; THE rate of vapor formation during steady 
q heat flux density from solid to liquid boiling or during transient power excursions 
[HL-*6-7]; determines to a great extent the dynamic 
Go heat flux density from vapor to bulk response and the stability of a nuclear reactor. 
liquid [HL~*6-*}; For this reason the problem of bubble dynamics 
R bubble radius [LZ]; in a nonuniform temperature field has recently 
| = maximum bubble radius [L]: received considerable attention. Theoretical 
ta the time needed for a bubble to reach studies have been reported by Griffith [13], 
the diameter D, (4): Savic [27], Bankoff and Mikesell [l, 2] and by 
fi. the time needed for a bubble to reach Kaminsky [18], all of whom based their treat- 
the radius R,,, (9); ment on the energy equation. The solution of the 
TL temperature of the bulk liquid [7]; resulting heat conduction equation requires 
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the specification of the initial conditions, i.e., 
of the temperature profile which exists in the 
liquid adjacent to the heating surface at the time 
the bubble starts to grow. In boiling, this informa- 
tion is not available either from experiments or 
from theory. Therefore, in the references cited 
above, the problem was formulated by assuming 
various hypothetical initial temperature distribu- 
tions. Because of the uncertain initial conditions 
the final results reported by Griffith, by Savic 
and by Kaminsky were not compared with 
experimental data. The results reported by 
Bankoff and Mikesell were expressed in terms of 
an empirical constant which was fitted by experi- 
mentally determined bubble radius versus time 
curves. 

In this paper the theory of Bosnjakovic and 
Jakob will be extended to include the effects of a 
nonuniform temperature field. The problem will 
be formulated by making an energy balance at 
the bubble interface. The final results are 
expressed in terms of temperature of the heating 
solid surface and of the average heat flux 
density. Thus, the question and the uncertainty 
pertaining to the initial temperature distribution 
is circumvented. 

To facilitate the presentation the theory of 
Bosnjakovic and Jakob is briefly reviewed. 


I. BUBBLE DYNAMICS IN LIQUIDS AT 
SATURATION TEMPERATURE 


1. The Theory of Bosnjakovic and Jakob 

The growth of a bubble in a superheated 
liquid was first analyzed by Bosnjakovic [5]. 
According to his theory the vaporization 
process is maintained by an energy transfer from 
the superheated liquid to the bubble interface. 
The temperature drop which maintains this 
process is localized in a thin boundary layer 
which surrounds the bubble. This conceptual 
model is shown on Fig. |. A relation between the 
bubble growth rate, the temperature drop, and 
the heat transfer coefficient is obtained from an 
energy balance, thus: 


dR 


WT. — = 


(1) 


The theory of Bosnjakovic was tested experi- 
mentally by Jakob [16], Fritz and Ende [11] and 
by Priiger [25]. Good agreement was reported. 
In the discussion of their experimental results 
Fritz and Ende noted that, for a liquid which is 
uniformly superheated, the bubble growth 
problem was analogous to the one-dimensional, 
transient heat conduction problem, i.e. to 


8 = THICKNESS OF THE THIN BOUNDARY LAYER 


= TEMPERATURE DROP ACROSS 8 


$2 


LIQUID AT TEMPERATURE : To 


Fic. 1. Bosnjakovic’s conceptual model of a bubble growing in a uniformly superheated liquid. 
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CT cT 

ox" ct 
t=0:7(x,0)=T, — 7, 


710.2) 0. 


Consequently, the temperature gradient at the 
interface (x = 0) of a growing bubble can be 
obtained from the solution of equation (2), thus, 


T To T, 
(2x) 
Using equation (3), Fritz and Ende then derived 


the following expression for the heat transfer 
coefficient of a growing bubble 


3 
\ (zat) (>) 


r=0 


Ts 


\/ (zat) (4) 


J cT 

MT, —T) =k 

The bubble growth rate in a uniformly super- 

heated liquid is obtained by substituting equation 
(4) into equation (1), thus: 


d R Ty 


(zat) (5) 


From high-speed movies Fritz and Ende deter- 
mined the bubble growth velocity, and from 
equation (1) computed the heat transfer co- 
efficient. This value was then compared to the 
coefficients computed from equation (4); satis- 
factory agreement was reported. 

At first this agreement could appear as for- 
tuitous. The real bubble is spherical; its interface 
represents a moving boundary whereas the 
system described by equation (2) represents a 
semi-infinite slab with stationary boundary. Also, 
the effect of liquid inertia and of the surface 
tension were neglected in the analysis. Never- 
theless, subsequent more detailed studies of the 
bubble growth problem discussed in Section 4, 
have substantially corroborated the theory of 
Bosnjakovic and Jakob and the analysis of Fritz 
and Ende. 


2. The growth of a vapor bubble in a nonuniform 
temperature field 

In 1932 Jakob described the heat transfer 

process which occurs at the interface of a 

bubble growing on a heated surface as follows: 

“It can be imagined that during the small 

explosion which starts the growth of a bubble, 


the interface temperature, because of the heat of 
vaporization, drops immediately from the super- 
heat temperature to the saturation temperature, 
for example from 110° to 100°C. ... As a con- 
sequence of the heat transfer from the liquid 
to the vapor bubble the liquid envelope is being 
cooled progressively from the inside toward the 
outer boundary; a temperature boundary layer 
is created with a constantly decreasing tempera- 
ture drop. This thermal boundary layer increases 
in thickness until the thermal wave, which 
advances from the vapor bubble interface into 
the liquid, has reached the outer limit of the 
hydrodynamic boundary layer. The decrease in 
thickness of the hydrodynamic boundary layer 
because of the evaporation at the interface is, 
initially, a small fraction of the total thickness.” 
This conceptual model is shown in Fig. 2. 

The major difference between the growth of a 
bubble in a uniformly superheated liquid and the 
growth in a nonuniform temperature field may 
be described as follows: In a uniformly super- 
heated liquid (see Fig. 1) the thickness of the 
thermal boundary layer 6, constantly increases: 
however, since the liquid is initially at a uniform 
temperature 7,, the total temperature difference 
Ty T,, across the thermal boundary remains 
constant. In a nonuniform temperature field 
(see Fig. 2) the thickness of the thermal boundary 
layer 5, also increases as the thermal disturbance 
advances into the liquid. However, in this case, 
since the initial temperature in the liquid is not 
uniform, the temperature drop across the ther- 
mal boundary layer 6, constantly decreases as 4 
increases. In other words, whereas in a uniform 
thermal field only one heat transfer process 
occurs in a nonuniform temperature field two 
transfers of energy take place. One is the heat 
transfer across the film 4, this process maintains 
the evaporation at the bubble interface. The 
second is the heat transfer g, from the vapor 
interface to the bulk liquid. 

The theory of Section | can be extended to in- 
clude the effect of the nonuniform temperature by 
making an energy balance per unit transfer area 
For a plane bubble the rate of evaporation 
would be given by: 

Lp, =k Gp. (6) 


( 2) 
Vol. 
1961 
* 
3 


VAPOR BUBBLES 


INITIAL TEMPERATURE 
DISTRIBUTED IN THE 
/ HYDRODYNAMIC BOUNDARY 


LAYER 


THICKNESS OF THE HYDRODYNAMIC 
BOUNDARY LAYER 


ds 


INITIAL RAD!US 


INITIAL TEMPERATURE DISTRIBUTION 


IN NONUNIFORM TEMPERATURE FIELDS 


Fic. 2. Jakob’s conceptual model of a bubble growing in a nonuniform temperature field. 
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The bubble radius is therefore given by 


2 ATcpi (mat) 
R vrat)|1 AT | (7) 


For a uniformly superheated liquid, g, = 0 and 
equation (6) simplifies to equation (5). In 
equations (6) and (7) the value of the heat flux 
q,, from the vapor interface to the bulk is still 
undetermined. In what follows we shall identify 
q, With the heat flux g, between the heating solid 
and the liquid. This assumption may seem 
drastic; however, it can be made plausible as 
follows: Consider an instant just prior to the 
nucleation of a bubble. A temperature gradient 
exists in the liquid adjacent to the heating 
surface. It is across this gradient that energy is 
transferred from the solid to the liquid. Consider 
now the instant just after the nucleation of a 
plane bubble. The effect of introducing locally, 
the vapor phase between the solid and the liquid 
is to insulate, locally, the liquid from the heating 
solid. Assuming that no great distortions and 
disturbances occur in the liquid during this 


transition instant, the temperature gradient 
between the vapor interface and the liquid 
should be approximately equal to the gradient 
which existed between the solid wall and the 
liquid before the bubble was nucleated. Hence, 
the heat fluxes g and gq, in the liquid should be 
approximately the same. 

Evidently, equation (7) relates the bubble 
radius to the superheat temperature difference 
(47 = T,,—T,) and the heat flux density gq, 
which exist /oca//y around a nucleating center. 
The experiments of Courty and Foust [6] have 
shown that, in nucleate boiling at low heat flux 
density, both the temperature of the surface and 
the heat transfer rate vary over the heated area. 
The values which are usually reported are average 
values. It is known also from the experiments of 
Jakob and Linke [17], of Ellion [8] and of 
Treschov [29] that the diameters of bubbles 
departing from or collapsing on a heated surface 
follow a distribution curve. Therefore, if we 
introduce into equation (7) the average heat 
flux and superheat temperature we can expect to 
predict only the growth of an average bubble and 
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not of a specific bubble (unless it coincides with 
the average one) whose growth was recorded 
ona motion picture. In the sections which follow, 
the growth rates predicted by equation (7) will 
be compared with experimental data. 


3. Comparison with experimental data 

The growth of a bubble from a horizontal, 
heated surface was investigated by Jakob and 
Linke [17] and Fritz and Ende [11]. It was found 
that, in steady boiling at low heat flux densities 
(of the order of 20,000 kcal/m*hr) the nucleation 
and bubble growth from a given nucleating 
center is a periodic process. Following the 
nucleation the bubble remains attached to the 
heating surface and grows until, at time f,, it 
reaches a characteristic diameter D,, and 
departs from the surface. After the bubble 
departs colder liquid comes in contact with the 
solid and gets heated during a “‘contact time” 
7,, at the end of which another bubble is nucleated 
from the same center and the process is repeated. 
For a given nucleating center the diameter D,, 
and the frequency /, of the process were constant 
whereas for different centers both D, and f 
were given by a statistical distribution. Jakob and 
Linke reported that for water D, varied from 
1-5 mm to 4-5 mm with the maximum of the 
distribution occurring at about D,; = 2:8 mm. 

Because Jakob and Linke did not report the 
values of the superheat temperature difference 
(4T = T,, — T,), or of the heat flux g, equation 
(7) cannot be compared with their results. This 
can be done, however, with the data for water 
reported by Fritz and Ende which is tabulated 
in Table 1. 


Table 1. Experimental data of Fritz and Ende 


(C) (sec) (sec) (cm) 


0:0225 0-023 | 5-42 x 107} 
BM3 9000 9 0-025 0-018 404 « 107! 
BR8 19000 9 0-:0167 0-020 4:64 x 107% 


Inserting the above values of the superheat 
temperature 7, T,, heat flux g, and time at 


departure /, into equation (7) the corresponding 
diameters at departure are given in Table 2. 


Table 2. Comparison of equation (7) with experiment 


Bubble number BMI BM3 BR8 


D, (cm) from equation (7) 0-291 0-268 0-276 
D, (cm) observed 0-542 0-404 0-464 


It is seen that the predicted values are about 
60 per cent of the experimental values. We shall 
now correlate the factor of 60 per cent with the 
sphericity of the bubbles. (Note that, if Jakob 
and Linke had used the same heat flux and 
superheat as Fritz and Ende, their observed 
values D, 0-281 cm would agree very well 
with equation (7).) 


4. Correction for sphericity 

The corrections which must be made in 
equation (5), to take into account the effects of 
liquid inertia, surface tension, sphericity and of 
the moving boundary, are due to Plesset [21], 
Plesset and Zwick [22, 23] and to Romie [26]. 
The problem is formulated in terms of the 
extended Rayleigh’s equation of motion for a 
spherical bubble: 


20 P At) — P, 
RR+ , R? + = 8 
> (8) 
Clausius—Clapeyron’s equation: 
dP : Lp.pL P(t) (9) 
dT T( px Py) T(t) 
and the energy equation: 
@T 
(10) 
or* ror cl cr 


t=0:7(r,0) = 7, — T, 
dR 
r=R(t) dt 
t) = T, — T,. 
The problem was analyzed by Plesset and 
Zwick [21-23], Zwick [35], Forster and Zuber 


[9] and Zuber [31]. The results of these studies 
were in agreement with each other and with 
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experimental data reported by Dergarabedian 
[7].* It was found that during the growth of a 
bubble in a uniformly heated liquid, the effect 
of liquid inertia and of surface tension are not 
important. Consequently, the growth of a vapor 
bubble is governed by the heat transfer process. 
Plesset and Zwick derived the following expres- 
sion for the bubble growth rate, 
T, — T, 


(3k (11) 


whereas Forster and Zuber obtained 
(12) 


In both of these studies, the assumption was 
made that the temperature drop is localized in a 
“thin boundary layer’ near the bubble wall. 
Thus, the “thermal boundary layer’ assumption 
of Bosnjakovic was reintroduced in the problem. 

Recently, Birkhoff et a/. [4] and Scriven [28] 
solved the energy problem, i.e. equation (10) 
without making recourse to the “thin boundary 
layer” approximation. Thus, they obtained the 
first accurate solutions which retain the effect of 
radial convection. It was shown, in both of these 
studies, that the “thin boundary layer” approxi- 
mation is valid when the Jakob modulus* is 
large, that is when 


> T,) CpL 
Lp, 


It was shown, also, that for large Jakob numbers 
the bubble growth rate is given by equation (11). 

Comparing equations (11) and (12) with 
equation (5) it is seen that, apart from a 
numerical constant, these equations are identical. 
A larger growth rate could have been expected 
for a spherical bubble than for a plane interface 
because the effect of the curvature is to increase 
the temperature gradient. It is important to 


Se? > |. (13) 


* The growth of vapor bubbles in a superheated liquid 
which contains uniformly distributed heat sources was 
studied by Greenfield ef a/. [12] and by Lipkis er a/. [20] 
Good agreement of theory with experiments was 
reported. 

+ This dimensionless group was recently proposed by 
Savic [27] to be referred to as the “Jakob Modulus” in 
honor of the late Professor Max Jakob. 


note that, for growing vapor bubbles, equations 
(11) and (12) indicate that the effect of sphericity 
is only to increase the gradient by a constant 
factor b, whose value lies between | and y (3) 
with 7/2 an intermediate value. Evidently, if 
we introduce this as a correction factor into 
equations (6) and (7), getting 


dR k 


L 
Pr dt \ (zat) 


(13a) 


2 ATc pr 
R 


Gy (rat) 
(zat) AT | (14) 


we will get greatly improved agreement with the 
data of Fritz and Ende as shown in Table 3. 


Table 3. Comparison of Equation (14) with 
Experiments 


Bubble (cm) D, (cm) D,(cm) 
number observed b=n/2 b = 4 (3) 


BMI 0-458 0-504 
BM3 . 0-418 0-464 
BR8 0-433 0-477 


An additional comparison can be made with 
the experimental data reported by Zmola [30] 
which are shown in Fig. 3. For these experi- 
ments the heat flux density was g = 9-6 = 10° 
B.t.u./hr ft? and the superheat temperature 
, T, = 9-4°F. Inserting these values into 
equation (14), the predicted growth rates for three 
values of the constant b, are shown in Fig. 3 
also. 

The author knows of no other experimental 
data for liquids at saturation for further com- 
parison. On the basis of present results it 
appears that at atmospheric pressure, at low 
heat flux densities, and for liquids at saturation 
temperature, equation (14) with | < 4 \/(3) 
approximates experimental data adequately.* 


+ For additional analysis and discussion of bubble 
dynamics and for an analysis of the hydrodynamic 
aspects of boiling heat transfer from a horizontal surface 
the reader is referred to the paper by Zuber [34]. 
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Fic. 3. Comparison of equation (14) with Zmola’s 

experimental data: (7,, — T, 9-4°F; q 9600 

B.t.u./hr ft®; bubble numbers 6, 5 and 4 

respectively). 
Il. DYNAMICS OF VAPOR BUBBLES IN 
SUBCOOLED LIQUIDS 

1. Growth and collapse 

Bubble dynamics in a subcooled liquid was 
investigated experimentally by Gunther and 
Kreith [14] and by Ellion [8] in a non-flow 
system, and by Gunther [15] and Treschov [29] 
in a flow system. The problem was investigated 
analytically by various researchers. The collapse 
of a bubble in a uniformly subcooled liquid was 
analyzed by Plesset and Zwick [24]. The time 
needed for a bubble to reach the maximum 
radius before collapsing was considered by 
Forster, (Bankoff et a/. [3]). Bankoff and Mike- 
sell [1, 2] analyzed the growth and collapse by 
considering the effects of liquid inertia only. 


The theory of Bosnjakovic and Jakob was 
applied by the writer [32] to predict the collapse 
rate of a large slug of vapor which is suddenly 
introduced into a subcooled liquid. The theory 
predicts that, for a process which is /imited by 
the rate of heat transfer, the collapse rate should 
be given by 
dR an T, —TL 


In the following, the growth and collapse 
rates predicted by the extended Bosnjakovic- 
Jakob model of Part I will be compared to 
the experimental results of Ellion. 

Ellion performed his experiments with water 
at atmospheric pressure; Figs. 49 and 53 from 
his dissertation are reproduced in this paper as 
Figs. 4 and 5. It can be seen that at a given 
average heat flux and average temperature large 
variations occur in the dynamics of different 
bubbles. Ellion noted that, because of these 
large variations, an agreement closer than 25 per 
cent should not be expected. The large changes 
which are indicated by these figures point out 
the importance of /oca/ conditions which exist in 
the vicinity of a nucleating center and, conse- 
quently, to the statistical nature of the over-all 
process when an ensemble of nucleating centers, 
i.e. bubbles is considered. 

In order to compare the extended Bosn- 
jakovic-Jakob theory with these experimental 
results it will be advantageous to transform 
equation (14) into a dimensionless form. From 
equation (13) we note that the maximum radius 
R,,,, is reached when 


kAT 
q 


(zat,,) (16) 


The radius versus time relation given by equa- 
tion (14) can be expressed in terms of the maxi- 
mum growth time 


b2 ATC py 
7 
Lp vrat)|1 (17) 


t 


The maximum bubble radius is then given by 


b(T,, — T,) cpr 
7 Lp, 


Ry, (zat,,,). (18) 
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Fic. 4. Ellion’s experimental data for bubbles 
growing and collapsing in subcooled water. 
(q = 11-5 10° B.t.u./hr ft®, 7, 135°F, 7, — Th 
77 F). 
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Fic. 5. Ellion’s experimental data for bubbles 
growing and collapsing in subcooled water. 
(q 7:79 = 10° B.t.u./hr ft?, Tz 78°F, T, — Tx 
134 F). 


Equation (17) can be expressed in a dimension- 
less form by dividing it by equation (18), thus 


J (i) 2 (19) 


Equation (19) is plotted on Figs. 6 and 7 together 
with Ellion’s data shown on Figs. 4 and 5, 
respectively. The advantage of normalizing the 
data becomes apparent. Further comparison of 
growth and collapse rates predicted by equation 
(19) with experimental results is shown elsewhere 
(Zuber [34]). 

It appears from Figs. 6 and 7 that equation 
(19) and, therefore, the extended Bosnjakovic- 
Jakob theory approximates adequately the 
growth process. It is seen, also, that the model 
is not adequate for predicting the collapse stage 
in subcooled boiling. The reason for this inade- 
quacy can be understood in terms of the favor- 
able heat transfer conditions and liquid inertia. 


2. Correction for inertia 

It was noted that the analysis of Section | neg- 
lects the effects of liquid inertia and of bubble 
motion; other limitations and implications of the 
model are discussed in detail by the author [34]. 
In subcooled boiling the effects of the inertia of 
the liquid and of the buoyant force are important 
in that they tend to deform and pool the bubble 
away from the heating surface after the bubble 
has reached the maximum radius. Ellion 
observed that, unless the base of the bubble was 
moved away from the surface, the bubble would 
approach a maximum size and remain stagnant, 
i.e. Stationary. For such a stationary bubble the 
rate of evaporation at the bubble base was equal 
to the rate of condensation at the bubble top. 
Because of the deformation and because of the 
motion of the bubble into the cooler liquid the 
temperature gradients at the interface are 
increased causing a faster condensation, i.e. 
collapse rate. Heat transfer and consequently, 
the condensation rate during collapse is enhanced 
also by the turbulence of the surrounding liquid, 
as noted already by Griffith and by Bankoff and 
Mikesell. 

We shall examine now the significance of these 
favorable heat transfer conditions. As the vapor 
condenses latent heat is liberated at the vapor 
interface. Unless this energy is transferred to the 
bulk liquid the temperature of the interface will 
increase causing a decrease in the rate of con- 
densation. High heat transfer rates to the bulk 
liquid thus minimize the temperature variations 
at the interface and in the vapor due to the latent 
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heat. Thus, when large thermal gradients are 
present it appears permissible to consider, in the 
limit, an isothermal collapse process. For an 
isothermal process the inertia of the liquid 
becomes important. 

It was shown already by Plesset and Zwick 
[24] that, for bubbles collapsing in a liquid at 
uniform temperature, the thermal effects on 
restricting the collapse rate are unimportant. 
Consequently, only the inertial terms in Ray- 
leigh’s equation of motion are of major signifi- 
cance. It was shown also by Bankoff and Mikesell 
that the collapse rate, in Ellion’s experiment, can 
be predicted by Rayleigh’s equation for an iso- 
thermal process. We shall examine the inertia 
effect in terms of the extended Bosnjakovic— 
Jakob model. 

Assuming spherical symmetry, the liquid 
inertia can be taken into account by combining 
Rayleigh’s equation of motion, equation (8), 
with the energy equation. As an analogy to the 
bubble growth problem in a uniformly super- 
heated liquid, the bubble growth and collapse 
equation for a subcooled liquid becomes: 


Lp,R (rat) \ (zat) 
kb 


(20) 


where the term dP/dT is given by the Clausius— 
Clapeyron equation. When g = 0 and + = 2/2, 
equation (20), reduces to the equation for the 
growth of a bubble in a uniformly superheated 
liquid. 

During the growth process, the effects of 
inertia and of the surface tension are small in 
comparison with the heat transfer effects. Con- 
sequently, during the growth the left-hand side 
can be neglected, and equation (20) is reduced 
to equation (13). As the bubble radius goes 
through the maximum, the right-hand side of 
equation (20) changes sign and becomes negative. 
In this domain then, the liquid inertia cannot be 
neglected. It was noted already that, because of 
the favorable heat transfer conditions, the 
collapse stage could be approximated by an iso- 
thermal process. Neglecting the effect of surface 


tension, Rayleigh’s equation for an isothermal 
process becomes: 


‘ 4P 
RR+ -— const. 21) 
PL 
The solution of this equation for the initial 
conditions: ¢ 0, R R,,: R 0, can be 
obtained from Lamb, thus 


t 2 1 
te (1 2 d) /| (1 yy! 2 dy 


y = R/R,, (22) 
and f, is the time needed for the total collapse. 
Equation (22) is plotted on Figs. 6 and 7; the 
initial time for collapse was taken to correspond 
to f,, in order to satisfy the initial conditions. 
The agreement appears more satisfactory, note 
the large variations in the experimental data 
which indicate the statistical nature of the 
process. 


SUMMARY 

The bubble growth theory of Bosnjakovic and 
Jakob has been extended to include the effects 
of a nonuniform temperature field. The problem 
was formulated by making an energy balance at 
the bubble interface; the final results are 
expressed in terms of the temperature of the 
heating surface and of the average heat flux 
density. Thus, the question and uncertainty 
pertaining to the temperature distribution in the 
liquid is circumvented. The growth rates pre- 
dicted by the extended Bosnjakovic-Jakob theory 
are in good agreement with experimental data. 

Experimental data for bubbles growing and 
collapsing in subcooled boiling indicate that the 
growth and collapse process can be considered 
separately. The growth process is governed by 
the rate of heat transfer to the bubble interface; 
it can be approximated, therefore, by the theory 
of Bosnjakovic and Jakob. The collapse, because 
of favorable heat transfer conditions can be 
approximated by an isothermal process and 
approximated, therefore, by the solution of 
Rayleigh’s equation. The growth and collapse 
equation thus obtained are matched at the 
maximum bubble radius, thus giving a complete 
picture of the life-history of bubbles formed in 
subcooled boiling. 
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APPENDIX A 


The maximum bubble diameter and the thickness 
of the superheated liquid film 

Equation (18) gives the maximum bubble 
radius in terms of the maximum growth time. 
The maximum bubble diameter can be expressed 
also in terms of the heat flux density and of the 
superheat temperature difference. Taking the 
value of the constant 5 equal to 7/2 it follows 
from equations (16) and (18), that 


ATcp, kAT 


(Al) 


Dy 


Defining the thickness of the superheated liquid 
film by 
kAT 
Equation (A1) can be written as 


ATc pz 
X, Lp, 


This is not surprising since it is an energy 
balance. Consider a surface area A, and a liquid 
film of thickness X, adjacent to it. If this liquid 
film is superheated by 47 degrees the enthalpy 
of the liquid is given by: AX,47cp. If all this 
stored energy is used for vaporization, the maxi- 
mum distance the vapor front can advance is 
given by: 


AD,,Lp, AX ATcpt. (A4) 


Thus, in boiling, Jakob modulus represents the 
ratio of the maximum bubble radius to the 
thickness of the superheated liquid film. 

For the experiments of Zmola, equation (A3) 
predicts a maximum radius R,, = 36°6 x 10-% 
in., which would be reached when R = 0. It is 
interesting to note that the growth curves on 
Fig. 3 show almost zero velocity at t = 20 x 10-3 
sec; indicating a deficiency of energy available to 
maintain the vaporization process. 


APPENDIX B 
An index of agitation of the superheated liquid 


film 
It was proposed by Ellion [8] that a bubble 


Reynolds number given by 


Re, Rmax R (Bl) 


be used as an index of the agitation of the super- 
heated liquid film adjacent to the heating surface 
in subcooled boiling. The average bubble velo- 
city, R, was defined as: max bubble diameter/ 
bubble lifetime. Both Rmax. and R, were deter- 
mined from experiments, i.e. from high-speed 
movies. It is possible now, from the extended 
Bosnjakovic-Jakob theory, to derive an analy- 
tical expression for the above bubble Reynolds 
number. 

Assuming that the average bubble lifetime is 
approximately equal 2/max, it follows that 


2Rmax PL 


2tmax 


Re, = Rmax (B2) 
The relation between Rmax and fmax is given by 
equation (18) consequently the bubble Reynolds 
number becomes 

1 — T,) cpt px 


Re, 4 \ (7a 


It is interesting to note that this index of 
agitation in subcooled boiling is independent of 


the degree of subcooling; it is identical to the 
one which was proposed by Forster and Zuber 
[10] and Zuber [33] for liquids at saturation 
temperature. 


APPENDIX C 
Implications and limitations of the mode! 

In order to bring out the implications and the 
limitations of the extended Bosnjakovic-Jakob 
theory we shall briefly describe the actual 
physical process. This description is based on a 
penetrating study of bubble dynamics reported 
by Ellion [10]. 

A thin superheated liquid film with a steep 
temperature profile exists adjacent to the heating 
surface. Following the nucleation this film, that 
was initially above the nucleating cavity, is 
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pushed away from the wall by the growing 
bubble (see Fig. 8). As the bubble grows, the 
film becomes stretched and this results in high 
temperature gradients. Energy is removed from 
the displaced film by conduction and convection 
to the bulk liquid and by evaporation at the bub- 
ble interface. Evaporation occurs also at the 
base of the bubble. The rate of evaporation and, 
consequently, the rate of growth decreases as the 


IN NONUNIFORM TEMPERATURE FIELDS 95 


in the region OPQ will not be uniform. Thus, the 
problem involves two energy equations, one for 
the solid and the second for the liquid. 

It can be seen from Fig. 8 that the model 
considers only the energy transfer in the region 
ABC. The motion of the interface depends only 
on the amount of stored energy which existed 
originally in the superheated film. The limitations 
of the model now become apparent. The model 


Fic. 8. Probable shape of the bubble and the approximation of the conceptual model. 


superheated film becomes cooler. As the bubble 
decelerates the momentum that was stored in the 
liquid and the buoyant force tend to pull the bub- 
ble away from the surface. Because of the adhesion 
forces and the resistance to motion the bubble 
becomes deformed and its base is moved into 
the cooler liquid. If the bulk liquid is at saturation 
temperature the bubble will depart from the 
surface; if it is subcooled then bubble will 
collapse. 

This brief description suggests that a complete 
analysis of bubble dynamics on a heated surface 
should take into account the hydrodynamic 
aspects as well as the energy aspect of the 
problem. Since the process takes place close to 
the solid surface, it appears that viscous effects 
of the liquid as well as the inertia should be 
retained in the analysis. In addition, because of 
the triple interface at the base of the bubble, 
both the surface tension and the contact angle 
become important. Since energy is transferred 
from the wall through the liquid and to the inter- 
face at the base of the bubble, i.e. in the regions 
QAP and OCP, during the entire bubble life- 
time, the temperature distribution in the solid 


cannot take into account any temperature 
change in the liquid due to heating after the 
growth has started, i.e. after the vapor has 
insulated locally the liquid from the solid. 
Since the regions QAP and OCP are not con- 
sidered, the effect of additional heating during 
the growth process is not accounted for. It is 
noted, however, that this restriction can be 
removed, this aspect of the problem is discussed 
in a forthcoming paper. Because the hydro- 
dynamic effects were not considered, the effect 
of the distortion of the bubble on the tempera- 
ture field is omitted. 

It is seen from these limitations that if any 
agreement is to be expected the effect of evapora- 
tion in the regions QAP and OCP should be 
small when compared to the evaporation in the 
region ABC. To achieve this, two conditions 
must be satisfied. First, the transfer area in the 
region QAP and OCP should be small in com- 
parison with the transfer area ABC. Second, the 
rate of vaporization in the region ABC should 
be fast so that any change of the temperature 
field in the regions QAP and OCP, caused by 
heating during the growth process is small. This 
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Table Al 


B.t.u. 
Figure (°F) (sec 10") 

in? sec 

10 1:0 49 60 3-58 

10 1-0 49 60 3°58 

10 1-0 49 60 4-65 

1] 40 65 58 2°15 

11 4-0 65 58 2-86 

1] 40 65 58 2°86 


last condition will be satisfied at low heat flux 
densities. The effect of the bubble distortion on 
the process of vaporization in the region ABC 
will be small if the distortion occurs at the end of 
the growth process. In view of the agreement of 
predicted growth rates with experimental data 
it appears that either these conditions were 
satisfied, or that the effects of various assump- 
tions tend to compensate each other. 


APPENDIX D 
The maximum bubble diameter in subcooled 
boiling 

Figures 6 and 7 indicate that the growth of a 
bubble in subcooled boiling can be predicted by 
the extended theory of Bosnjakovic and Jakob, 
i.e. by equation (19). It is of interest to compare 
now the maximum bubble radius predicted by 
equation (18) with experimental data. It is 
important to emphasize again, that the dynamics 
of a bubble depend upon the heat flux density 
and the temperature field which exist in the 
vicinity of the nucleating center. The significance 
of local fluctuations of the temperature and of the 
heat flux density is indicated by the scatter of 
experimental data shown on Figs. 4 and 5. 
Recently Westwater* and Staniszewski+ reported 
variations in growth rates of the order of 
-60 per cent for bubbles growing in liquids at 


* J. W. WESTWATER, American Scientist, 47, 427 (1959). 

+ B. E. STANISZEWSKI, Nucleate Boiling Bubble Growth 
and Departure. Technical Report No. 16, Heat Transfer 
Laboratory, Mass. Inst. of Tech., Cambridge, Mass. 
(August, 1959). 


Rmax Rmax (Equation 18) 


(in. x 10?) (in. x 10?) (in. x 107) (in. » 10*) 


observed b=1 b=- 
1-35 1-38 2:17 2:39 
1-85 1-38 2:17 239 
1-85 1-58 2-48 2-73 
1-60 1-47 2:25 2-47 
1-80 1-64 2:59 285 
1-80 1-64 2:59 285 


saturation temperatures. These variations were 
attributed to the shifting of liquid eddies of 
varying temperature. In experiments the /ocal 
conditions are not measured; the values which 
are reported are the average temperatures of the 
heating surface and of the liquid and the average 
heat flux density. Consequently, if the average 
superheat temperature difference (7, T,) is 
introduced into equation (18), an agreement with 
experiments should not be expected to be closer 
than the reproducibility of the data. In Table A] 
the radii predicted by equation (18) are compared 
with the experimental data for water at one 
atmosphere reported by Gunther and Kreith 
[14]. 

In Tables A2 and A3, the radii predicted by 
equation (18) are compared with experimental 
data of Ellion [8]. The values of ¢,, shown in 
these two tables are average values and were 
taken from Figs. 50 and 58 in the reference 
above. It is important to note that Ellion did not 
measure the temperature of the heating surface; 
consequently, the values of 7,, are not known 
for these experiments. Ellion assumed that 
the superheat temperature difference (7, T.) 
in his experiments was the same as that which was 
measured in the experiments of Gunther and 
Kreith [14]. Consequently, the values of 7, — T,, 
which are tabulated below, were taken from the 
latter reference. 

It appears from the preceding tables that the 
predicted radii are within the range of variation 
of the experimental data. It was noted, already, 
that the local values of the temperature and of 
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Table A2 


Ymax 50 per cent Gmax 


Figure B.t.u. B.t.u. ) 


in? sec in? sec 


Ryax (equation 18) 
(in. 10?) 


minimum average maximum 


Table A3 


Rmax (observed) Rmax (equation 18) 
(in. x 10°) (in, 


minimum average maximum b= |] b 


1-57 

1-73 
68 


97 
— 
52 62 6-8 3-4 63 2-50 z 
53 78 5-9 2-95 62 3-00 
54 112 43 2-15 59 3-75 = 
55 126 3-45 1-73 56 4-35 er. 
56 132 3-2 1-6 55 4-50 a 
57 177 1-0 0:5 38 5:50 
1) 
(in. 10°) 
b=1 b=, b= 
2 
52 1-10 1-38 1-49 1-48 2-32 2:57 a 
53 0-73 1-48 1-60 1-53 2-42 2-68 a 
54 1-55 1-72 2-40 1-70 2-67 2-95 = 
55 1-25 1-95 2-32 1-72 2:70 2-99 > 
56 1-62 1-85 2-40 1:74 2:73 3-01 _ 
. 57 1-60 2:20 2-95 1-32 2:07 2-29 a 
Ti. q T. — T, bin 
Figure 
(°F) fess ) (°F) (sec x 10') 
in* sec 
46 135 0:93 47 43 
47 135 1-04 49-5 4-5 o- 
48 135 1-89 56 43 a. 
49 135 2-22 59 3-7 a 
= b= ¥(3) 
2 ia 
46 1-25 1-95 2-32 2:28 2-50 4 
47 1-60 1-85 2-40 2-45 2-60 ie 
48 1-05 1-82 2-48 2-71 2-98 +8 
49 1-53 1:75 2-40 2-65 2-91 
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the temperature gradient in the vicinity of a 
nucleating center are never measured in 
experiments with boiling liquid. It is desirable, 
however, to analyze experimental data and 
conceptual models in terms of quantities which 
are measured and which are reported; two such 
quantities are Rmax and f,,. The uncertainty 
pertaining to local fluctuations of the tempera- 
ture and of the temperature gradient can be 
eliminated by plotting the data in terms of the 
normalized co-ordinates R/Rmax and t/t,,. Con- 
sequently, the agreement of the values predicted 
by equation (19) with experimental data (see 
Figs. 6 and 7) is a better test of the extended 
Bosnjakovic—Jakob theory. 
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THERE are some errors in this paper which the 
interested reader will be well advised to look out 
for. 

(1). The main result of the paper is equation 
(14) for the radius from which equation (16) for 
‘max follows. Checking equation (16) for the 
experiment referred to by the author cf. Figs. 
(4) and (5) (= Ellion’s Figs. 49 and 53 re- 
spectively): 


q,(B/in® sec) 


one: finds that fmax by the author’s theory is too 
small by a factor of 10. 

This reviewer then plotted equations (14) and 
(22) for direct comparison with Ellion’s data; 
the result is shown in Figs. 9 and 10: the thin 
lines show A(t) as experimentally observed, 
the heavy line shows R(1) from the above equa- 
tions for b 1, 47 and 1/3. In either case the 
author’s results are seen to disagree with reality 
by large factors. (In Figs. 4 and 5 the author 
deleted the connecting lines for the individual 
bubbles and the average data which were 
shown by Ellion; such deletions certainly did 
not improve the intelligibility of the data). 

This reviewer then wondered how the author 
could produce apparent agreement in Figs. 6 and 
7 while using data that disagreed so markedly 
in reality. The answer lies in the fact that the 
author found it advantageous to transform 
equation (14) before plotting it. In the manner in 
which the author plotted equation (14) (namely 
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ing comments as a referee. While he has not contributed 
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equation (19)) in Figs. 6 and 7 any equation of 
the form (ay t bt) is equally “good”: not 
only equation (14) but equally well (just for 
illustration) 


R = 1 


or 


\* X ag’ 


observed 


— 


equation (16) 


one and all of these equations yield the very same 
values and agreement when plotted as in Figs. 
6 and 7, namely R/ Rmax as a function of t/tmax. 
This elementary fact about a parabola of the 
second order need not be elaborated upon! 

As a consequence, the author’s conclusion: 
“It appears from Figs. 6 and 7 that equation (19) 
and, therefore, [the author’s] theory approximates 
adequately the growth process” is a fallacy. 
The author having chosen a graphical plot of 
equation (14), which is independent of the co- 
efficients of equation (14) cannor therefrom draw 
any conclusion about the validity of the theory 
which yielded these coefficients. 

(2). In response to the criticism of this re- 
viewer the author added Appendix D. After 
placing emphasis on recent experiments which 
seem important to the author because they 
scatter +60 per cent the author asserts that 
“Ellion did not measure the temperature of the 
heating surface; consequently, the values of 
7, are not known for these experiments.” If this 
were really the case one could not test equation 
(14). This reviewer, wishing to convince him- 
self of the omission of these important data, 
secured the hard-to-get Report of Ellion [8]. 
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He found that Ellion does report on page 5 the 
arrangement with which he “measured wall 
temperature within 4 per cent” and that on pages 
63 and 64 Ellion presented complete graphs for 
T,. — T,. Thus the author’s contention that 
these important data are not known should be 
discounted. 

Although all data are now known for com- 
paring equation (14) with experiment directly, 
the author introduces new data. A fact which 
may easily escape the casual reader is the follow- 
ing: the author presents equation (16) for tmax: 
but in Tables 2 and 3 of Appendix D the author 
does not insert t,, from his equation (16); rather, 
the author inserts under /,, the experimentally 
observed ¢,, which is 10 times larger than the 
value given by his theory! To give a few specific 
examples: in Table 2 Fig. 53 the author inserts 
3-00 10-4 sec. but his theory (equation 
(16)) yields 1,,, 2-95 10-° sec; in Table 3 


Fig. 49 the author inserts /,, = 3-7 x 10-4 sec 
but his theory (equation (16)) yields 7,, = 4:7 x 
10-° sec. Such substitutions seem to invalidate 
rather than to support the theory. 

(3). Ina subcooled liquid a vapor bubble grows 


to a maximum and then collapses; in a saturated 
liquid a vapor bubble grows as long as it is in 
the liquid, leaving the heating surface by action 
of gravity, which is physically different from 
subcooling. This reviewer draws attention to the 
fact that the author derives the same expression 
for both cases. The author’s theory predicts a 
maximum radius and collapse (cf. equations 
(7) and (14)) for a saturated liquid as well as for 
a subcooled liquid. This is of course impossible 
by the laws of physics: if the temperature is 
nowhere be/ow saturation heat can only flow into 
the bubble to make it grow, but it cannot flow 
out again. 
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(4). The expression given in Appendix A for 
the thickness of the superheated liquid film 
(equation A2) is by an order of magnitude 
smaller than measured in reality. The dimen- 
sionless ratio A3, its importance and its physical 
significance for the mechanism of boiling heat 
transfer by the periodic exchange of vapor and 
liquid on the heating surface, was previously intro- 
duced and thoroughly discussed by other authors. 

The general reason for the failure of the theory 
of the author (it is not quite reasonable to in- 
volve Bosnjakovic’s and the late Professor 
Jacob’s names in this theory) lies in the “solu- 
tion” of the heat diffusion problem for the 
domain bounded internally by the bubble surface. 
The author asserts without proof that the out- 
ward flow of heat g from the bubble surface is 
equal to that from the heating surface (he sets 
q = q» in equation (6)). But in reality this is not 
so at all: the vapor in the bubble effectively 
insulates and shields the heat flux from the 
heating surface and the outward flow of heat 
from the bubble surface to the liquid is therefore 
much smaller than that from the heating surface 
to the liquid. The error in the author’s reasoning 
occurs (cf. the sequel to equation (7)) where he 
concludes that because q = q, for t = 0 (at the 
instant when a microscopic bubble nucleus just 
comes into existence) “Hence, the heat fluxes g 
and qg, in the liquid should be approximately 
the same” for ¢ > 0. This is, to say the least, a 
very unorthodox way to solve an initial value 
problem of a differential equation; unfortunately 
matters are not that simple and the assumption, 
correct for ¢ = 0, is in error for the entire time 
of the growth process which is t > 0. Physically 
more justified extensions of the well-known 
expressions for bubble growth to more complex 
initial conditions are presently available. 
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THE author appreciates the continuous interest 
which Professor Forster shows for the author’s 
work; however, to use Professor Forster’s own 
words, there are errors in his comments which 
the interested reader will be well advised to look 
out for. 

1. Professor Forster is in error when he writes 
and applies equation (14) with g, = q to both 
saturated and subcooled pool boiling. Were this 
the case the author would certainly not have 
differentiated between saturated boiling (see 
Part 1) and subcooled boiling (see Part 2). And 
consequently, he would not have derived 
equations (17), (18) and (19), which describe 
bubble growth in subcooled boiling. It is fortu- 
nate that this misrepresentation was brought up, 


for if Dr. Forster misunderstands the deriva- 
tions, further discussion is certainly required. 
For saturated pool boiling at low heat flux 
densities (see Appendix C), it seemed that 
setting g, = q would be a good first approxima- 
tion (see Table 3 and Fig. 3). On the other hand, 
in subcooled boiling the author was aware that 
dy ~ q. This is why the derivation from equa- 
tions (16) to (19) was undertaken in the first 
place. In subcooled boiling no assumption con- 
cerning the value of g, was needed; the constant 
was evaluated from the condition that R — 0 at 
t = t,, which led to equation (16). By means of 
this equation q, was related to a measurable 
quantity, i.e. to ¢,,, and thereby eliminated from 
equations (17), (18) and (19). Of course if one 
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Fic. 11. Comparison of equations (17) and (22) with Ellion’s experimental 
data for subcooled boiling; cf. Fig. 4. 
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employs, in subcooled boiling, the incorrect 
relation q, q as Professor Forster did in 
making up his tables and figures, incorrect 
results will occur. It is unfortunate that Dr. 
Forster expended so much of his efforts along 
this line for when. in subcooled boiling, equation 
(17) is compared with experimental data the 
results shown on Figs. 11 and 12 are obtained. 
These curves were calculated by using the average 
experimental values for 3-7 x 10-4 
sec and #,, = 3 10-4 sec) and for 7,, — T, 
(4T 59°F and JT 62°F). It is seen that 
both equations (17) and (18) (see Appendix D) 
predict results that are within the reproduci- 
bility of the experimental data. 

Dr. Forster apparently believes that the author 
chose an equation of the form, R = a yt — bt, 
arbitrarily and was thereby able to obtain good 
results quite independent of physical considera- 
tions. The step from equation (16) to (19) was 
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Fic. 12. Comparison of equations (17) and (22) with 
Ellion’s experimental data for subcooled boiling; 
cf. Fig. 5. 
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not merely “‘advantageous’’—it was necessitated 
by the fact that in subcooled boiling g, 4 g. And 
while Professor Forster has acquainted us with 
the properties of parabolas he has failed to note 
that not all, indeed very few, of these parabolas 
will have for the coefficients a and h values 
which predict results that are in agreement with 
experimental data as, for example, is the case 
with equations (17) and (18). 

Since Professor Forster’s other arguments 
related to his first point are based on the same 
misinterpretation, i.e. that for subcooled boiling 
dp q, there is no point in discussing them 
further. 

2. The efforts to which Dr. Forster went to 
check the accuracy of the author’s statements 
indicate a zeal not often found in reviewers. It is 
unfortunate that he did not match his own 
efforts with a similar passion for accuracy. In 
Fig. 13 the author reproduces Fig. 39 from 
page 64 (which is cited by Dr. Forster) of 
Ellion’s report (1954). The reader will note that 
the curve for degassed water has clearly marked 
upon it “Reference 15”. Reference 15 in Ellion’s 
report is the report by Gunther and Kreith. In 
other words, as the author stated, for the test 
points used (and tabulated in Appendix D) the 
temperature was taken from another report 
(i.e. Ellion used the data of Gunther and 
Kreith).* 

The remaining paragraph of Dr. Forster's 
point number 2 actually refers to the mis- 
understanding which guided his comments in 
his point number I. 

3. For liquids at saturation temperature 
bubbles leave the heating surface while still 
growing, i.e. R > 0, or sometimes under the 
condition that R = 0. The departure is deter- 
mined by the hydrodynamic conditions in the 
liquid which, as the reader will note from 
Appendix C, were not taken into account in the 
present analysis. This means that for liquids at 


* We note that the values for degassed water shown on 
Ellion’s figure are lower by approximately 12F° than the 
original data of Gunther and Kreith. This difference is 
due to an error in reproduction. 

(Private communication from Dr. Ellion, 
National Science and Engineering Co., Pasadena, 
California, and from D. R. Bartz, Jet Propulsion Labora- 
tory, California Institute of Technology, Pasadena, 
California.) 
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AERATED WATER 
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Fic. 13. Figure 39 reproduced from page 64 in Ellion’s report (1954). 


saturation, equations (13) and (14) should not 
be extended in the region R < 0. 

4. Professor Forster’s fourth comment is a 
restatement of his misinterpretation in yet 
another form. It has been answered in the 
author’s reply to his first point. 

5. Professor Forster also states, “‘It is not 
quite reasonable to involve Bosnjakovic and the 
late Professor Jakob’s names in this theory.” 
The reader will note that the theory of Bosn- 
jakovic and Jakob is discussed in Section 1.1.* 
It was pointed out, in Section 1.4, that subse- 
quent, more detailed studies have substantially 
confirmed the energy considerations of Bosn- 
jakovic and Jakob and the formulation of 
Fritz and Ende. The reader has only to compare 
equations (5) and (12) to verify this statement. 
A conceptual model is not modified, to any 
extent. by a multiplying constant of the order of 
unity. neither is it modified by the solution of the 
one dimensional heat conduction equation, 
i.e. of equation (2), for different initial condi- 
tions. It is for this reason that the author 
referred to the bubble growth or collapse process 
which is limited by the rate of heat transfer as 


* The complete formulation of the problem is due to 
Plesset and Zwick and to Romie as noted in Section 1.4. 


the process which is described by the theory of 
Bosnjakovic and Jakob.* It is left to the reader 
to decide for himself whether it was “‘not quite 
reasonable” of the author to involve the names 
of Bosnjakovic and Jakob by giving credit to 
their fundamental contributions. 

6. The author agrees with Professor Forster 
that the problem of bubble growth can be 
analyzed as an initial value problem as it was, 
indeed, formulated by Fritz and Ende in 1936. 
It was stated in the Introduction that this 
approach was adopted by Griffith (1956, 1958). 
Savic (1958), Bankoff and Mikesell (1958) and by 
Kaminski (1959). Such an approach involves 
two assumptions: first, one has to assume an 
initial temperature distribution, and, second, 
one has to assume, implicitly, that this initial 
temperature distribution will not be altered as 
the bubble grows and penetrates the turbulent 
region. Because of the high intensity of turbulent 
convection whether this second assumption is 
valid may be open to question; this point has 
already been brought up by Griffith and by 
Bankoff and Mikesell. 


+ Perhaps “the conceptual model’ would have been a 
more appropriate expression than “theory”: this, how- 
ever, is only a question of semantics. 
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Fic. 14. Plot of equation (E5) showing the effect of a time dependent heat flux g,. 


Instead of solving an initial value problem 
(and making these two assumptions) the author 
made an energy balance, see equation (6), and 
assumed that the rate of heat transfer from the 
bubble interface to the bulk liquid, i.e. g,, was 
constant. The way in which the heat flux g, was 
evaluated was discussed in the paper as well as in 
Part | of this Closure. The justification of a 
constant heat flux density can be made in view 
of the hydrodynamic conditions, i.e. in view 
of the high turbulence. One could have assumed 
also that the effect of a bubble penetrating into 
the cold, turbulent liquid would be to produce a 
time dependent instead of a constant heat flux. 
Thus, in the general case, we can write instead of 
equation (6) the following energy balance 

T,—T, 
— cr, (El) 


dR 
Lp, 
dr (zat) 


As before we determine the value of the constant 
C from the condition that R = 0 when ¢ a 
It follows then that radius vs. time relation is 
given by 

ATcpL 
R=b5-- 


Lp, \ (zat) 


2(n + 1) 
t n+1/2 
The time ¢, for the bubble to collapse is 


t 


m 


(E3) 


The maximum bubble radius becomes 


b 2n + 

It follows from equation (E4) and (E2) that the 
dimensionless equation in terms of the nor- 


malized co-ordinates becomes 


R ] t t 


It can be seen that when the exponent # is zero, 
equations (El), (E2), (E4), and (E5) reduce to 
equations (13), (17), (18) and (19) respectively. 
Equation (E5) is plotted on Fig. 14 for various 
values of n. It can be seen that the growth is 
practically unaffected by the choice of n. By 
comparing these curves with the experimental 
data plotted on Figs. 6 and 7, it can be seen that 
equation (E5) describes both the bubble growth 
and collapse. 

In summary, the error in Professor Forster's 
comments is his misinterpretation that in sub- 
cooled boiling gq, = q, 1.e. that equation (14) 
with gy q applies to subcooled boiling. As 
indicated in Part 2 of the text, the growth of a 
bubble in subcooled boiling is given by equations 
(17), (18) and (19). The comparison of pre- 
dicted values with experimental data is shown 
on Table 3, Figs. 3, 6, 7, 11, 12, 14 and in 
Appendix D on Tables Al, A2 and A3. No 
further comment appears necessary. 
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NATURAL CONVECTION IN AN AIR LAYER ENCLOSED 
BETWEEN TWO VERTICAL PLATES WITH DIFFERENT 
TEMPERATURES* 


2 E. R. G. ECKERT+ and WALTER O. CARLSON: 
Heat Transfer Laboratory, University of Minnesota, Minneapolis, Minn., U.S.A. 


(Received 22 January 1960) 


Abstract—The temperature field in an air layer enclosed between two isothermal vertical plates with 
different temperatures has been investigated with the help of a Zehnder—Mach interferometer. Loca! 
heat transfer coefficients were derived from the temperature gradients in the air normal to the plate 
surfaces. Below a certain Grashof number and above a certain value of the height to thickness ratio, 
; heat is transferred from the hot to the cold boundary by conduction in the central part of the layer. 
; Convection contributes only in the corner regions. For large Grashof numbers and below a certain 
limit of the height to thickness ratio, boundary layers exist along the surfaces of the enclosure, whereas 
in the central core the temperature is uniform in horizontal planes. The temperature increases, how- 
ever, in vertical direction. Fluctuations in the flow and wave motions were observed in some of the 
‘ experiments. Relations for local and average heat transfer are presented. 


Résumé—Le champ termique d'une couche d’air comprise entre deux plaques verticales isothermes 
- ayant des températures différentes a été étudié au moyen d'un interférométre de Mach-Zehnder. Les 
coefficients locaux de transmission de chaleur ont été déterminés a partir des gradients de température 
de l'air, perpendiculaires aux plaques. Au-dessous d’un certain nombre de Grashof et au-dessus d’une 
certaine valeur du rapport hauteur/épaisseur, la chaleur se transmet par conduction dans la partie 
centrale de la couche, de la frontiére chaude a la frontiére froide. La convection n’intervient que pres 
des angles. Pour de grands nombres de Grashof et au-dessous d’une certaine limite du rapport hauteur 


7 épaisseur, des couches limites existent le long des surfaces de lenceinte, alors que dans la partie 
a centrale la température est uniforme dans des plans horizontaux. Cependant, la température croit 
4 suivant la verticale. Des fluctuations dans l’écoulement et des mouvements d’ondes ont été observes 
: dans quelques unes des expériences. Des relations pour la transmission de chaleur moyenne et locale 


- sont présentées. 


Zusammenfassung—Das Temperaturfeld einer Luftschicht zwischen zwei senkrechten, verschieden 
temperierten Platten wurde mit Hilfe des Zehnder—Mach-Interferometers untersucht. Aus den 
Temperaturgradienten der Luft normal zur Plattenoberflache wurden Ortliche Warmeiibergangskcet- 
fizienten abgeleitet. Unterhalb einer gewissen Grashofzahl und oberhalb eines gewissen Verhaltnisses 
Hohe zu Breite wird Warme im Mittelteil nur durch Leitung ubertragen und nur in den Ecken auch 
durch Konvektion. Fir grosse Grashofzahlen und oberhalb einer gewissen Grenze des Hoéhe-Breite- 
* Verhiltnisses existiert eine Grenzschicht langs der Schichtoberflachen, wahrend im Mittelteil die 

Temperatur in horizontalen Ebenen gleichférmig ist, in senkrechter Richtung aber ansteigt. Bei einigen 
Versuchen wurden fluktuierende Str6mung und Wellenbewegungen beobachtet. Beziehungen fiir den 
; Ortlichen und mittleren Warmeiibergang werden angegeben. 


AnnoTauna TemilepaTypHoe B C.10e BO3TVXa ABVMA 
TeEMMepaTYPHEIX B BOSLyXa B Mepiter- 
K TOTMMHe TepeHoc Telia oT ropAyell K 


* The paper is an extension of a Ph.D. thesis by Walter O. Carlson [1]. 
ry + Professor of Mechanical Engineering, University of Minnesota. 
+ Leader, Physics Group, Radio Corporation of America, Moorestown, New Jersey. 
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NATURAL CONVECTION 


IN AN AIR LAYER 


BEICOTAa K COA COM CYULeCTBYIOT TOAbKO 

Kak B CeYeHHH TeMMepaTypa paBhHoMepHa B M1OCKOCTAX. 

TeMMepaTypa B BEPTHKAIbHOM B HeKOTOpLIX OMbITAX 

Had BOTHH B TOTOKA. aHHble 10 


NOMENCLATURE 
constant; 
gravitational acceleration; 
height of air layer; 


7 heat transfer coefficient; 


T. : T. heat transfer coefficient ; 
thermal conductivity; 

thickness of air layer; 

exponent; 

exponent; 

heat flow per unit area and time; 
temperature ; 

width of air layer; 

distance from corner; 

depth of penetration; 

distance from wall 

thermal diffusivity ; 

thermal expansion coefficient ; 
kinematic viscosity; 

boundary layer thickness. 


Indices 
center region; 
cold; 
departure corner; 
hot or based on height; 
based on L; 
centerline; 
starting corner ; 
wall (either hot or cold); 
based on x; 
indicates average value. 


Dimensionless parameters: 


Tx — Tc)L? 
Grp = a - Grashof number 


based on L: 


Tu — Tc)x* 


based on x; 


Gr, 2 
Ty — Tc)H? 

74 based on H; 


- 


based on 7, — 
and x; 

1 

k Nusselt number based on L; 


k Nusselt number based on x; 

hH 

, average Nusselt number based 
on 


, 


vx 
Nusselt number based on and x; 


Prandtl number; 
(Gr) (Pr) Rayleigh number. 


INTRODUCTION 

AIR layers enclosed between two vertical plates 
with different temperatures are used in many 
engineering applications as a means to decrease a 
heat flux and the corresponding heat losses. 
Natural convection arising in such layers limits 
the insulating effect. In other applications, the 
convection in the enclosed fluid is utilized to 
transport heat. Accordingly, the problem of 
predicting the amount of heat transported 
through such a layer has found considerable 
attention in the past. A first publication [2] on 
this subject by W. Nusselt in 1909 was followed 
by a series of other papers [3-11] reporting on 
experimental studies. The most extensive ones 
are the papers by Mull and Reiher [4] and by 
De Graaf and van der Held [10]. The aim of 
these studies was primarily to measure the 
amount of heat which is transported from the 
hot to the cold plate in such a geometry. The 
results, as far as they were presented by dimen- 
sionless relations, were put into the form 


Nu = C(Gr)" ( 


where Nu indicates the Nusselt number describ- 
ing the average heat transfer coefficient, Gr is the 


- 
H, 
TH - 
h’ Nu z —= 
k, Nuy = 
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Grashof number, H the height and L the thick- 
ness of the air layer. An increase in the exponent 
m from 1/4 to 1/3, which was found to occur at a 
certain Grashof number, was interpreted as 
indicating a transition from laminar to turbulent 
flow. Batchelor published in 1954 an analytical 
study [12] of the problem of natural convection 
in enclosed gas layers. He came to the conclusion 
that various flow regimes exist depending on the 
value of the Rayleigh number Ra (Ra = Gr Pr) 
and on the geometry. Heat is transported from 
the hot to the cold plate essentially by conduction 
when the Rayleigh number is small or moderately 
large and when the thickness of the fluid layer is 
small relative to its height. Convective effects 
occur in the corners of the layer only. For large 
Rayleigh numbers, on the other hand, boundary 
layers were postulated to build up along the 
bounding surfaces and a core of uniform tem- 
perature and vorticity was assumed to exist in 
the central region when the Rayleigh number 
approaches infinity. Batchelor also concluded 
from his analysis that the flow was laminar in all 
of the experiments, the results of which were 
published up to that time. A boundary layer 
analysis of free convection in a completely 
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enclosed cylindrical region was performed by 
S. Ostrach [13]. Analytical and experimental 
studies of free convection in a fluid enclosed 
between two infinite vertical planes with locally 
constant heat flux at the hot and cold surface 
are contained in [14 and 15]. 

The study reported in this paper applies a 
Zehnder—Mach interferometer to the investiga- 
tion of the temperature and flow conditions 
in an air layer enclosed between two vertical 
plates. The interferograms can be evaluated to 
obtain the temperature field. They also give 
indications of the presence or absence of velocity 
fluctuations and of turbulence. The existence and 
extent of boundary layers is clearly indicated 
and local heat transfer coefficients can easily be 
evaluated from the temperature field. In this way, 
a general understanding of the flow and heat 
transfer processes can be obtained leading to 
information which can be utilized for other 
geometries as well. 


TEST APPARATUS 
It was the aim to design the test apparatus for 
the following conditions: Two-dimensional flow 
and heat transfer are to be established in an air 
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a copper plates, b balsa wood spacers, ¢ balsa wood plates, d optical glass plates, e cork strips. 
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layer enclosed between two vertical planes. The 
temperatures are to be uniform over each plane, 
but with a different value for each of them. The 
horizontal walls by which the air layer is bounded 
are to be adiabatic to heat and mass flow. Fig. 1 
gives a sketch of the apparatus in its essential 
features. It consists of two vertical copper 
plates a 15 in. high, 16 in. wide and 0-5 in. thick. 
The plates were polished and nickel-plated on 
the surfaces bordering on the air layer. One of 
the plates was heated by an electric heater con- 
sisting of a 0-005 in. « 0-125 in, Nichrom ribbon 
wound on a mica sheet. A second heater 
separated from the first one by a 0-5 in. thick 
balsa wood plate acted as a guard heater. The 
second copper plate was cooled by water 
running through a jacket attached to the back 
surface of the plate. The cooling water was kept 
at a constant temperature of 78°F by a Hoeppler 
thermostat type N. Thirteen thermocouples were 
inserted into each of the plates beneath the 
nickel-plated surface and revealed a maximum 
temperature variation of 3°F over the surface of 
the hot plate and a maximum variation of 1°F 
over the surface of the cold plate at a temperature 
difference of 160°F between both plates. The 
upper and lower walls b enclosing the air space 
were made of balsa wood. These spacers were 
available with different dimensions L. The two 
vertical end plates ¢ were also manufactured from 
balsa wood. Two glass windows d with 6 in. 
diameter were inserted into these end plates so 
that the light beam of the interferometer could 
pass through the air layer. One of the glass 
plates was 0-08 in., the other one 0-125 in. thick. 
The end pieces with the glass windows could be 
moved in a vertical direction and in this way the 
air layer could be viewed through the inter- 
ferometer in its whole extent. One-fourth in. 
thick cork strips e were placed between the copper 
plates and the end pieces in order to reduce the 
heating of the windows. Windows with a small 
thickness were chosen to avoid distortions in the 
interferograms caused by stresses in the glass. 
It was interesting to note that no extensive 
polishing of these glass plates was necessary 
because of their small thickness, but that 
plates with sufficient optical quality could be 
selected from a stock of normal optical glass 
plates. 


The height of the air layer under investigation 
could be changed by additional balsa wood 
spacers which were clamped between the two 
copper plates. In this way the following heights 
of the layer were investigated: 14 in., 3-5 in. and 
3 in. The length L was adjusted by the use of 
various spacers to values of 0-3 in., 0-7 in. and 
1-4 in. The vertical centerline temperature 
profile was additionally measured at a length L 
of 3-75 in. and 6 in. The width W in light beam 
direction was 16 in. From the results of the 
previous work referenced in the Introduction, 
it was concluded that this dimension is sufficient 
to make end effects on the two small vertical 
surfaces negligible and in this way to approxi- 
mate well a two-dimensional situation. An 
additional verification was obtained by 
measuring the temperatures in the air layer 
along a horizontal centerline parallel to the 
copper plates with a thermocouple probe. 

The temperature difference between the hot 
and the cold plate was varied between 10° and 
160°F at 25° intervals. Steady state conditions 
were established before any measurements or 
interferograms were taken. 

The interferometer used for the study was an 
instrument constructed at the Heat Transfer 
Laboratory of the University of Minnesota, with 
financial support from the Graduate School of 
the University. It has, with a few exceptions, 
the same design as the instrument described 
in [16]. An evaluation of the interferograms 
results in the density field of the air layer and 
with the assumption of a locally uniform pres- 
sure also in the temperature field. A description 
of the evaluation procedure and also of a cal- 
culation of the end losses and refraction losses 
is contained in [1]. Both losses were found to be 
negligible. 

The temperature in the air layer was 
additionally measured along vertical and hori- 
zontal centerlines with a thermocouple probe 
made out of No. 30 manganin- and constantan- 
wire. The measurements with this probe agreed 
well with the temperatures obtained by an 
evaluation of the interferograms. 

The overall heat flux from the hot to the cold 
plate was obtained from the interferograms as 
well as from a measurement of the input of 
electric energy into the hot plate or the heat 


~ 
aA 
: 
l. 
5 1 
a 


110 E. R. G. ECKERT and WALTER O. CARLSON 


transfered to the cooling water, after correction 
for the heat conduction losses, and of the radia- 
tive heat transfer. The values obtained in both 
ways agreed within 10 per cent. It is assumed 
that the evaluation of the interferograms gives 
the more accurate values. 


TEMPERATURE FIELD 

Figures 2(a)(d) present a few samples of the 
interferograms taken during this study. The 
interferometer was, for this work, adjusted in 
such a way that the interference fringes were 
horizontal when the light beam was traveling 
through a field of uniform density. The fringes 
in Fig. 2(a) indicate, therefore, by their straight- 
ness a linear density and temperature drop in the 
direction from the hot to the cold plate. The 
lines are just slightly curved at the upper and 
lower corners of the air layer. Fig. 2(b) displays 
straight fringes in the central portion of the 
air layer. The fringes, however, are considerably 


(a) conduction regime, 


more distorted in the corner regions. For the 
conditions indicated in the subscripts of the two 
figures, heat is therefore transported by con- 
duction in the central part of the air layer. This 
does not mean that the fluid is completely at 
rest. It only indicates that no heat transport is 
connected with the flow in the central part. The 
distortion of the fringes and of the temperature 
field near the corners, however, can be attributed 
to convective energy transport. Fig. 2(d) displays 
a completely different behavior of the tempera- 
ture field. There exists a layer in the central 
part in which the interference fringes are 
horizontal, indicating that the temperature is 
constant on horizontal lines. The temperature 
gradients are concentrated in two layers adja- 
cent to the hot and the cold surfaces. This 
behavior of the temperature field can be inter- 
preted as two thermal boundary layers on both 
vertical surfaces separated by a core with a 
temperature which is constant along horizontal 
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(b) transition regime. 


Fic. 3. Temperature field in air layer with 14 in. height. 


Vol. 
2 
1961 


= 
| 
X= 13.5 in, 
13 13 
\ 
12 
10 
10 
| 
a | 

\ 
| | 
ae | | 
| 2 
- — 60+—_\—+ + -- 
| 
= ot 

0.28 0.42 0.56 a7 0.56 0.70 


WS 


Tu 


1-4 in., Ty 
counted from top. 


0-7 in., 


in., L 


(d) H— 14in., L 


~ 
~ 


c 
— 
ob 
— 
4 


10 
10 F 


first and second quarter of the airspace 


Fic. 2. 


T 


n., = 03 Tx 
figures present the 


(b) H 14 in., L = 0:7 in., Ty 
The 


(a) H 141 


\ NS 

| (a) NS (b) N 3 

(0) @) | \ = | 


Vol. 
2 
1961 


ae 

= 

By 


NATURAL CONVECTION IN AN AIR LAYER lil 


0.28 


(c) boundary layer regime. 
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lines. It will be shown later on and discussed in 
more detail, that the temperature in the core is 
not constant along vertical lines. The two 
thermal boundary layers may not coincide with 
the flow boundary layers and will probably give 
little information on the flow field in the corners. 

The temperature field is obtained quanti- 
tatively by an evaluation of the interferograms. 
Samples of these fields are presented in Figs. 
3(a)-(c). In these figures, the local temperature 
T minus the temperature Tc of the cold plate is 
plotted over the distance y from the hot plate in 
inches. The temperature scales on the ordinate 
belong to two of the temperature profiles; the 
others are shifted in vertical direction. Fig. 3(a) 
shows a temperature field with a linear tempera- 
ture drop in the center portion. Such a situation 
will, in the following, be referred to as the 
“conduction regime’’. Fig. 3(c), on the other 
hand, displays the central core with a horizontal 
part of the temperature profiles and the two 


thermal boundary layers in which the tempera- 
ture gradients are concentrated. It can be 
observed that the boundary layer grows in 
thickness in an upward direction on the hot 
plate and in a downward direction on the cold 
plate. The shape of the temperature profiles in 
the boundary layers resembles the shape of the 
temperature profile arising in free convection 
boundary layers on a single heated or cooled 
plate. The conditions under which such a 
temperature field with a core of uniform tem- 
perature in direction along horizontal lines 
exists will be referred to as “boundary layer 
regime”’. Fig. 3(b) shows the temperature profiles 
for conditions between the boundary layer and 
the conduction regime. The temperature profiles 
are curved throughout the whole height of the 
air layer, indicating that convection contributes 
to the heat flow from the hot to the cold plate. 
There exists, however, no horizontal part in the 
profiles. In a sense one can say that the two 
boundary layers have met and grown together. 
This regime will be called “transition regime”. 
Figures 4(a)(c) present the temperatures 
measured along a vertical line placed midway 
between the hot and the cold surface. The 
temperatures are plotted in a dimensionless way 
as ratio of the centerline temperature minus the 
cold plate temperature to the hot plate tempera- 
ture minus the cold plate temperature. Fig. 4(a) 
shows the temperature profiles for measure- 
ments in the conduction and the transition 
regimes as defined before. The experimental 
points, indicated by crosses, have been obtained 
for conditions in the conduction regime. The 
region with a linear temperature drop from the 
hot to the cold plate coincides with the region in 
Fig. 4(a) for which the temperature parameter Is 
equal 0-5. The other points are for measure- 
ments in the transition regime. Figs. 4(b) and (c) 
present the results of measurements in the 
boundary layer regime, one for a height to 
distance ratio equal 10 and the other one for 
H/L = 2-5. It can be observed that the tempera- 
tures in the core of the air layer are by no means 
constant but vary approximately in a linear 
fashion. The temperature variation in the 
boundary layer regime appears not to be affected 
essentially by the parameter H/L. In his paper 
[12] Batchelor came to the conclusion that the 
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temperature in the core is uniform for infinite 
Rayleigh number, and this statement was 
utilized in the other analytical papers as well. 
According to Fig. 4, this situation does not yet 
exist in the investigated Grashof number range. 
For air with a Prandtl number of 0-71, the 
Rayleigh number is of the same order of magni- 
tude as the Grashof number. It may be expected 
that the flow within the boundary layers becomes 
turbulent at a Grashof number of order 10°. It 
is, therefore, doubtful, whether a core of uniform 
temperature will ever exist together with laminar 
boundary layers unless the ratio H/L is very 
small. 

It has to be expected that, for sufficiently 
small temperature differences, a symmetry 
exists in the temperature field around the mid- 
point in the sense that the field in the lower half 
of the airspace is a negative image of the field in 
the upper half provided the balsa wood walls are 
completely adiabatic to heat flow. This requires 
the centerline profiles in Figs. 4 to pass through 
the value 0-5 at the position x/H = 0-5. The fact 
that this is not quite the case in Figs. 4(b) and (c) 
indicates a slight heat loss through the balsa 
walls or it is a consequence of the temperature 
dependence of the air properties. 


FLOW REGIMES 
The number of parameters on which local heat 


transfer on the hot and cold surfaces depends 
can be determined by dimensional analysis. 
This analysis predicts that a relationship of the 
following form exists 


Nu = f(Gr, Pr, H/L, W/L, x/L), (1) 


(the notation is explained in the nomenclature), 
if the temperature differences in the field 
are sufficiently small to neglect the variation 
of properties and for the boundary conditions 
and the geometry of the present investigation. 
It was pointed out in the Section “Test 
Apparatus” that the influence of the parameter 
W/L is negligible. The Prandtl number for air 
near atmospheric temperature is _ practically 
constant. The variables in the relationship (1) 
then reduce to 


Nu = f(Gr, H/L, x/L). (2) 


The form of the function f will be different for 
the various regimes and it is, therefore, of 
advantage to establish at first the limits for those. 
A relation of the form 


Gr = f(H/L) (3) 


is predicted by dimensional analysis for the 
limits between the various flow regimes when 
they are defined in the way as discussed in the 
previous section. The various interferograms 
were therefore investigated and those in which a 
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linear temperature drop exists in some part of 
the flow field are indicated by circles in Fig. 5. 
The conditions for which a horizontal part of the 
temperature profile exists at least over part of 
the field are indicated by crosses. The other 
experimental runs are indicated by squares. 
The number of runs is actually not sufficient to 
establish the limits between the various heat 
transfer regimes exactly. The heavy lines in the 
figure, however, should not be too far from the 
actual location of the limits. Batchelor [12] 
derived from various estimates the relation 


Gr, Pr = 500 H/L 


for the limit of the conduction regime. This 
limit is also presented in Fig. 5 as thin full line. 
Its location agrees fairly well with the experi- 
ments. Its slope, however, appears somewhat 
too small. The significance of the dashed line is 


BOUNDARY 


CONDUCTION REGIME T TRANS!TION LAYER REGIME 


Fic. 5. Extent of various regimes. 


Figures in bracket give height and thickness of air 
layer. 


discussed in the Appendix. The Grashof number 
appearing on the abscissa of this figure has been 
based on the distance L between two plates 
according to the relation 
Turbulent fluctuations could be observed in 
some of the test runs. They were in most cases 
restricted to the core region. Runs which 
exhibited these fluctuations are indicated by a 
short line attached to the test points. It appears 
from inspection of Fig. 5 that the turbulent 
fluctuations are not connected with the estab- 
lishment of the various flow regimes. The 


H 


intensity of the fluctuations, however, increased 
in any series of runs for a fixed H/L ratio with 
increasing Grashof number. The fluctuations 
had a comparatively low frequency; in some 
cases regular wave motions of the form as 
described in [17] were also observed in the 
boundary layers. 


HEAT TRANSFER IN CONDUCTION REGIME 

This regime is characterized by the fact that 
heat is transferred between the two vertical 
plates by conduction only in the central part of 
the air layer. From the equation 


k 
q L (Tu Tc) = hATu Tc) (5) 


which defines the local heat transfer coefficient 
on the hot or the cold surface, the following 


relation 

6 

k (6) 
is obtained for the local Nusselt number in this 
region. Nu,,.can also be interpreted as ratio of an 
apparent conductivity of the air layer to the 
actual conductivity k. The evaluations from 
the interferograms agree very accurately with 
the relation (6). 

The local heat transfer conditions are different 
in the corners of the air layer. From the sym- 
metry of the situation pointed out before, it has 
to be expected that almost the same heat transfer 
coefficients apply for the cold and the hot plate 
at diagonally opposite corners. An evaluation of 
the interferograms showed that in one pair of 
corners heat transfer coefficients were larger 
than in the central part. These corners will be 
called “starting corners’. They are the lower 
corner on the hot and the upper corner on the 
cold plate. In the two other corners, heat 
transfer coefficients were found to be smaller 
than in the central portion. These corners will be 
called ‘““departure corners”. 

As long as the end effects do not penetrate to 
the center of the plate, it has to be expected that 
the local heat transfer conditions in the corners 
are independent of the height H of the plates. 
Therefore, a relation of the following form is 
expected to describe the local Nusselt numbers in 
the corners 


Nu, = f(Gr,, x/L) (7) 


z 


3. 
00 
(14 ) 
| (3, 0.3) (14,14) 
| | | 
10° 10° 10° o° 
Gr, 
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with 
ax gh(TH — Tc)x* 
Gr, : 
Starting corners. An evaluation of the inter- 
ferograms indicated that the Nusselt number 
Nu, in the starting corners is independent 
of the ratio x/L. Figs. 6(a) and (b) present the 
Nusselt number Nu, as function of the Grashof 
number Gr, for the experimental runs in the 
conduction regime based on evaluation at the 
hot and at the cold plate. The experimental 
points can be well approximated by the following 
relation 


(8) 


Nu, 


Nu,,- = 0-256 (Gr,)**4 (9) 


indicated by the heavy lines in the figure. The 
length x on which the dimensionless parameters 
in this equation are based is the distance from 
the corner measured along the hot or cold plate 
surface. 


o 
a 


Fic. 6. Local Nusselt numbers at starting corners. 
(a) hot plate, (b) cold plate. 


An inspection of equation (9) indicates that the 
heat coefficient drops with increasing distance x. 
The limit for the applicability of equation (9) 
is reached at a point where the heat transfer 
coefficient, determined by the equation, becomes 
equal to the heat transfer coefficient in the center 
part of the plate. The corresponding distance x, 
from the corner will be called “depth of pene- 
tration”. It is obtained by setting the Nusselt 
number Nu, for the central part which is, 
according to equation (6), equal to x/L, equal to 
the Nusselt number as given by equation (9). 
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0-24 


Xp. s 2 0-24 
0-256 (Gr,)®* — 0-256 (Gri) 


The ratio of penetration depth to distance of the 
plates is therefore 
— 00075 (10) 


An average heat transfer coefficient for the cor- 
ner region is defined by the relation 


ix 
a, = - | h.dx (11). 
PJO 
and an average Nusselt number by 
12 
NUL, s (12) 


Inserting the heat transfer coefficient obtained 
from equation (9) into the relation (11), carrying 
out the integration, inserting the penetration 
depth from equation (10), and inserting the 
average heat transfer coefficient into equation 
(12) leads to the following expression for the 
average Nusselt number in the starting corner 


= 1-389. (13) 


Departure corners. An evaluation of the inter- 
ferograms for the departure corner indicated 
that the Nusselt number Nu, based on the dis- 
tance x from the corner is, in this case, a function 
of the ratio x/L in addition to the Grashof 
number Gr,. Figs. 7(a) and (b) present the 
Nusselt number Nu, as a function of the Grashof 
number Gr,. A second Grashof number Gr ;, was 
used as parameter rather than the ratio x/L, 
since it is a parameter that does not depend on 
the local position x. The relations in Figs. 7 can 
reasonably well be approximated by the equation 


= 2°58 (Gr,)** (Grr)-*5 (14) 


indicated by the heavy lines in the figures. This 
equation describes a heat transfer coefficient 
which is zero in the corner and increases with 
increasing distance x. The limit of applicability 
of equation (14) is again reached at a position 
x, where the heat transfer coefficient described 
by this equation becomes equal to the heat 
transfer coefficient valid in the center part of the 
plate. The relation 


— 0-00875 (15) 
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Fic. 7. Local Nusselt numbers at departure corners. 
(a) hot plate, (b) cold plate. 


is obtained in the same way as the one for the 
starting corner. 

An average Nusselt number for the departure 
corners can also be obtained in the same way as 
for the starting corners. The following relation 
is found from the previous equations 


Nur, « = 0-835. 


Average heat transfer. The total heat flux Q 
from the hot to the cold plate, including the 
corner regions, can be obtained from the 
following equation 


QO = [h.H + (h, - - h.)Xp,3 + 
(hy - h.)X»y,a\ (Tu - Tc). (17) 


Changing from heat transfer coefficients to 
Nusselt numbers, one obtains 


+ — 1) (18) 


Introducing the Nusselt numbers Nuz,, and 
Nuz,4 from equations (13) and (16) and the 


penetration depths from equations (10) and (15) 
leads to the following relation 


L 
Nut, = 1 + (0-00292 (Gri) 
0-00144 


which in the investigated Grashof number range 
can well be approximated by the equation 


— L 
Nu, = + 0-00166 (19) 


Batchelor [12] obtained in his analysis by a heat 
balance for the corner region an equation for the 
average Nusselt number which in the terms used 
in this paper reads 

28 —1L 


Nu 


Gry Pr. 

The parameter 8 remains undetermined in the 
analysis. He estimates it to have a value close to 
one. This relation agrees well with the equation 
(19) which was derived from our experiments. 


HEAT TRANSFER IN BOUNDARY LAYER REGIME 


Local heat transfer. Fig. 3(c) presented the 
temperature field for a situation in the boundary 
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layer regime. It indicates that the boundary 
layers on the two vertical surfaces grow in a way 
which is similar to the behavior on a single 
vertical plate when the regions in the immediate 
neighborhood of the corner are excluded. This 
suggests a check whether a relation similar to the 
one for a single plate will describe heat transfer 
in the boundary layer regime of the enclosed 
space. A heat transfer coefficient is therefore 
defined by the following equation 

q@=h'(T, — Tn) (20) 


in which 7, indicates the surface temperature of 
either the hot or the cold plate. 7,,, is the tem- 
perature in the centerline at the height x for 
which the heat flux g and the local heat transfer 
coefficient /’ are defined. The distance x is in the 
boundary layer regime always measured from 
the starting corner of the plate. It increases, 
therefore, in the direction in which the boundary 
layer grows. Dimensionless Nusselt numbers and 
Grashof numbers are, accordingly, 
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Figs. 8(a)-(c) present the results of the evaluation 
of the experiments. Fig. 8(b) contains as points 
the experimental results in the boundary layer 
regime for an air layer with the height to 
thickness ratio H/L = 10; Fig. 8(c) shows the 
results for a ratio H/L = 2:5. In the evaluation of 
the dimensionless parameters, the properties 
have been introduced at wall temperature. It can 
be observed that the experimental points in both 
figures correlate quite well on a single line, 
indicating that the parameters in equations (21) 
and (22) are the important ones for the boundary 
layer regime. No satisfactory correlation is, 
however, obtained when the parameters Nu, 
and Gr, are used, which are based on the tem- 
perature differences 7 — Tc. The correlation of 
the parameters Nu’ and Gr’, on the other hand, 
holds even for the test runs in the transition regime 
presented in Fig. 8(a). The heavy line in the three 
figures which averages the experimental points 
has the relation 


Nu’, = 0-231 (Gr{)**°. (23) 
Nu; k (21) 
‘ It appears in the figure that a slightly bent line 
Ge" — Tm)X (22) would give a somewhat better agreement with 
the experimental points; however, it is felt that 
100¢ —,'00 
sof SYMBOL (a) 189 
10 


Nu. 


10° io” 


Fic. 8. Local Nusselt numbers in boundary layer and transition regime (evaluated on hot plate). 
A. line averaging test points, B. flat plate relation 
(a) transition regime, (b), (c) boundary layer regime. 
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the accuracy with which the test points correlate 
on a single line does not warrant to take this 
effect into account. The points for each test 
run at the lowest and highest Grashof number, 
especially in Fig. 8(c), lie below the curve 
representing equation (23). This expresses the 
fact that the boundary layer growth right at the 
corners is influenced by the corner geometry. 
Equation (23) then is a relation which describes 
local heat transfer conditions on the heated and 
cooled surfaces enclosing an air layer in the 
boundary layer and in the transition regime. 
The equation can be used to calculate the local 
heat flux as soon as the centerline temperature 
is known. Fig. 9 summarizes once more the 


Tm ~ Te 
Te 
Fic. 9. Centerline temperatures 


Curve (a) holds for Ty — Tc = 10°F, all other curves 
for TH — Tc from 35° to 160°F. 


results of the centerline temperature measure- 
ments which have been presented before. It also 
includes measurements on an air layer with a 
height of 14 in., and with 3-75 in. and 6-0 in. 
thickness. 

The following general features of the center- 
line temperature can be deduced from Figs. 
4 and 9. The centerline temperature is constant 
for small values of Gr, and large values of H/L 
throughout the whole height of the layer. With 
increasing Gr; or decreasing H/L, temperature 
variations occur at first near the upper and lower 
boundaries of the layer. The centerline tempera- 
ture moves closer to the hot plate temperature 


Ty near the upper boundary and closer to the 
cold plate temperature near the lower boundary. 
The regions of varying temperature cover a 
range which increases with increasing Gr, until 
they meet in the center. Further on the tempera- 
ture profile straightens out until it becomes 
practically linear within the boundary layer 
regime. In this regime, the centerline temperature 
varies with local position x in a linear way, and 
the thickness of the layer has a comparatively 
small influence. 

The experimental points in Fig. 4(a) appear 
not to demonstrate the gradual change of the 
profile shape in the transition regime. This, 
however, is caused by the fact that the Gr, 
variation in the tests with Ty — Tc between 35 
and 160°F is only a small part of the whole Grz 
range in the transition regime. 

The shape of the temperature field in the con- 
duction and in the boundary layer regimes 
explains a peculiar behavior of the heat flow 
through enclosed vertical air layers which has 
been predicted by Batchelor [12] and found 
experimentally by E. Schmidt [18]. It was found 
that for a vertical air layer, enclosed by a cooled 
and a heated vertical plane, the heat flux increas- 
ed when the air layer was subdivided into 
smaller cells by thin horizontal partitions. This 
observation can be explained by the fact that the 
horizontal partitions cause heat to be transported 
by convection in the conduction regime and new 
thermal boundary layers to start on the hot and 
cold surfaces in the boundary layer regime. 
The average boundary layer thickness in the 
space with partitions will, therefore, be smaller 
than when the partitions are left off. 

Dashed lines have been inserted into Fig. 8. 
They represent the relation describing laminar 
free convection heat transfer on a single vertical 
plate in an infinite surrounding of constant tem- 
perature [Ref. 19, p. 315]. Equations (20) to (22) 
have been used to define the heat transfer para- 
meters and the correct measured value 7,, was 
introduced for each location x. It can be observed 
that the correlation for the enclosed space in- 
dicates higher Nusselt numbers, especially for 
larger Grashof numbers. This can have its 
reason in a beginning turbulence or, more 
probably, in the fact that the core of the fluid 
has not a uniform temperature and that the flow 
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boundary layer develops in a way that is different 
from the situation on a single plate. This one 
can prove simply by a continuity consideration. 

Average heat transfer. An average heat 
transfer coefficient can be calculated from 
equation (23) for the boundary layer region. 
With the definitions 


H 
Nuy = — Tc) = 1 gdx. (24) 
there is obtained 
1 H 
\ dx 

H Nu! Ty — Tm 

| (25) 


The centerline temperature parameter in Fig. 4(b) 
can be approximated by the equation 


Ty 


x 
22. 
7 = 983-005 


(26) 
Introduction of this relation and of equation (23) 
into equation (25) leads to 


= 0-119 


Batchelor [12] estimated the rate of heat 
transfer in the boundary layer region and 
obtained the relation 


Nuy = C (Gry)4 


with values 0-38 and 0-48 for the constant C. 
The difference between this equation and 
equation (27) is probably due to the fact that 
Batchelor assumed a core with uniform tempera- 
ture. 

In terms of the parameters Nu, and Gr, the 
equation (27) reads 


Nun (27) 


0-1 
Nuz = 0-119 (Grz)3 


This relation indicates a small effect of the 
height to thickness ratio on Nu, or the equivalent 
ratio k,/k of apparent conductivity to true 
conductivity of the fluid. The heat transfer 
coefficients calculated with this equation agree 
within approximately 20 per cent with previous 
measurements [4]. It has to be kept in mind that 
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the equation (27) holds only for the boundary 
layer regime because of the linear relation for 
the centerline temperature which was used in the 
integration. 

The exponent in equation (23) might suggest 
that the flow in the boundary layers is turbulent. 
This, however, does not agree with the visual 
observation of the temperature field as outlined 
before. We assume rather that the temperature 
variation in the core of the fluid is responsible 
for the relatively high value of the exponent. 


APPENDIX I 


A first order determination of the limit 
between the conduction regime and the boundary 
layer regime can be based on the assumption 
that this limit occurs when the two boundary 
layers on the hot and cold surfaces meet some- 
where within the air layer. Since only an order 
of magnitude determination is desired, a relation 
for the boundary layer thickness may be used 
which holds for a single vertical surface. The 
local heat transfer for a vertical plate of constant 
temperature in an infinite environment is, 
according to E. Schmidt and W. Beckmann, 
described by the following relation [Ref. 19, 
p. 315]. 


Nu, = 0-360 (Gr,)'4 (28) 


for air with a Prandtl number equal 0-714. The 
boundary layer thickness is connected with the 
Nusselt number by the following relation 


to 


Nu, 
8 
if the temperature profile is approximated by a 
parabola [Ref. 19, p. 315]. Assuming that the 
two boundary layers meet at an x value which is 
half the height H of the air layer, the following 
relations will hold 


From the above equations, it follows that 


14 
2H 0-360 (Gru)** 


H 3/4 
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The height to thickness ratio finally is 


H 

This relation is inserted in Fig. 5 as a dashed line. 
It may be observed that this line generally 
agrees quite well with the average for the limits 
between conduction and mixed regime and 
between mixed and boundary layer regime. The 
dashed line, however, is definitely more inclined 
than the limits obtained from the measurements. 


1:32 «x (29) 


APPENDIX HU 
Batchelor pointed out [12] that the following 
heat balance has to be fulfilled for the corner 
region of the air space in the conduction regime. 


= — Qa 


Q.., is the enthalpy carried by convection through 
a plane 1-1 (Fig. 10) arranged sufficiently far 
from the corner to make end effects negligible. 
Q, is the heat flux entering the plate in the 
starting corner region (in Fig. 10 the cold plate) 


Fic. 10. Sketch of upper end of layer with tempera- 
ture and velocity field in conduction regime. 


and Q, is the heat flux leaving the plate in the 
departure corner region (in Fig. 10 the hot plate). 
The temperature profile along 1-1 is given by 


T—T. (Ta To) (, 


The velocity profile along 1-1 is, according to 
Batchelor [12], 


a Ray 
27): 
Its shape is indicated in Fig. 10. The convective 
transport per unit width W can be expressed by 
the equation 


(CL 


O.., ply (|, Tudy | Tudy 


L/2 
PCy | (T — T,,)udy + | (T T dy | 


) J L/2 


CL/2 
2pc, | T,,, udy. 


Introduction of the above expressions for 7 and 
u and integration results in 
The conductive heat fluxes may be obtained 
from equations (9) and (14). One obtains by 
integration 


QO, — O, = k (0-00292 


0-00144 (TH — Te) 


when the distance of plane I—1 from the end of 
the air space is chosen equal to or larger than the 
penetration depth x,,, (Fig. 10). 

For a Prandtl number 0-72 and a Grashof 
number Gr; = 10°, the convective heat flux is 


O.., Tu ) 
and the difference of the conductive fluxes is 
0, oF 1-34 k( Ty Tc). 


The heat balance appears, therefore, reasonably 
well fulfilled, especially when it is kept in mind 
that for larger Gr numbers the agreement becomes 
even better. 
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FREE-CONVECTION SIMILARITY FLOWS ABOUT TWO- 
DIMENSIONAL AND AXISYMMETRIC BODIES WITH 
CLOSED LOWER ENDS 
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Abstract—Families of bodies with closed lower ends are found that have similar velocity and tem- 
perature profiles along their entire extents. Several two-dimensional and axisymmetric bodies are 
presented, and growth of boundary-layer thickness and velocity along the surfaces, as well as the 
heat transfer, are computed for a wide range of Prandt! numbers. The effect of variable wall tempera- 
ture is discussed, and the extension of the results to nonsimilar bodies is indicated. 


Résumé—I] a été trouvé que des familles de corps ayant leur extrémité inférieure fermée avaient des 
profils de vitesse et de température semblables sur toute leur longueur. Plusieurs corps de révolution 
et bidimensionnels sont présentés; l’épaississement de la couche limite et la vitesse le long de leur 
surface, aussi bien que la transmission de chaleur, ont été calculées pour un grand domaine de nombres 
de Prandtl. L’effet d°une température de paroi variable est discuté et l’extension des résultats a des corps 
différents est indiquée. 


Zusammenfassung—Es zeigt sich, dass es Familien von K6rpern mit geschlossenen unteren Enden gibt, 
die ahnliche Geschwindigkeits- und Temperaturprofile iiber ihre ganze Erstreckung besitzen. Einige 
zweidimensionale und achsensymmetrische K6rper werden mitgeteilt und das Anwachsen der Grenz- 
schichtdicke und der Verlauf der Geschwindigkeit langs der Oberflache sowie die Warmeibertragung 
fiir einen grossen Bereich der Prandtlzahl berechnet. Die Wirkung einer veranderlichen Wandtempera- 
tur wird diskutiert und die Ausdehnung der Ergebnisse auf nichtaéhnliche K6rper angezeigt. 


cKopocteii TeMMepaTyp Ha BCeM UX 
HeCKOIbKO ABYXpasMepHBIX H OCECHMMeTPHYHBIX LIA KOTOPBIX B WIHPOKOM 
BLOIb MOBEPXHOCTH, a Tak7Ke O 
TeMMepaTYpbl CTCEHKM VRasbiBaeTCA BO3SMOAKHOCTh 
pesyibTaTb Ha Apyrue (He Teva. 


NOMENCLATURE H(»), temperature profile; 
A, constant; h(x), temperature growth function; 
a, b. c,d. constants; k, heat conductivity: 


E(a.q), elliptic integral of second kind; £. characteristic length; 
Fla, q), elliptic integral of first kind; M, boundary-layer parameter for 
F(»). stream function profile; variable temperature case; 
f(x), velocity growth function; m, body-shape parameter; 
G, acceleration due to gravity; n, temperature-difference index; 
2(X), boundary-layer thickness func- Nu, Nusselt number; 
tion: 0. origin: 
Pr Prandtl number; 


Now, Professor of Mechanical Engineering, Case R(X), body radius; 
Institute of Technology, Cleveland, Ohio. r(x), dimensionless body radius: 
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dimensionless radius of m 
body: 

Ra, Rayleigh number; 

s, variable of integration; 

temperature : 

Bis temperature far from body; 

t, dimensionless temperature differ- 
ence: 

cg, ¥, velocity components along and 
normal to body, respectively; 

characteristic velocity; 

a 3 co-ordinates along and normal to 


body surface: 


x, 7, dimensionless co-ordinates; 

axial co-ordinate; 

Z, dimensionless axial co-ordinate; 

a, thermal diffusivity; 

3, coefficient of thermal expansion; 

5, dimensionless boundary-layer 
thickness; 

boundary-layer similarity 
ordinate: 


unscaled boundary-layer similarity 
co-ordinate: 


6, half angle of cone; 
v, kinematic viscosity; 
p radius of curvature; 
parameter angle: 
us, dimensionless stream function. 
Subscripts: 
max, upper extremity of body; 
W, wall condition; 
X, Y, x, y, partial differentiation (except Gy 
and Gy). 
INTRODUCTION 


In forced convection, the concept of similarity 
flows has been thoroughly discussed. Falkner 
and Skan [3] made the primary investigation ona 
class of bodies that have similar velocity profiles 
in the boundary layer over their entire extents. 
The velocity at the edge of the boundary layer 
varies aS some power of the distance from the 
leading edge or stagnation point. 

The analogous discussion of similar natural 
convection flows was begun by Schuh [8]. He 
discussed the flow over a two-dimensional body 
having everywhere finite curvature and a bound- 
layer of constant thickness. Later, Merk and 


Prins [5] developed the general relations 
describing axisymmetric bodies as well. They 
showed that the cone is one axisymmetric body 
having a similarity flow. 

In this paper, we develop a considerable num- 
ber of the two-dimensional bodies and two more 
of the axisymmetric bodies. We limit ourselves to 
bodies with closed lower ends. The upper ends 
are open and usually the bodies are only of 
finite extent. The boundary-layer flows on these 
bodies are solved approximately by an integral 
method over a wide range of Prandtl numbers in 
order to show how the heat transfer varies along 
bodies and from body to body. Several numerical 
solutions for air are also presented. Finally, 
extensions to variable wall temperature and non- 
similar bodies are made. Although the flows are 
here treated as external to the bodies, the same 
formalism and solutions apply to internal 
boundary layers. 


NATURAL CONVECTION OVER 
TWO-DIMENSIONAL CLOSED-END BODIES 
Similarity conditions 
Consider the symmetric body shown in cross 
section in sketch (a). Its contour is described by 


Sketch (a) 


the radius from the axis R,(X), where X is the 
surface co-ordinate measured from the origin O. 
The co-ordinate Y is normal to the surface. The 
components Gy and Gy of the acceleration due 
to gravity in this system are, at the body surface, 


Gx = Gy [I — 
Gy = GR\. 
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The equations governing the flow of a thin 
boundary layer on the surface are 


Ux + Vy =0 (1) 

UUx + VUy vUyy 
+ Gy/[! — AT — 7.) (2) 
UTy + VTy alyy. (3) 


In equation (2), 8 is the coefficient of thermal 
expansion. 

Several simplifications have been incorporated 
into equations (1), (2) and (3). Curvature terms 
have been omitted under the assumption that 
the boundary-layer thickness is small compared 
with the local radius of curvature [4]. However, 
some of the bodies to be discussed have a 
vanishing radius of curvature at the tip and, 
therefore, the boundary-layer assumptions will 
not be valid there. In the case of liquids, the 
equations are limited to small values of the 
product §(T — T.,) [7]. For gases, however, the 
equations apply for arbitrary temperature 
differences provided that the products of den- 
sity by conductivity and density by viscosity 
are constant across the boundary layer [9]. 
Then 8 = 1/T,, and the equations as presented 
are derived from the compressible-fluid equations 
by a Dorodnitzyn-Howarth transformation. 
Near the bottom of the body, there may be an 
extended region of nearly horizontal surface. 
Stewartson [10] has shown that a boundary- 
layer phenomenon of a different, but weaker, 
kind may appear under such conditions. How- 
ever, only the usual (and presumably stronger) 
buoyancy-induced boundary layer is considered 
here. Lastly, it is assumed that the dissipation 
term may be omitted in the energy equation (3). 

For convenience, we nondimensionalize the 
equation by introducing a characteristic length 
L, a characteristic velocity V* to be determined 
later, and the temperature difference 7,, — T,,, 
where 7, is the temperature at a station along 
the wall to be specified later. The dependent and 
independent variables become, by introducing a 
dimensionless stream function, 


U y), V AX, y), 


T —T., =(T. — (x. y), 
X=iIx, Y=Ly, R&{X) = Le). (4) 
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Equations (2) and (3) become 


Vv 
VEL ys, uy 


A(T,,— T,,)GL 
+ 


Vv 


Pr(,t, VFL 


hey: (6) 


We seek a similarity solution of the form 


=f (x)F(m), y/g(x), t = h(x)H(y) (7) 


and ask under what conditions, i.e. for what 
bodies, the partial differential equations (5) and 
(6) become ordinary equations for F(y) and 
H(y). The functions F’(y) and describe, 
respectively, the velocity and temperature- 
difference distributions across the boundary 
layer. The functions g(x), f(x)/g(x), and /(x) 
represent the growth of boundary-layer thick- 
ness, velocity and temperature difference along 
the wall. 

Substitution of equation (7) into (5) and (6) 
yields 


B(T,, T,,)GL 


Vel \ (r’)?] hH, 


(8) 


h’ 
Pr fe (7 HF’ (9) 


If equations (8) and (9) are to reduce to ordinary 
equations in 7 alone, the following proportion- 
alities must hold: 


Constant wall temperature 
If we restrict ourselves to the conditions of 
constant surface temperature, then 


H(0)=1, A(x)=1, (11) 


123 
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The fourth of conditions (10) no longer applies. 
Furthermore. we may choose unity for the 
constants of proportionality in the second and 
third conditions, for it is easily shown that only a 
scaling of the variables F and 7 is involved. 
Thus, we are interested in finding body shapes 
satisfying 


m 


j f2=1, (2) 
subject to the condition, imposed by the sym- 
metry of the body, that the velocity vanish at 
x = 0. The functions fand g are found to be 


g 


m+ m, (m+1) m+ 1 ) (m+1) 
m 


f=| m 


(13) 


while the body contour is defined by 


m+] \2(m-3)/ (m+) 
/[ x} | (14) 


Equations (13) and (14) are special forms of 
relations found by Merk and Prins [5]. 

For any value of the parameter m, the axial 
co-ordinate of any position x along the surface 
is given by 


2(m—1)/ (m+1) 


m 15 


From (14) and (15 the radius of curvature p is 
found to be defined by 


l 
[ ] 

{(m — 3)/m} f x) 
( 
] \ 2(m—3),/ (m+1)7) 

J J 


Specific body shapes 

In equation (14) it is apparent that negative 
powers of x within the radical result in imaginary 
values of r’ near the origin. Consequently, there 
is a restriction on the body parameter m of the 
form 


4/(m+1) 


(16) 


2(m — 3) 
m-+ | 


20 (17) 


which has the solutions 
m23, ms —l. (18) 


All values of the parameter m are thus available 
for constructing contours except the values 


m < 3. (19) 


With positive powers of x occurring in the 
radical, it is necessary, also in order to keep r’ 
real, to bound x: 


m-+ 1 
< — = (20) 
m 
Thus the bodies are limited in extent. 
Integrals of (14), subject to the restriction of 
closed end bodies, 


r(O) = 0, (21) 
are given below for several values of m: 
m = 3 
r=] 2 (22 
This is simply the vertical flat plate. 
m = 19/5 
0 < s = (24x/19)* < 1, } 
19 | 
s*+(l —s)ds 
8 
38 [ | 
-j|1—fl+cs | 
105 | f (23) 
15 
+ (1 | 
8 
m = 13/3 
0s s =(16x/13)" 1, 
13 8 | 
= svy(l — s) ds 
13 3 | \ (24) 
= 3/2 
30 (1 5 (1 — s) 


|| 

| 
| 

nm 


= 
a Vo ] . 
1961 
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s = 1, (16x/15)'? < 1, 


| 
| 
— s*) ds 
0 

45 (1 — v(3) 

-s(1 — s2)32 (25) = [F(75°, 

| 
| 


s? 4/(1 — s*) ds 


F(75°. q)] 


— s*) + sin >, 
J +. 2-3/4 [E(75°, — E(75°, ¢)] 


9.304 sin (1 — k* sin? 
1 + cos 
sin gy (1 — k* sin? g)] 
1 + cosq 
s = &zx/7 I, 
s* — s°), 
28 
(1 — s) ds 
0 
~ 
I (I — s)**], 8 
| i= (3) + (1 v G3)] COS 


+ cos 


(3) — 1 


4 V(3) + 1 
= sin 75°. 


0 < s = (12x/11)'"3 =cos@ 1, | 


11 fs 
2 4) dc 
ra va s*) ds 


10vQ) icos*p sin p y/(1 — 1/2 sin®g) (27) 


2[E(45°, 90°) — E(45°, ¢)] 


| 
| 
| 
| 
> 
| 
| 
| 
[F(45°, 90°) — 
| 
| 
59 (cos J 


Here F(a, vy) and E(a, ¢) are the elliptic functions 
of the first and second kinds, respectively. This is the body discussed in [8]. 
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m 
8x/9 < r= X, 0. (32) 


’ iat This is the case of the horizontal plane, for 
v(l — s*) ds which the buoyancy-type boundary-layer flow 
vanishes identically. As remarked previously, 
however, another type of boundary-layer flow, 
which results from pressure differences set up by 
9 | the temperature distribution, may be generated 

05% (1 — s°), [10]. 

The body contours are shown in Fig. 1. All 
of the bodies have vanishing slope (dz/dr) at 
the origin, except for the vertical flat plate 
(m = 3). Nevertheless, for m > 3 the radius of 
curvature vanishes at the origin, and in this 
sense the bodies in this parameter range are 
pointed. Only the body defined by m = has a 
finite curvature at the origin, and it is, in this 
case, the characteristic length. For all m < —1, 
p(0) 2%; one may refer to these contours as 
flat bottomed. As anticipated, the bodies are 


J0 


27 
3-14 [F(75°, — F(75°, 


fg limited in extent, with the exception of the ver- 

7 tical and horizontal plates. At their upper 

s = 4x/5 =cos@ < l, 

4 extremes the contours are parallel to the axis, Vol 
re ie. vertical. The characteristic lengths are ae 


| v (1 — s*) ds | easily determined from the maximum vertical or 1961 
, surface co-ordinates to be 


“19% (2) [F(45°, 90°) — F(45°, @)] L =(m-+ 1)Xmax/m = 2(m — 1)Zmax/m. (33) 


5 ; In each particular case, a relation between the 
12 COSY Sing y (1 + cos*@), | maximum radius and the characteristic length 
may also be found. 

Reference to equations (13) shows how the 


5 

12 velocity and boundary-layer thickness vary 
m 

as 

4 


Fic. 1. Two-dimensional similarity bodies. 
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along the body wall in each case. For those 
bodies whose characteristic parameter m lies in 
the range 3 < m < © (pointed bodies), the 
stream function variation f (x) and the boundary- 
layer thickness g(x) increase like roots of x. The 
flow is qualitatively like that over the flat plate 
(m == 3). The round-nosed body (m = «) has 
a linearly increasing velocity (f = x) and con- 
stant boundary-layer thickness (g 1). One 
thinks immediately of the Schlieren photographs 
of natural convection flow about a_ heated 
cylinder presented by Eckert [2], which show 
isotherms to be lines of nearly constant radius. 
The flat-bottomed contours (m < 1) have 
velocities varying as a power, greater than one, 
of x, and a boundary-layer thickness that varies 
according to a negative power of x. Conse- 
quently, the thickness grows without bound as 
one approaches the origin, and we must conclude 
that the assumption of a thin boundary layer is 
not valid there. The boundary-layer type solu- 
tions, which will be presented below, are then 
to apply only sufficiently far from the origin. 


Variable wall temperature 

Certain wall temperature variations are com- 
patible with similarity solutions of the differen- 
tial equations of motion (8), (9). To find these 
we choose the constants of proportionality in 
the second and third of equations (10) to be 
unity, and write 


f= vil — g*h, (34) 


h 
Here the parameter M takes the value m of the 
previous section when n 0. The solution of 
this set is 
M+1 
x 


M +1 (M +1) 
f 


‘M+ 
h =| M 


(M+1) 


M-+1 


M 


2[ M (1—n) (M+ 
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If we require the last of (35) to have as its last 
term the same power of x as the corresponding 
constant temperature equation (14), then (35) 
will describe the same body. In this manner, the 
relation of M to the body-shape parameter m 
and the temperature-variation index n is found 


We observe from the last two of (35) that 
h = | at the upper extreme of the body; hence, 
the temperature difference at that point is the 
characteristic temperature difference and at other 
stations along the body it varies as a power of x. 
There is one limitation on this variation: The 
total heat convected from the body must be 
finite. One finds for the heat transfer over an 
extent x of the body 


QO = — k(T,, — T,,) H'(O) 


2/M+1 (Mn-1)/(M +1) 
M x} dx. 


The requirement that the exponent in the 
integrand be greater than —1 specifies that n 
lie in the range 

l<n< 4, (37) 
This is true for both ranges of body parameter, 
m < —I1 and m > 3. Thus, there may be a 
singularity in the temperature at the tip of the 
contour, but not a strong one. 

The temperature variation has the effect of 
rescaling the body. To illustrate this, we use the 
subscript max to designate the upper extreme of 
the body, substitute (37) into (35), and find 
Xmax M/(M 1) 

m/(m + 1) (1 n/4) 

[Xmax]n 0 (1 n/4), 
=max [2max],,—o/(1 n/4), 
= n/4), 

m+i 
L — Xmax (1 . n 4) 
m 

[L],-9 (1 — n/4). 
Thus for a body of given size, the characteristic 
length changes by a factor (1 — n/4) when the 


to be | 
P 
Bic 
= 
: 
f'g=1, | 
tf 
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temperature is varied. Through this modified 
characteristic length the Rayleigh number of the 
boundary layer responds to the change of tem- 
perature distribution. 

The changes induced in_ boundary-layer 
thickness and velocity growth are found by 
substituting (36) into f and g of (35): 


(m1 — )( n 4) (m —n 4). 
m 


(40) 


1—(m-1)n4 | 


4) 1—n 4), 


The wall temperature distribution is given by 


1)(1 


m 


m n 


n 4) 1 (41) 


m 


As an illustration of the effect of wall tem- 
perature distribution consider a vertical flat 
plate (m = 3). Let us see what temperature dis- 
tribution is required to give the boundary layer 
the characteristics of those on the round-nosed 
body (m x). In other words, we want to 
choose M x. From equation (36), we find 
1. Then 


(42) 


Thus, a linear temperature gradient on a flat 
plate requires the boundary layer to grow as it 
would on a constant-temperature, round-nosed 
body. Of course, this not to say that the inner 
details—velocity and temperature profile—are 
the same; these can be markedly different. 


Solutions of boundary-layer equations 

The governing equations for the boundary 
layers on the system of bodies discussed above 
can be found by applying equations (11), (12) 
to (8), (9). The results are, under the restriction 
of constant wall temperature, 


m 
(F’)? — FF 
m 


— T,,)GL 


The body parameter m affects the equations only 
through one of the inertia terms. The behavior 
of the boundary layer is best examined separately 
for fluids of very large and very smal! Prandtl 
number. 

The asymptotic formulation of the differential 
equations for large Pr has been made by Morgan 
and Warner [6] and by Braun and Heighway 
[1], we repeat the argument briefly. Because the 
fluid is very viscous, the velocity boundary 
layer is much thicker than the temperature 
boundary layer. However, for the purpose of 
heat transfer study, the latter is of principal 
interest. Therefore, a new co-ordinate normal to 
the wall is introduced, 


= (44) 


where a is to be chosen so that ¢ is of order 
unity in the temperature layer and, therefore, 
derivatives taken with respect to it will also be 
of unit order. Introduction of (44) into (43) will 
thus bring the number of unspecified parameters 
in the equations to two: V* and a. The physical 
conditions imposed to obtain them are: (1) the 
viscous forces in the thermal layer will be of 
magnitude comparable to the buoyancy forces, 
(2) the heat convection and the heat conduction 
terms must balance. It follows that 


V* — Ra4a/L, ) 
. 45 
a = Ra", f 7 


The equations governing the boundary layer now 
become 


m 
Pr — FF + H, (46a) 
m 


FH’ = H”, (46b) 


where primes signify differentiation with respect 
to ¢. At very large Prandtl numbers, the equa- 
tions become nearly independent of the body 
parameter m. 

The system (46) with boundary conditions 


FO) = FO) =F(x)=0 
H(0) = 1, Hx) =0, | 


has been solved by the integral method described 
by Braun and Heighway [1]. The Nusselt num- 
ber is found to be 
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where g is the boundary-layer thickness given 
by (13) and 4 is a number defining the edge of the 
thermal layer for the integral method. The latter 
is given by 


+ 


12294 + 19007R 


(49) 


where R, in turn, is a measure of the ratio of 
temperature-layer thickness to velocity-layer 
thickness and is related to the Prandtl number by 


211623R + 533808 R?2 
42294 + 19007R 


- 304567 R® 


(50) 


The quantity Nu g(x)/Ra'* has been plotted 
against Prandtl number for three of the two- 
dimensional bodies (m = 3, «, —5) in Fig. 2. 
The factor g(x) in this quantity removes the 
effect of heat transfer variation along the wall 
of any body, thus facilitating a comparison 
between bodies. Physically, it shows that the 
heat transfer is greater in regions of the body 
where the boundary layer is thinner. Accor- 
dingly, on the flat bottomed bodies the heat 
transfer increases as one goes up the side, while 
on the pointed bodies it decreases. The round- 


55 
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nosed body (m = ) has a uniform heat trans- 
fer over all its surface. If the wall temperature 
varies, g(x) is replaced by g(x)/h(x). There is 
only a weak dependence of the heat transfer on 
the body-shape parameter m which, as predicted, 
disappears at large Prandtl numbers. 

The situation prevailing at low Prandtl 
numbers is the reverse of that at high values [1]. 
The thermal layer extends much further into the 
fluid than the viscous layer. As the Prandtl 
number becomes very small, the medium behaves 
almost like an inviscid fluid. Again we make a 
transformation of the type (44) in the thermal 
layer and impose the conditions on (43) that (1) 
the inertia terms be of the same order of magni- 
tude as the buoyancy force, and (2) heat con- 
duction and convection balance. The parameters 
V* and a for this case are determined to be 


(Ra a/L, (51) 
a = (Ra (52) 


The governing equations for the boundary layer 
are 


(53) 


where primes. now indicate differentiation with 
respect to 
(Ra ». (54) 


The boundary conditions are again (47). For 


10% 
Pr 


Fic. 2. Heat transfer on similarity bodies, high Prandtl number. 


m 2?-3-5:17 
55250 + 
l. 
- F’? — FF Pr F H, FH 
m 
WY 
Wf a 
Yy, 
45 
I 
ip 


130 WILLIS H. BRAUN, 


fluids with very small Prandtl numbers, the vis- 
cous term becomes negligible in the momentum 
equations (53). 
According to the integral method [1] referred 
to above, the heat transfer is given by 
=< (55 
(Ra Pry * 681+ 2r ) 
The quantity 6 describes the edge of the thermal 
layer for the integral method and is given by 


2m — 1\ 27- 32-5 (1 + 2r\(1 3r) 
m (1 +r)(1 + 3r?) 
70 — 126r + 189r? + 230r? + 9974+ 54r° 
(15 + 35r + 65r? + 53r° + 24r*)? 


The parameter r represents the ratio of the vis- 
cous-layer to thermal-layer thickness. It is 
related to the Prandtl number by 


Pr 2m — 8 | 
| m 7 + 3r?) 
70 + 126r + 189r? + 230r* + 99r* +- 54r5 
5 


The quantity (55) is plotted against Pr in 
Fig. 3 for m = 3, ~, —5. As anticipated from 
the differential equations (53), the effect of the 
body parameter is greatest at very low Prandtl 
number where viscous effects are negligible. The 
integral method of solution used here is known 
to be least accurate at Prandtl numbers near one; 
therefore, solutions to the boundary value 
problem (53), (47) have been obtained on an 
electronic digital computer for Prandtl number 
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0-72. These computations are shown as triangles 
in Fig. 3. The two curves labeled m = 7/5, 2 and 
the corresponding machine computations refer 
to axisymmetric bodies to be discussed later. 


AXISYMMETRIC BODIES 
Similarity conditions 
The equations describing the motion in a 
boundary layer over an axisymmetric body are 
identical in form with those over the two- 
dimensional body with the exception of the 
equation of continuity (1), which becomes 
(UR,)x + (VRo)y = 0. (58) 


One must now define the dimensionless stream 
function according to the relations 


(rg) 
— Fr’) — (ry 
rg 
} 
| 
V*L fe 
AT. — > (60) 
| 
and | 
/ fg J 


In each of equations (60) we have made a restric- 
tion to constant wall temperature by setting 
1, 


0. Choosing the proportionalities 


io-4 4973 


“io 10 
Pr 


Fic. 3. Heat transfer on similarity bodies, low Prandtl number. 
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involving the stream function growth /, thickness 
g, and radius r to be 


(rgy or 


= ‘= 
rg Ig 


(61) 


one has for the similar velocity and temperature 
distribution 


F’'*— FF 


m V*L F 


(Ve) 


-FH' = H 


This is just the set (43) which was found previ- 
ously for the two-dimensional flows. 

The set (61), which determines the body 
shapes. is slightly more complicated than in the 
two-dimensional case, and the integration must 
proceed in a more ad-hoc manner. We can 
write 


(62) 
but the body itself must be found before f and g 


can be specified. 


Specific body shapes 
Three axisymmetric bodies have been deter- 
mined. 

Cone. We begin by asking if there are any 
solutions that involve simple powers of x, as in 
the two-dimensional case. Setting 


f =(ax)* (63) 
one finds from (61) that 


a = 0-503555, k=7/4, m=7/5, (64) 


a’) x, g = x™. (65) 


The first of (65) describes a cone of half-angle 
28-210°. On it the boundary-layer thickness g(x) 
grows at the same rate as that on a flat plate; 
likewise, the velocity growth, now given by 


f/rg, is proportional to that on the plate. 


The exact value of the cone angle has not been 
left free here because the constants of pro- 
portionality in (61) have been arbitrarily chosen 
as unity in the second and third equations. It 
can be shown that if a cone has some other angle 
6, the boundary-layer equations can be reduced 
to the form (43) by means of the transformation 


F(n) = b®(€), 
n = bé, 
7 sin@ 


4 (cos 


The cone was first shown to be a body yielding 
similar flows by Merk and Prins [5]. 

Parabolic-nosed body. One sets m 2 and 
obtains 


f'=rie, 6) 
The third of (67) shows that 

(x) = x(x). 
Eliminating g, one has 


so that 
4 4 


\ 


A first integral may be performed by using the 


identity 
(r’)? = [ + | (71) 


A series solution of the equation is 


a 
3 
f 
| 
A(T, T,,)GL H 
| 
and (66) 
| | a 
a 
] . 
‘6 
] (r)* 
4 
— 
4 
4 
4 
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c= 4-* = 0620%. 


It is seen that the body has a parabolic nose for 
which the dimensionless radius of curvature is 
p = 1/2c 


whence, if P is the dimensional radius of curva- 
ture at the nose, the characteristic length is 


L = P/p = 2cP. (74) 


Flat-nosed body. Using 
from the last of (61) yields 


3 (1 


(rg)” (r’)*)/r?. (75) 


(62) to eliminate f 
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Choosing m = 3 eliminates g, and ris determined 
by 


(r'? = 1 — (76) 


The solution of (76) in terms of a parametric 
angle is 


x = 2-12 [F(45°, 90°) — F(45°, ¢)], 

z = [E(45°, 90°) — 
=(4/3"", r=cos@, 

g 3 r. 


The general features of the body are evident 
directly from the differential equation (76). The 
body is vertical (r’ = 0) at r = 1. Its radius of 
curvature is given by 

p =1/2r (78) 
which becomes infinite at the origin. indicating 
that the body is flat on the bottom. From the 
first of (77), we also learn that L = Rmax. 

Because m 3 is also the value of the body 
parameter describing a flat plate, it is possible to 
use the solutions of the flow over the plate to 
describe the characteristics of the boundary 
layer on this axisymmetric body. 

The three axisymmetric bodies that have been 
derived here—the cone, the parabolic-nosed 
body, the flat-nosed body—are shown together 
on Fig. 4. The functions f(x), g(x), r(x) are 


7/5 


Fic. 4. Axisymmetric similarity bodies. 
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Fic. 5. Boundary-layer growth functions on axi- 
symmetric similarity bodies. 


shown in Fig. 5. It is evident from the plot of 
g(x) that the boundary-layer assumption does 
not hold at the nose of the body m = 3. 


Heat transfer on axisymmetric bodies 

Equations (43) for the flow over the axisym- 
metric bodies described by m 7/4, 2, 3 have 
been solved by the integral method referred to 
previously. At large Prandtl numbers the local 
heat transfer is given by equation (48). It has 
been plotted along with the curves for the two- 
dimensional bodies in Fig. 2. The curve for 
m = 3. of course, represents the flat plate as well 
as the flat-bottomed body. Again, the effect of 
body shape is not strong. 

The nondimensional local heat transfer at low 
Prandtl numbers is given by (55) and is shown in 
Fig. 3. along with curves for the two-dimen- 
sional bodies. The body shape influences the 
heat transfer most strongly at the very low 
Prandtl numbers. 

Solutions obtained by machine integration of 
the equations at Pr = 0-72 are included in the 
figure. 
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FLOW OVER CIRCULAR CYLINDER 
We will now illustrate the use of the body con- 
tours and their corresponding flows to obtain 
the flows of “‘nearby”’ bodies. The body m = « 
has a finite and nonzero radius of curvature 
everywhere, and may, therefore, be used as a 
zeroth approximation to the lower portion of a 
horizontal circular cylinder. Higher approxima- 
tions may be obtained by an iteration process. 
When the radius of curvature at the bottom is 
taken as the characteristic length, the radical 
appearing in the buoyancy term for the m x 
body is 
— = x. (79) 
The circular cylinder has a radius described by 
r= ax (80) 


and hence 


6+...). 
(81) 


vil — — 


Making the restriction to constant wall tempera- 
ture and small Prandtl numbers, one has 


f=x, h=1l, (=(RaPr}“ y. 


Perturbations of the stream function and 
temperature profile are made by setting 


F =F, +x°F,+... law 
H=H,+ 


Then the equations (8) and (9) governing the 
boundary layer become, to zero order in x*, 
— = PrF,' + He 
FH, = (84) 


and to first order in x*, 
— FF, — 
H, 


— — 3F,Hi = Hi’. 


The boundary conditions accompanying (84) and 
(85) are 


~ 


H,(0) l, 0, (86) 
F,(0) =0, F.(0) 0, F(o)=0, f 
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175 / 39 ) 
ind 0:04173, | 
27-16 254/(2) | 
H,0) =0, H,(«) = 90, (87) - (94) 
FO 0, =0. 2 
F,0) =0, F,(0) (2) J d =F [l — v(2)/15] = 0-3145. 


In integral form, (84) and (85) become 
2| (Rd | 


J0 


dt — Pr F’(0), | 


0 


F'H, dt = —H{(0), 
v0 
and 
| at | 
J 0 
| (H,—= Hy) dé — Pr F/O), (89) 
Jo 6° | 


3 | (FH, + F'H,) df = H'(). 

v0 
Equations (88) are among those already solved 
in a preceding section. 

In the limiting case Pr = 0, one may use very 
simplified velocity profiles to solve equations 
(88) and (89). We allow the fluid to slip at the 
wall and write 
) 
> (90) 


F’ = A(1 — 


F (—1/24 + bf/8) (1 — 7/8)4. 
The constant —1/24 appearing in the perturba- 
tion velocity is determined by evaluating the 
second of the differential equations (85) at 
¢ = 0. Likewise, we write 

Hy, = (1 — ¢/8)%, 

H, = + d(Z/d)*) (1 — 


> (91) 
J 

The second of the differential equations (85) 
evaluated at ¢ = 0 requires 


= J. (92) 

The zero order integral equations (88) deter- 
mine A and 6. 

A =3/{ 


4-2! 


) 
(93) 


The first order integral equations (89) yield 


Having found all the constants defining the 
polynomials, one can determine the heat transfer 
from the derivatives of (91). The local Nusselt 
number is given by 


Nu( Ra Pr)~** = 0-631 (1 — 0-0349x). (95) 


The heat transfer is seen to reduce as one moves 
up the side of the cylinder. The Nusselt number 
expression (95) holds only for x? < 1 because the 
m x body is not defined beyond this limit. 
Merk and Prins [5] have computed the heat 
transfer over the entire cylinder by assuming a 
similarity flow. Strictly, this is not correct; how- 
ever, in our notation their result at Pr — 0 is 


Nu(Ra Pr)-*/4 = 0°528 (1 x*/26 +...) (96) 


in which the correction term is in good agree- 
ment with (95). Although Merk and Prins carry 
(96) out to many more terms, it does not cor- 
rectly describe the heat transfer on the upper 
half of the cylinder. This failure is evidently 
connected with the fact that the zero-order 
solution (the flow on the x body) extends 
only part of the way up the cylinder. 


CONCLUDING REMARKS 
The effect of body shape on the heat transfer 
curves arises from the appearance of the body 
parameter m in the equations of motion (43). 
The only effect is on one inertia term by a factor 
(m — 1)/m. Table 1 shows 


Table Inertia-term coefficient 


ml 7/5 2 3 oC —§ 


that as the bodies become flatter (mm increases), 
inertia effects become more important. Cor- 
responding to this is a slight lowering of the 
successive heat transfer curves in Figs. 2 and 3. 
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Merk and Prins used the integral method of 
Saunders to obtain heat transfer on the surfaces 
of the cone and the flat plate and at the lower 
stagnation points of the circular cylinder and the 
sphere. The heat transfer at the bottom of a 
cylinder or sphere corresponds to that from 
the present m = © or m = 2 bodies, respectively. 
It was not necessary for Merk and Prins to 
find the bodies themselves in order to solve the 
corresponding boundary-layer equations. Some 
of their results in the low Prandtl number range 
are given in Table 2: 


Table 2. Heat transfer at low Prandtl number 


Nu g(x) (Ra Pr)-/4 


0-762 0-661 0-564 


Prins (0-72 | 0-458 0-444 0-435 0-424 


Machine 0-458 0-452 0-441 


Comparison of the first row of the table with 
Fig. 3 shows that the Merk and Prins computa- 
tions indicate a much stronger effect of body 
shape than do ours. The method breaks down for 
the cone (m 7/5) and gives the wrong depen- 
dence on Prandtl numbers in the low Prandtl 
number range. From the last two lines of the 
table one obtains a very satisfactory agreement 
between the Merk and Prins computations and 
the machine results shown as triangles in Fig. 3. 
If we increase Pr further to very large values, the 
Merk and Prins calculations give, in our notation, 


Nu 2(x) 4 = 0-422. 


This is considerably lower than the value 
0-528 given in Fig. 2. We conclude that the 
method of Saunders used by Merk and Prins, 
while accurate for Prandtl numbers of order 
unity, may not be so reliable at extremes of 
Prandtl number. 

Schuh has also given a solution for the round 
cylinder (m = ©) at Pr = 0-7. This is a numerical 
computation yielding 


Nu g(x) (Ra = 0-442, 


which is in close agreement with our own 
machine solution at Pr = 0°72. 
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Abstract—The regularities of heat transfer by conduction, convection and radiation are considered 

on the basis of the common law of energy transfer. An analysis of the relations obtained is given for a 

number of particular cases of heat transfer. The interdependence between heat transfer processes by 
conduction and radiation for the spherical layer of the medium is established. 


Résumé—Les caractéres de régularité de la transmission de chaleur par conduction, convection et 

rayonnement sont considérés a partir de la loi courante de la transmission de chaleur. Une étude des 

relations obtenues est faite pour un certain nombre de cas particuliers de transmission de chaleur. 

L’interdépendance des phénoménes de transmission de chaleur par conduction et rayonnement est 
établie dans le cas d’un milieu en couche sphérique. 


Zusammenfassung—Es werden die Besonderheiten der Warmeiibertragung durch Leitung, Konvektion 

und Strahlung auf der Grundlage des gemeinsamen Gesetzes der Energieiibertragung betrachtet. Fir 

mehrere Spezialfalle der Warmeiibertragung wird eine Analyse der erhaltenen Beziehungen gegeben. 

Diese gegenseitige Abhangigkeit zwischen Warmeiibertragungsprozessen durch Leitung und Strah- 
lung wird fiir die spharische Schicht eines Mediums behandelt. 
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fe By composite heat transfer one understands Let us designate the product apé by A and 
“Ss simultaneous heat transfer by conduction, con- call it the coefficient of thermal conductivity. 
: vection and radiation in a solid medium. Then 
The vector of heat transfer by conduction qeona \ orad T (2) 
is determined on the basis of the energy trans- eons ee - 
. fer law [1] by the following expression: It is evident that 
—— grad € (1) A 
a=— 
where a is the coefficient of molecular energy ad 
transfer and « is the density of the medium’s je, the coefficient of molecular energy transfer is 
molecular energy. equal to the thermal diffusivity coefficient of the 
s As it is already known the density of the medium. 
: medium’s molecular energy has the value: For the vector qcony of heat transfer by con- 
j «= peT vection the following equation will hold true: 
. where p is the mass density of the medium, ¢ is Qconv = pcIw (3) 
the average heat capacity of the medium and T 
al is the molecular ambient temperature. where w is the vector of the medium’s motion 
This expression at constant p and enables 
. equation (1) to be written as follows: hen heat is transferred by radiation in a 
x grey medium photons having the velocity of 
r Qcona = —apé grad T. light distribution c are absorbed and emitted by 
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the molecules of the solid medium that causes 
their irregular motion. 

The law of energy transfer is applied to such a 
motion and an expression analogous to equation 
(1) can be written for the vector q, of heat trans- 
fer by radiation: 


q, = —a, grad e, (4) 


where a, is the coefficient of the radiative energy 
transfer, «, is the density of the radiant energy. 

Close by the heat receiving surfaces the irregu- 
lar motion of the photons causes the distribution 
of the intensities, as shown in Fig. 1. The value 


Js” 


Fic. 1. Distribution of the radiation intensity near a 
heat receiving surface. 


a, for such a distribution will be approximately 
equal to: 


where /, is the average length of free paths of the 
photons. 

The value /, is bound with the absorption 
coefficient by the known relation: 


| 


(5) 


Therefore 


a, = (6) 
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gy in the case 


The density of the radiant ener 
considered is: 
40,7! 


c c 


(7) 


where J* and J> are the radiation intensities 
in the corresponding semispaces, dw is the 
elementary spatial angle and 7, is the average 
radiant temperature. 

With the aid of equations (6) and (7) we can 
rewrite equation (4) as 


grad (8) 
The molecular temperature 7 is bound with 
the radiant temperature 7, by the equation de- 
rived in [1]: 


4o,k(T! — T*) div q,. (9) 


Taking the expression for q, into account and 
considering the value k as constant enable the 
above equation to be rewritten as 


(10) 


A consideration of equations (2, 3, 8 and 10) 
gives the conclusion that the processes of heat 
transfer by conduction, convection and radia- 
tion are interconnected and the change of the 
molecular temperature field of the medium will 
cause a certain change of its radiant temperature 
field. 

It is known that the hydrodynamic conditions 
of the process of the medium’s motion essentially 
influence conduction and convection. Radiation 
too will be essentially influenced by these con- 
ditions. 

It should be noted that till now the inter- 
connection of the conduction and convection 
processes on the one hand and of radiation on 
the other has been insufficiently taken into ac- 
count and the calculations of composite heat 
transfer have usually been made without regard 
for this interconnection, 

We shall now consider heat transfer between 
the grey medium and the heat receiving surface 
} 

Let the surface H,, with the constant tem- 
perature 7, be a plane with the normal 5 (Fig. 2). 
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2. A calculation scheme of heat transfer by 
radiation trom a wall into the surrounding medium. 


The radiant energy in the medium close to the 
wall, having a layer of thickness /, moves in the 
direction s in such a way that its interaction 
with the medium seems to be absent, in conse- 
quence of which the radiant temperature in this 
layer has a constant value. 

In the medium’s kernel, which is adjacent to 
the layer close to the wall, the radiant energy 
interacts with the medium thus having a variable 
value. 

Near the surface H,,, which is isothermal, 
equation (10) will be of the type: 

Ti (11) 
4k? ds*° 


Near the plane H,,, the value 74 is determined 
by the co-ordinate s alone. 

The curvature radius of the curve T4 = q(s) 
is equal to infinity on the boundary between the 
layer close to the wall and the medium’s kernel, 
since in this layer the curve turns into a straight 
line parallel to the direction s. 

The expression for the curvature radius of the 
curve considered is: 


L (dT? ds)?}? 
(2d 74/ds?) 


If R = ©, then 
d?74 
Thus equation (11) gives: 
T, = T.} 


This means that on the boundary between the 
layer close to the wall and the medium’s kernel 
there exists a layer where the radiant and 
molecular temperatures are equal, i.e. a layer 
which is in a radiant equilibrium state. It will 
be referred to as an equilibrium layer. The 
existence of the equilibrium layer has been 
proved experimentally [2, 3]. 

Suppose the radiations in the semispaces on 
the left and on the right of the equilibrium layer 
to be isotropic. 

Let the radiation intensity on the left of the 
equilibrium layer have the value J;. Then the 
radiation intensity on the right of this layer will 
be equal to /,, + (1 e,,)J5. Where J,, 1s the 
intensity of the wall radiation which is considered 
to be isotropic as well. 

The vector magnitude of heat transfer by 
radiation is given by: 

q; — + (1 — 
). 

The equation for the radiant equilibrium layer 


on the assumption that the radiation is iso- 
tropic will have the form: 


Je+ 


+ 


where 7; is the molecular temperature of the 
equilibrium layer. 
Solving the previous equation for /; gives: 
9 


4 
oT! 


a(2 


€,,) 


— €w) 


Introducing this value into the expression for 
q, results in: 


138 
| | 
vt Sw Sw) 
A | 
{ 
Vol. 
2 
1961 
— = 27 = 24, 
or 
(2 
2, \ _ 


ON THE REGULARITIES OF COMPOSITE HEAT TRANSFER 139 


We conclude from this expression that: 


which determines heat transfer between the 
medium and the surface H.,. 

We consider now the simplest problems of 
heat transfer in the immovable grey solid medium 
assuming that heat transfer by conduction is 
negligibly small as compared with heat transfer 
by radiation. 

Two solid planes are taken at constant tem- 
peratures 7, and 73, where 7, > T, (Fig. 3). Let 
the emissivities of the planes be «, and 6¢. 
Suppose a layer of grey solid medium of thick- 
ness / with a constant absorption coefficient k 
and the coefficient of self-radiation » to be 
between the planes. 

We shall determine the vector q, of heat trans- 
fer by radiation assuming that the medium is in 
a radiant equilibrium state, i.e. the amount of 
radiant energy, absorbed by an elementary 
volume of the medium for a certain period of 


Fic. 3. A calculation scheme of heat transfer between 
two walls with temperatures 7, and T3. 


time is equal to the amount of energy emitted by 
the same medium volume for the same period of 
time. 

The radiant equilibrium state of the medium is 
determined by equation (1): 


div q, = 40,k(T! — T"). (13) 


It follows from this equation that 


T,=T 


i.e. the molecular and the average radiant tem- 
peratures have the same value at the radiant 
equilibrium of the medium. 

Substituting equation (8) into the equation of 
the radiant equilibrium of the medium 


div q, = 0 
gives 
= @. (14) 


While finding a further solution for the prob- 
lem we suppose that 7 is a function of the co- 
ordinate x only, i.e. we consider this problem 
to be one-dimensional. With this assumption 


d*74 


0. 15) 
dx? 


It should be noted that the equation will not 
hold true for medium layers of thickness /, close 
to the wall since the photons in these layers 
do not interact on the whole with the molecular 
medium and give corresponding values for 
the radiation intensities. 

If we assume the medium radiation in the semi- 
spaces which are adjacent to the equilibrium 
layers to be isotropic then the photon fluxes in 
these layers give the radiation intensities shown 
in Fig. 3. 

The boundary conditions for the problem in 
question may be written as follows: 

The solution for equation (15) and its agree- 
ment with the formulated boundary conditions 
gives: 


Th, 


1) + T4,. (16) 


T? 
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For a one-dimensional problem the following 
expression will hold true: 


dT} 
dx 
and at the radiant equilibrium of the medium 
o, dT4 
(7) 


Having found the derivative d7*/dx from 
equation (16) we substitute it into equation (17) 
and have: 

4 
Ti, — 


18 
— 2) (ls) 


In the equilibrium layers the following equations 
are valid: 


(19) 


5, J, (20) 

The radiant equilibrium state of the medium in 
the equilibrium layers enables the following 
equations to be written: 


4 


42 [J, + (1 — Ja) 


+ (1 — + 


From the system of equations (18-22) we get 
oT! — T?) 


(23) 
(1/6) + — 1 + k(/ — 


qr 

This formula is valid only when / > 2/,. If 
1 2/. then instead of formula (23) one should 
use the known formula: 


— TS) 


> 
(1/e,) + — 1 


which is a particular case of equation (23) for 
= 

In the presence of equation (5) equation (23) 
can be rewritten as: 


— 


€) + — 1 + (kl — 2) 


If 7, < / equation (23) then becomes: 


= + d/e) —1 


In the literature equation (26) is given for the 
problem considered but without indication of 
the limits to the correctness of this solution. 

Two cylindric coaxial surfaces of radii r, and 
ry are taken (Fig. 4). Let the emissivities of the 
internal and external surfaces have the values 
e, and «,, and their temperatures be constant and 
equal to 7, and 7,, respectively, where 7, > 7). 


+ 


unit Length 


Fic. 4. On the calculation of heat transfer between 
cylindrical surfaces. 


Suppose an absorbing grey medium with the 
constant absorption coefficient k and the radia- 
tion coefficient » to be between the cylindrical 
walls. 

The amount of radiant energy q, transferred 
per unit time between unit lengths of the 
cylindrical surfaces at the radiant equilibrium of 
the grey medium is to be determined. 

The radiant equilibrium state of the medium is 
given by equation (13). 

This equation for a one-dimensional problem 
has the form: 

@T* 


dr? dr 0. (27) 


The equation holds true in the medium cylin- 


drical layer of radii r, + /, and r, — /,. 
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The boundary conditions for the problem 
considered are formulated as follows: 


=ro—l, = Ts,- 


The solution for equation (27) under these 
boundary conditions has the form: 

Ti — Ti. 

n+l, 


The value g, is determined from: 
= (29) 


Having found the product r(d7‘*/dr) from 
equation (28), we substitute it into expression 
(29) and get: 

Ti — T! 
62 
] 
n 
k) l, 


(30) 


Here the molecular temperatures of the equi- 
librium layers are designated by 73, and 7>,. 
Let the unit length of the internal cylindrical 
surface have the self-radiation q. 
It is evident that 


= 
= {271}. 


Let the radiation to the interior of the layer 
through a unit length of the external boundary 
surface of the internal layer close to the wall have 
the value 

Then for g, we can write the following ex- 
pression: 

Gr =U — 61981 (31) 


where @, is the angle coefficient of the external 
boundary surface of the internal layer close to 
the wall relative to this very wall. 

Let the length unit of the external cylindrical 
surface have the self-radiation qs: 


We shall designate the value of radiation into 
the interior of the layer through a unit length 
of the internal boundary surface of the external 
layer close to the wall by q,,. Then 


Gr = — (32) 


The conditions of radiant equilibrium for the 
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medium in the equilibrium layers enable the 
equations to be written as follows: 


27 {2[q +{i — €)4 5195] qr} 
47" or, + 1,) (33) 


7 
2m + (1 — + Gr} = 


3. 


2n(r. — /,). (34) 


7 
The system of equations (30-34) makes it 
possible to determine the value q,. 
Solving equations (31) and (32) for gs, and 
Js, gives 


€14 
qY, 


Taking into account these equalities from 
equations (33) and (34) we shall have: 
n+ — — — (@/2) 


Ti, = 


+ (I — + qe) Pos + (q,/2) 


— /,) 


Ti, = 


Substituting these expressions into equation 
(30) and performing simple transformations we 
obtain: 


— 4) . 


— + 4 


or taking into account the expressions for q, and 
qe: 


n+l, 


l 


ry fs aT bs 


(1 


(35) 


a 
| 
[Z| +1, = Ta, a 
og 
5 1 
+ 
+ : 
“4 
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For the determination of ¢,, we shall assume that 


Then g, = 0 and 


Hence: 
(te — 
Substituting this expression into equation (35) 
finally gives: 
+ 
K(ry + 15) In — 13)/(ry + + 
+ + — 
(36) 
This formula determines heat transfer between 
cylindrical walls with a grey medium between 
them and which is in the radiant equilibrium 
State. 
This formula is valid provided that: 
If we suppose that 
re + 
then equation (36) will be of the type: 
2nr,o,(T} — 
* 


= 7 
(l/e,) + — 1) 


This formula is to be used in cases when 
ry — 1, + 2/,. It coincides with the Christiansen 
formula. 

With the presence of equation (5), equation 
(36) can be rewritten as: 


— T$)2zr, 
— ) + — D+ 
+ (kr, + 1)1n [(Ar, — 1)/(kr, + 1)] + 
+ $[(kr, + I/(Ar, — 1)) 
If /, is small as compared with r, and r, then 
equation (36) becomes: 
oT} — 
— $) + — 4) + Ary In 
(39) 


qr = 


(l/e 


Let us now consider heat transfer by radiation 
between concentric spheres of radii r, and rz 
(Fig. 5) under conditions which are analogous 
to those for heat transfer by radiation between 
cylindrical surfaces. 


Fic. 5. On the calculation of heat transfer between 
concentric spherical walls. 


The amount of radiant energy transferred per 
unit time by the sphere surfaces is to be de- 
termined. 

Solving the one-dimensional equation for the 
stationary distribution of radiant-energy in the 
sphere layer gives: 


— T3,) 
40 
1/(r, + 1) — 1/(rz — 


The self-radiations of the spherical surfaces are: 
QO, = 


Considerations analogous to those given above 
make it possible for the following equations to be 
derived: 


0, = O11 — (41) 
Q, = €205, QO, (42) 
27 {2[Q, + (1 — — O,} = 


qT! 
An(r, +1)? (43) 
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ool, 


(44) 


Solving the system of equations (40-44) for 
QO, gives: 
Q, 


+ — 1) + — 1,7} 


[(ooT + 1,)? — 

(oo 26) (ro — (45) 
— +1)? + + — 

— 


T, and taking into account 
0 we have: 


Assuming 7, - 
that in such a case Q, - 


Hence: 


Consequently: 
oo(T} — 
Q, — + (r; / € 1) + 
+ k(r, + /,)[l - 1,)/(r2 — 


This formula is valid provided that 


(46) 


ro > + 


If rp = r; + 2/, then equation (46) will be of the 
type: 
— 
+ — 1) (47) 
This formula should be used when 


It coincides with the Christiansen formula. 
With the help of equation (5) equation (46) 
can be rewritten as: 


oo(T} — 

a = (1/e, — 4) + (r4/r.)*(1/e2 — 1) + 

+ (kr; + 1)[1 — (kr, + 1)/(kr. — 1)] + 

+ $[(Ar, + 1)/(kr, — 

(48) 

If /, is small as compared with r, and r,, then 
equation (46) becomes: 

— 


~ —) —)+ 
kr, ry Ig) 


(49) 


Q, 


We consider now the simplest problems of 
composite heat transfer in the immovable grey 
solid medium, when heat transfer by con- 
duction is commensurable with that by radiation. 

We take again two solid planes at constant 
temperatures 7, and 7;, where 7, > T, (Fig. 6). 

Let the emissivities of the planes be «, and ¢,. 
Suppose a solid-medium immovable layer of 
thickness / with a constant thermal conductivity 
coefficient A has a constant absorption coefficient 
k and a coefficient of self-radiation » between the 
planes. The vector q of heat transfer is to be 


Fic. 6. A calculation scheme of the composite heat 
transfer in the immovable medium (at the presence of 
heat transfer by conduction and radiation). 
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determined. This vector consists of both the 
thermal conductivity vector qeona and the radia- 
tion vector q,, i.e. 


q = + q;- 
or 


Ts). (50) 


q = —A grad (7 + BA 


The following equation holds true for the 
stationary power state of the medium: 


div q = div qcona + divq,=90. (51) 


Substituting expression (50) into this equation 


gives: 
+ T!) =0. 


Assuming the problem considered to be one- 
dimensional we get: 


+ kA) T4] 
dx? 


= 0. (52) 


Equation (8) with regard for equation (51) 
becomes: 


- diV Gceona + 4ko (53) 


Equation (2) makes it possible to rewrite this 
equation as follows: 


oT 1 
z*. 


T? 
For the one-dimensional problem we shall have: 


= - T4, (54) 


Substituting equation (54) in equation (52) gives: 


— (1/4k®)(d2T/dx2) + (o9/kA)T*] 


dx? 
Or, after differentiation: 
+R dx) (55) 


The solution of this equation could make it 
possible to find the dependence of the molecule 
temperature T on the co-ordinate x. 

Equation (52) will hold true at any connection 
between the temperatures T and T,,. 

In the particular case when 7 and 7, are 
independent, equation (52) breaks into two 
independent ones: 


= 0 (56) 

= 0. (57) 


The following equalities should be observed 
in the equlibrium layers close to the wall: 


1 rl 
Solving equation (52) and making the solution 

agree with equation (58) we obtain: 

kA 

To, + (og/kA)TS, — Ts, — 


: 


< (kx — 2) + To, +75-Tot,. (59) 


Differentiating this result with respect to x, 
we shall have: 
d[T+- 
Ts, kx) T}, Ts, (cp kA)T3, 
For a one-dimensional problem equations 
(50) and (60) give the following expression: 


Ts, , 14, — 7, 
q = Ak T (61) 


k. (60) 


Equation (61) is obtained with the aid of 
equation (52) which, as was mentioned above, 
will be valid when there is an interdependence 
between the temperatures JT and 7,. Conse- 
quently, equation (61) will hold true as well for 
any interdependence between these temperatures. 

Equation (61) shows that the specific heat flux 
q consists out of the conductive flux geona and 
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the radiative flux g,, which are equal to: 


qeona = Ak — (62) 


(63) 


It should be noted that the values geona and 
qr are the specific heat fluxes which have gone 
through a medium layer and they cannot, there- 
fore, be functions of the co-ordinate x. 

It follows from equation (61) that the specific 
heat fluxes geona and g, are interconnected since 
they are both determined by the equilibrium 
temperatures 7;, and 75, other conditions being 
equal. 

Let us formulate the boundary conditions 
for our problem. The following equations are 
valid for the equilibrium layers: 

«4h, (64) 


7 
7 


For these layers the equations of radiant 
equilibrium will hold true as well: 


+ (1 — — = 


( Ti, 
2[ + (1 — + = (67) 


Solving equations (64) and (66) for g,? and 
equations (65) and (67) for q,., gives the following 
expressions : 


q 


As was already mentioned the radiant energy 
in the layers close to the wall almost does not 
interact with the medium, in consequence of 
which we can write: 


Geona, = AK(T, — 
Gcona, = AK(T3, — 


The boundary conditions for our problem can 
be finally formulated as 


7 0 
] ] + — 
q Ak( be 9) T ( 1 j 


(Tee — (69) 

The system of equations (61, 68 and 69) 
determines the composite heat transfer in a flat 
layer of the medium. This system is valid pro- 
vided that / > 2/k. It can be solved exactly by the 
method of successive approximations. It shows 
that the processes of heat transfer by conduction 
and radiation are interconnected. 

We shall adduce one of the approximate 
solutions of the system considered. 

Using the Lagrange formula equations (61), 
(68) and (69) can be rewritten: 


tg 


5 (To, — 


4 
= M{T,, — 4 = 


(1/€. — 4) — 7;)T3, 


where 7,, 7,, and T,, are some temperatures of 
the layers close to the wall and of the medium’s 
kernel. 

Solving the written system of equations for q 
gives: 


l 
{1/[kl + — 
{(kl — 2)/[kl +- (40 9T3!)/(A)]} + 
t1/[Al + — 


(70) 


If the temperature 7, and 7, slightly differ 
from each other, then it can be assumed that: 


3 


= 

51 
66) 

7, 

T? + T3 

‘ 1 2 
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With the help of equation (71), equation (70) 
enables the value g to be calculated approxi- 
mately. 

Now we shall briefly consider particular 
cases of our problem. 

If / = 2/k then the conductive and radiative 
fluxes move in the layer independently of each 
other. 

The value geona is determined by the formula: 


Jeond = Ak 


Since and then 


4 
G 
(I/eg — 3) > 
Hence: 
— 
= + — 1° 
Consequently: 


q k (1 €)— 1 (72) 
Equation (72) should be used when / < 2/k. 
If the medium is too solid, then k > ©, T3,—> 7, 
and T;, — Tp. 

In this case we shall obtain from equation 
(61): 


(73) 


j.e. heat transfer in very solid media is realized by 
thermal conductivity alone. 

We shall take two cylindrical coaxial surfaces 
of radii r, and r,. Let the internal and external 
surfaces have emissivities «, and «, and the 
temperatures be constant and equal to 7, and 
T,, where T, > 

Suppose an immovable grey medium with a 
constant absorption coefficient k and a radiation 
coefficient 7 is enclosed between the cylindrical 
surfaces. Let us determine the amount of the 
energy g which goes per unit time through a 
unit length of the cylindrical medium layer by 
means of thermal conductivity and radiation. 


The stationary power state of the medium for 
the one-dimensional problem is determined by 
the equation: 


d?[T + 1 + (e9/kA)T4] 
d? dr 
The following equalities should be observed in 
the equilibrium layers: 
Ts, =T,, 3; Tey (75) 


The solution of equation (74) and its agreement 
with the equalities (75) gives: 


= 0 (74) 


, 
py 
Ts, + — Ts, — 
[(Arg — 1)/(Ary + 1) 

kr —1 


In kr, +1 Ts, kA T3,- (76) 


The value of g is determined by the expression: 


d ‘kx T! 
q = —A2ar — (77) 


Having found the product 
d(T + (e9/kA)T*] 
dr 
from equation (76) we substitute it into equation 
(77) and obtain: 
~ (2rd) In [(Ar, — D/(kry + 
Ti, — T3, 
[1 /2x(o9/k)] In [(krs— 1)/(kry + (78) 
We can assume that: 
Ts, — Ts. 
In [(Arg — 1)/(Ary + 


(79) 


(80) 


In the equilibrium layers the relations will be: 
Gry = — (81) 


Gre = €545, — €,091 (82) 
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kr +] 

209T$,27 - (83) 

2[42 + (1 + + Ire = 
kr. 

2097 - — (84) 
where 4 5, and wo, are the angular coefficients for 
the corresponding surfaces and qs, and qs, are 
the radiations falling upon the corresponding 
surfaces. 

Solving equations (81) and (83) for qg,, and 
equations (82) and (84) for q,, we get the ex- 
pressions: 

— Ti(kr, + 1/kr,)) 
5) 


Gry (85) 


Pol/e. — 1) + 3 


The angular coefficient q.; is determined in 
the following way. Let the conductive heat flux 
in the medium be absent. Then 


= 


Solving equations (80), (85) and (86) with 
these approximations for g, we obtain: 


og /(Ary + 1)] + >» 
< [(r2/r)/(Are — 1))} 
— + D + 
~In [(Ar, — 1)/(kAr, + 1)] 
- €5 1) + /(Ar, 1)} 


If 7, = T,, then g, = 0. From this condition we 


r, kr.--1 
kr, +1 


Consequently: 


(kre — 1)/kre — 
X — I} + 4 (87) 


For layers close to the wall the following ex- 
pressions will hold true: 
T; T; 


Yeond, (1/27) In [(Ar, + 1)/kr,)] (88) 


Ts, 


= 27d) In [Ar./(kre — (89) 


The boundary conditions for our problem can 
be finally formulated as: 
T, — Ts, 
q = + 
(1/27A) In |(Ar, + 1)/kr,]} 
T} — TE Ukr, + 


(90) 
T;, — 
4 (1/2) In — 1)] 
T3,[(kr2 — 1)/kr2| — 
— 1)/(kry + 1))} (91) 


G (kre I)/(Ar, + 1)] 
x (I/e. — 1) + 3 


The system of equations (78), (90) and (91) 
determines the composite heat transfer in the 
cylindrical medium layer. This system is valid 
provided that kr, — 1 > kr, + 1. It points at 
an interconnection of the processes of heat 
transfer by conduction and radiation and is 
exactly solved by the method of successive 
approximations. 


If kr, — 1 = kr, + 1, then from the system 
of equations (78), (90) and (91) we get the solu- 
tion: 


T, — T, 
q (1/27A) In (re/r,) 
T3 


. (92 
(1/e,)+ 


The formula just written should also be used 
when kr, — 1 < kr, + 1. 

It should be noted that for very solid media 
when the products Ar, and kr, become very large, 
the system of equations (78), (90) and (91) gives 
the following solution: 


93 
(1/27A) In 


i.e. in very solid media heat is transferred by 
conduction alone. 

Let us now consider heat transfer by thermal 

conductivity and radiation between the surfaces 

of concentric spheres of radii r,; and r, under 


|_| 
] . 
a 
a 
>1 
get: | 
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conditions which are analogous to those of heat 
transfer between the cylindric surfaces. 

The amount of heat QO which is transferred per 
unit time between the sphere surfaces is to be 
determined. 

Solving the one-dimensional equation for 
stationary heat distribution in the spherical layer 
gives: 


— Tos) 


+ — [k/(kre — DY 


Considerations analogous to those given above 
make it possible to write the following relations: 


— 


Ocona 


— T3,) 
Q, [k/(kr, + 1)] — [k/(kr, — 1)] (6) 
4ar? — «98,08, (97) 
O,, = — (98) 


2[0; — 5, Q,, ae 


(— (99) 
2[0, + (1 — + = 
k — 2 

J. (100) 


Solving equations (97) and (99) for Q,,, and 
(98) and (100) for Q,,, we obtain: 
_ — [(Ar, + 1)/kry FP} 
0,, = —— (101) 
— 1)/ — 


= 


If the conductive heat flux in the medium is 
absent then from equations (96), (101) and 
(102) we have: 


+ 1)*) - 
TH 25° — py 
= ery + + 
+ + 1)) — — + 
+ [Pea(1/€2 — 1) + — 1)*] 


- 4nr? 


1 


Supposing that 7, = 7, we get: 
ry kr. — 
¥20 = =(- (i. + 


Consequently: 


o9{T3,[(kre — 1)/kro}* 
On = — 1)/(kry + 
x — 1) +3 


For layers close to the wall we have the formulae 


— Ts) 
Ocona, (kr, + 1)) (103) 


Finally it can be written: 


4a X(T, - ~ Ts,) 
(dl r )— Ik, (kr, + 1) 
4nX(T;, 
1)} (1/rz) 
09 — 1)/kre}? — 
- 1)/(Ar, + 1) 
Q/e—1)++4 


4zr2. (106) 


The system of equations (94), (105) and (106) 
determines the composite heat transfer in a 
sphere layer thus giving an indication as to the 
connection between the processes of conduction 
and radiation. 

This system is valid provided that kr, — 1 > 
kr, + 1 and is exactly solved by the method of 
successive approximations. If kr, — 1 = kr, + 1, 


ON 


then the following formula holds true: 


47A(T, — Th) — T}) 
+ PU — 1) 
(107) 


(1/ry) 


It should be noted that the proper conclusion is 
again derived, namely that in highly solid media 
heat is transferred by conduction alone. 
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HEAT TRANSFER AT THE INTERFACE OF DISSIMILAR 
METALS* 
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(Received 28 September 1960) 


Abstract—One investigation into the resistance to heat flow at the interface of metals in contact 

revealed that when the metals were dissimilar the resistance depended upon the direction of heat 

flow. This note presents further results which confirm the existence of the phenomenon and which 

indicate that the effect could be associated with the mechanism of conduction at the points of metallic 
contact. 


Résumé—Une recherche sur la résistance thermique de la surface de contact de deux metaux a revelée 

que, lorsque les métaux sont différents, la résistance dépend du sens du flux de chaleur. Cet article 

présente des résultats obtenus par la suite qui confirment l’existence de ce phénoméene et indiquent 
que cet effet peut étre associé au mécanisme de conduction aux points de contact métallique. 


Zusammenfassung—Eine Untersuchung iiber den Warmeleitwiderstand an der Kontaktflache zwischen 

zwei Metallen ergab, dass bei ungleichartigen Metallen der Widerstand von der Richtung des Warme- 

stroms abhing. Diese Arbeit bringt weitere Ergebnisse, die diese Erscheinung bestatigen und ihn mit 
dem Leitungsmechanismus an den metallischen Kontaktstellen in Verbindung bringen. 


KOHTAKTHOTO COTpPOTHBAeHHA Ha COMpitha- 

MeTacl JOB. Astop oOnapy 4TO KOHTARTHOPO Tpit 

8aBHCHT OT HallpaBJeHHA TeMIOBOrO MWOTOKA. 

ITOT MOAKHO C B TOYKAX - 
BeCHHH KOHTARTHBIX 


1. INTRODUCTION 

ALL metal surfaces, even when flat, highly 
polished and under pressure, show appreciable 
contact resistance to heat flow. Little work has 
been done to determine this resistance until 
recently, when interest has been aroused by such 
problems as kinetic heating of rocket structures, 
nuclear fuel element canning and turbine blade 
cooling. References [1] to [10] represent the 
major portion of the work done in this field. 

In [1] and [2] Barzelay et a/. reported a com- 
prehensive investigation into the effects of heat 
flow, mean interface temperature, interface pres- 
sure, surface condition and sandwich material 


* This work was carried out as an honours degree re- 
search project by R. Collins with J. Slowley, and M. R. 
Bedingfield with P. J. Clements, in the Mechanical 
Engineering Departmen*, University of Bristol. 


on the thermal conductance of a series of air- 
craft joints of 75S-T6 aluminium alloy, and of 
A.LS.1. type 416 stainless steel. As a side issue 
they noted in [1] that when steel and aluminium 
specimens were in contact the conductance 
depended upon the direction of heat flow, the 
conductance from aluminium to steel being 
appreciably larger than that from steel to alu- 
minium. Previous workers do not seem to have 
investigated the effect of heat flow direction 
upon the conductance at the interface of dis- 
similar metals, and it was suggested that further 
work would be of interest. This note describes 
tests on several dissimilar metals and some of 
the results confirm the existence of the direc- 
tional effect. 

All the tests in [1] were performed in air at 
atmospheric pressure, and in order to effect the 
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reversal of heat flow direction the specimens had 
to be inverted. Since the conductance is very 
sensitive to changes in contact configuration it 
was decided to design the apparatus with a 
heating element and cooling coil at each end of 
the experimental column to avoid any distur- 
bance of the specimens. Furthermore, the 


apparatus was assembled in a vacuum chamber 
so that the heat flow due to conduction in the 
air film could be virtually eliminated. Thus only 
radiation and conduction at the points of metallic 
contact would remain as possible sources of the 
directional effect if this was still observed under 
vacuum. 


f to loading beam 


syndanyo 


insulator 


e) 


heating element | 
cooling coil 


heat-flow meter 


——— 


[> specimens 


heat-flow meter 


heater -cooler 
unit 


N 


to vacuum pump 


Fic. 1. 
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2. DESCRIPTION OF APPARATUS 

Figure 1 shows the experimental column in a 
vacuum chamber formed by a glass cylinder 
with ground ends sandwiched between brass 
plates. A two-stage pump enabled a vacuum of 
about 0-02 mm Hg to be achieved. 

Three vertical ““Syndanyo” rods making line 
contact only located the column of specimens, 
heat-flow meters and heater-cooler units, and 
insulation against radial heat losses was pro- 
vided by a series of concentric aluminium 
shields. The column was supported kine- 
matically on the lower brass plate and a pivoted 
loading beam transmitted an axial force to the 
column via flexible bellows and a spherical 
bearing. 

Each heater-cooler unit was constructed by 
cementing a 180W heating element into a 
copper cylinder, to the outer surface of which 
was soldered a copper coil fed with cooling 
water from a constant head reservoir. The heat 
flow was measured by noting the temperature 
difference between thermocouples a known 
distance apart in aluminium bars on each side of 
the specimen pair, these bars being referred to 
as “heat-flow meters’. All the specimens, 
1 in. dia. x 0-5 in. thick, were machined with a 
diamond-tipped tool to give a surface roughness 
of 2-19 win. (average over a gauge length of 
ix in. on a Talysurf). The specimens were 
parallel to within 0-0003 in. 

Temperatures were measured by thermo- 
couples of 36 s.w.g. copper—constantan “‘insu- 
glass” wire, cemented into holes {no. 56 drill) 
with Devcon F aluminium putty. E.m.f.’s were 
measured with a Tinsley portable potentiometer 
and the temperatures were accurate to within 
0-5°C. Special care was taken to drill the thermo- 
couple holes perpendicularly to the axes of the 
specimens and heat-flow meters so that the 
location of the junctions would be known 
accurately. To check the uniformity of heat 
flow three thermocouples were placed at 
different radii in the measuring planes nearest to 
the heater-cooler units. The degree of non- 
uniformity between the temperatures from the 
co-planar thermocouples was always less than 
5 per cent of the mean value. Radial heat losses 
were such that the two heat-flow meter readings 
were within +5 per cent of their mean value 


at maximum heat flow, but for most of the tests 
agreement was better than —3 per cent. 


3. TEST PROCEDURE 
Values of the interface temperature drop 4t 
and mean interface temperature f,,, were obtained 
by extrapolating the temperature gradient in the 
specimens: Fig. 2 shows the type of temperature 
distribution in the column. The temperature 


T T > 


heat-flow meter 
( 1:75") 


steel specimen 


interface 


Al. specimen 


heat-flow meter 


(1-75") 
| 
) 50 100 150 


temperature °C 


Fic. 2. Typical temperature distribution in column. 


drops across all interfaces other than that of the 
specimen pair were minimized by shims of 
aluminium foil. The interface conductance / is 
defined by 4 = q/4t, where q is the heat flow per 
unit area determined from the mean of the two 
heat-flow meter readings. / was determined over 
a range of mean interface temperature f,, for 
both directions of heat flow, with a constant 
interface pressure of 122 lb/in?. The instru- 
mentation was checked by testing a pair of 
specimens of the same material (commercially 
pure aluminium), when no change in the value of 
h was observed on reversing the direction of 
heat flow. 

On assembly, the specimen surfaces were 
cleaned with trichlorethylene and ether. After an 
initial heating period of 2 hr with maximum 
heat flow the heat input was adjusted to give the 
required value of f,,,. A settling period of 1 hr was 
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used for each subsequent change of heat flow; 
repeat tests after all-night settling periods showed 
that | hr was sufficient. Heat flows ranging from 
2000 to 16,000 chu/ft?hr gave interface tempera- 
ture drops ranging from 6° to 73°C, at mean 
interface temperatures between 40° and 140°C. 


4. RESULTS 
Specimens | 

Steel (Vibrac V 30 EN 25 T) and commercially 
pure aluminium. From the results in Fig. 3 
it may be seen that, in atmospheric air, / was 
approximately 20 per cent higher for the Al — St 
direction than for the St — Al direction. Under 
vacuum, the numerical difference between the 
values of / was much the same but, since the 
values were lower, the percentage difference rose 
to about 100 per cent. The magnitude of the 
contribution to the conductance provided by 
the air film is worth noting. 

This test, and a few others not reported in 
detail here, indicated that the directional effect 
was not eliminated by evacuation and all sub- 
sequent results are for tests in air. 


Specimens 2 

Steel (12/14 Chrome steel EN 56 C) with a 
composition similar to the American A.I.S.1. 
type 416, and an aluminium alloy with a com- 
position closely resembling the American 
75S-T6. The values of / were slightly lower than 
the corresponding values in Fig. 3, but again the 
values for the Al- St direction were about 
20 per cent higher than those for the St ~ Al 
direction. The curves were as well defined as 
those in Fig. 3. 


Specimens 3 

TI alloy (chromel) and T2 alloy (alumel). 
This specimen pair, chosen for its very large 
difference in thermoelectric potential, was then 
tested to see whether the directional effect was 
associated with thermoelectric phenomena. The 
results exhibited more scatter, however, and 
showed no directional effect that was clearly 
outside the margin of experimental error. The 
values of / lay between 275 and 500 chu/ft®hr°C 
over a 45° to 95°C range of f,,,. 


Specimens 4 

Copper (commercially pure) and steel (Vibrac). 
In Ref. [1] it was suggested that, since the tem- 
perature is not completely uniform over the 
cross-section, thermal stress or stress relief 
might cause the material of low thermal con- 
ductivity (i.e. the steel) to warp and so change the 
contact configuration. This warping would be 
more severe the higher the temperature and thus 
would be different for the two directions of heat 
flow. 

The results from the TI-T2 specimen pair 
could support this hypothesis: these alloys have 
very similar thermal conductivities and no 
definite directional effect was observed. It is 
difficult to see, however, why the slight change 
in contact configuration should consistently 
lead to a decrease in h, when the heat flow 
changed to the St - Al direction, and not some- 
times to an improvement in the matching of 
the surfaces and so to an increase in /. Further- 
more, if this be the explanation, / would be 
expected to decrease with increase of /,, when 
the heat was flowing in the St — Al direction, 
because an increase of f,, implies a higher heat 
flow and hence is associated with an increase in 
the average temperature of the steel specimen. 
In fact, as shown by Fig. 3, there is a slight 
increase in /t with increase in f,,,. 

In an attempt to check the suggestion, how- 
ever, specimens 4, differing still more in thermal 
conductivity than steel and aluminium, were 
tested. The results for the copper-steel pair were 
rather scattered, like those for the T1—-T2 pair. 
h lay between 750 and 850 chu/ft?hr°C over a 
45° to 90°C range of f,,, and there was only a 
slight indication of an increased / when the heat 
flow was from the good to the poor conductor. 
The warping explanation, therefore, seems 
unacceptable. 

If, on the other hand, the cause of the direc- 
tional effect is associated in some way with the 
metallic contacts this experiment would not 
refute the possibility because the copper would 
rapidly acquire an oxide film which might 
effectively eliminate direct contact between the 
metals. One possibility is that there might 
be a contact potential across the interface which 
inhibits the diffusion of electrons in one direc- 
tion while assisting it in the other. 


153 
= 
| 


G. F. C. ROGERS 


| Al—»St 
UO 1000F- T ] 
in air 
= x 
x 
| 
St~>Al 
500} 
in vecuum 
x Al 
° 
40 60 80 100 120 140 
t, °C 


Fic. 3. Variation of conductance with mean’ interface temperature. Specimens 1. 


250 ] j 

fe) 

4. 

40 50 60 70 80 9O 
- 
Fic. 4. Variation of conductance with mean interface temperature. Specimens 5. Vol 
2 

Specimens 5 physics of conduction in metals would be 1961 


Specimens 1 but with a shim of mica between 
them. The results in Fig. 4 show that the direc- 
tional effect is eliminated. 


5. CONCLUSIONS 

This note presents a few results which support 
the suggestion in [1] that under certain circum- 
stances the resistance to heat flow at the inter- 
face of dissimilar metals can depend upon the 
direction of heat flow. The results indicate that 
the effect could be associated with the mechanism 
of conduction at the points of metallic contact, 
e.g. when metals having different values of the 
work function are in contact a potential barrier 
is created which might reduce the drift of free 
electrons in one direction and increase it in the 
other. 
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Abstract—A table of influence coefficients is calculated from which the distribution of absorbed 
radiation in a long circular cylinder having any distribution of emitted radiation can readily be deter- 
mined. Lambert’s law of diffuse emission and reflection is assumed, and the coefficient of absorbivity 
is supposed constant. A table of functions for the distribution of reflected radiation after each reflection 
up to the tenth is also given so that the results can be compared with non-Lambertian systems. 


Résumé—Une table des coefficients d’influence a été calculée; elle permet de déterminer, par simple 
lecture, la distribution du rayonnement absorbé dans un long cylindre circulaire ayant une distribution 
de rayonnement émis quelconque. La loi de Lambert sur l’émission et la réflection diffuses est sup- 
posée valable et le coefficient d’absorption constant. Une table de fonctions pour la distribution du 
rayonnement réfiéchi aprés chaque réflexion, jusqu’a la dixiéme, est également donnée, ce qui permet 
de comparer les résultats avec les systemes non-Lambertien. 


Zusammenfassung—Zur bestimmung der Verteilung der absorbierten Strahlung in einem langen 
Kreiszylinder mit beliebig verteilter emittierter Strahlung wird eine Tafel der Einflusskoeffizienten 
berechnet. Es wird das Lambertsche Gesetz fiir diffuse Emission und Reflexion zu Grunde gelegt und 
der Absorbtionskoeffizient konstant angenommen. Eine Tafel der Funktionen fiir die Verteilung der 
reflektierten Strahlung nach jeder Reflexion bis zur zehnten wird angegeben, so dass die Ergebnisse 
mit Systemen verglichen werden kénnen, die nicht dem Lambertschen Gesetz gehorchen. 


B ocnony Bakon omuccuu elamOepra, 
9TOM YTO ABJIAeTCH TOCTOAHHLIM. I] 
WO PesyabTaThl aBTOPa MOFKHO CpaBHIITh C 
cneTeMaMH, He 3aKoHy ~lamOepta. 


NOMENCLATURE m, number defining term in 
a, coefficient of absorbivity; Fourier series; 
¢, intensity of uniform radiation; n, number of reflections; 
Foo). intensity of emitted radiation; ?, radius of cylinder; 
— a)", intensity of radiation re-emitted coefficients in Fourier series; 
after nth reflection; 6, angular co-ordinate: 
Ka, #), intensity of absorbed radiation; d, angle between direction of 
* The work here presented was supported in whole face. 
by the United States Air Force under Contract No. 
AF(638)-223, monitored by the Air Force Office of INTRODUCTION 
~<a gaa of the Air Research and Development = W745, the walls of a closed container are not at a 
uniform temperature heat is transferred between 


* Visiting Professor at Stanford; Fellow of Gonvilleand 


Caius College, Cambridge. them by a variety of means. There may be direct 
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conduction of heat through the wails. If the 
enclosed space is filled with a gas or liquid there 
may be convective heat transfer. Finally, heat may 
be transferred from wall to wall by radiation. It 
is this last case that we propose to consider in 
the present report. If the temperatures are 
sufficiently high radiative heat transfer can 
become the most important mode. 

The analysis is restricted to the case of a long 
circular cylinder, such as a missile, having a 
temperature distribution which varies arbi- 
trarily with angular position but which is 
invariable along the length. Lambert’s cosine 
law of diffuse radiation and reflection is assumed 
and the absorbivity is supposed constant. Five- 
figure tables of influence coefficients for the inten- 
sity of radiation absorbed at @ when a unit pulse is 
emitted at 6 = 0 are given for 6 = 0(5)180° and 
absorbivity = 0(0-1)1. Five-figure tables of the 
distribution of reflected radiation up to the 
tenth reflection are also given so that the results 
can readily be compared with those for non- 
Lambertian surfaces. 


ANALYSIS 

Consider a cylinder of radius r (Fig. 1). Let 
there be an initial emission of radiation from the 
inner surface of intensity f,(@)). Then if we 
assume Lambert’s cosine law of diffuse radiation 
an element 44, at A will radiate with an intensity 
4 fo(89)rd8q cos d per unit angle in a direction 
making an angle ¢ to the normal to the element 


| 
| 


+ 
| 


(Fig. 1). The intensity of radiation at B due to 
the emission at A will be $ fo(¢9)r5@y cos 4/AB, or. 
noting that AB makes an angle 4 with the normal 
at B and putting AB 2r cos ¢, intensity of 
radiation normal to wall at B due to emission 
at A 


t fo( Fo) cos ( 1) 


The total intensity of radiation received at B 
due to the whole emission /,(4,) can be obtained 
by integrating equation (1). It is important to 
notice that for < @) < 4), 


. 
cos é = sin ("5 
and that for 6, < 4) < 2z, 
cos ¢ = — sin( 


/ 


If we denote the intensity of radiation received 
by /,(4,), then 


61 
FAs) sin (5 —*) 
0 


folo)sin (5°) (2) 
61 

If we assume that the coefficient of absorbivity, 
a, is constant over the cylinder wall, then 
af,(@,) will be absorbed and (1 — a) /f,(@,) will be 
re-emitted. If the re-emission also follows 
Lambert’s law, then we can say that after n 

reflections there will be an emission 


(1 — (3) 


where f, is given by the general recurrence 
relationship 


} | faa sin (4) 
On 

By adding together the absorbed radiation at 
each reflection we find that the total intensity of 
radiation absorbed at @ due to the initial emission 


FA) is 
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Ka, 0) =a (1 (5) 


n=1 
It is of interest to consider an emission after 
the nth reflection which can be expressed in 
terms of the Fourier series 
(1 — a)"f,(9,) = (1 — a)” [e + 


+ (a,,, sin m6, + (6) 


m=] 
Applying equations (3) and (4) we find that the 
emission after the n + 1-th reflection is 


(1 — = (1 — a)" 


1 sin mé,, + (7) 


+ Binn COS | 


Comparing equations (6) and (7) it will be 
seen that between the n-th and n + 1-th emis- 
sions there is an over-all reduction factor 
(1 — a), and that apart from this the constant 
term c is unchanged and each of the harmonic 
terms is reflected with its sign changed and its 
magnitude diminished in the ratio 1/(4m? — 1). 

The first harmonic is diminished at each 
reflection to 4 of its previous value, the second 
to ,';, the third to ,';, and so on. It follows 
that whatever the form of the initial emission it 
quickly tends to uniformity and after a few reflec- 
tions the emission can be represented as a 
constant term plus one or two terms of a Fourier 
series. 

If the initial emission can be represented in the 


form 


= € + (amo Sin + By COS (8) 
1 


then by applying equations (5), (6) and (7) we 
find that the intensity of radiation absorbed 
at 0, 

I(a,@) = 


\(l —a) 1 | 

(ano Sin + | 


a 

4_, 4m a 


(4,9 SiN mé +- 

+ Bing COS 


By expressing a known distribution of emitted 
radiation, f9(@,), in the form of a Fourier series, 
equation (9) can be used to determine the 
intensity of radiation received. The method is 
only useful, however, if the original Fourier 
series is fairly rapidly convergent since the 
additional factor a/(4m? — a) does not hasten 
convergence greatly. For transient conditions, 
the necessity of expressing numbers of different 
distributions of radiation in series form would 
also be somewhat irksome. For these reasons it 
was decided to investigate another method of 
solution—the use of influence coefficients. 

Suppose we have a line source of radiation at 
6 = 0 of intensity r (this may alternatively be 
thought of as a source of unit strength in a 
cylinder of unit radius). Then the intensity of 
radiation received at @ will be the influence 
coefficient, Ma, #). If we tabulate Ma, @) the 
radiation received due to any initial distribution 
of emitted radiation can readily be determined, 
since the emitted radiation can be repiaced by a 
few “lumped” outputs. 

If we express our original emission at @ = 0 in 
the form 


] ] 
Slo) = cos me, (10) 


then 


] a 
\ cosmé@. (11) 
7 4m a 


The convergence of the series in equation (11) 
is unfortunately too slow for it to be of use for 
practical calculation. 

Instead, it is easier to calculate the functions 


fi. fo.... from equation (4) and then to determine 


Ka, #) from equation (5). Expressions for /,-/; 
are given in Appendix I. It will be seen that the 
exact forms of these functions tend to become 
very cumbersome, but fortunately beyond 


f, or f; they are not needed. As we have previously 


noted, the higher harmonics of the radiation 
diminish rapidly with successive reflections and 
so by combining equation (10) with equation (4) 
we may write 


a 
7 
| 
| 
4m 
4m ay 
q 

. 
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Table 1. Influence coefficient I (a, ®) 


a=0 a=01 a=0-2 a=03 a=0-4 a=0:5 a=0-6 a=0-7 a=0-8 a=0-9 a=1-0 
0 0:15915 0-14584 0-13207 011780 0-10299 0-08760 0:07158 0-05488 0-03743 0-01916 0 
5 0:15915 0-14692 | 0-13423 0-12104 010731 0-09301 0-07808 | 0-06247 0-04612 0-02896 0-01090 
10 0-15915 0-14797 013633 0-12421 0-11156 | 0-09834 0-08450 0-06999 0-05475 0-03871 0-02179 
15 0-15915 0-14899 0-13839 0-12731 0-11571 0:10356 0-09081 0-07741 0-06329 0-04839 0-03263 
20 0-15915 014998 | 0-14039 013033 0-11978 0-10870 0-09703 0-08473 0-07174 0-05799 0-04341 
25 0-15915 015095  0-14233  0-13328  0-12376 0-11372 0-10313 0-09193 0-08007 0-06749 0-05411 
30 0-15915 0-15188 014423 0-13616 0-12764 0-11864 0-10911 0-09901 0-08829 0-07687 0-0647 
35 0-15915  0-15279 | 0:14607 013896 0-13143 0-12345 0-11498 0-10596 0-09637 0-08613 0-07518 
40 0-15915 015367 | 0:14785 | 0-14167  0-13511 | 0-12814 0-12070 0-11277 0-10430 | 0-09523  0-08551 
45 0-15915 0-15451 | 0-14957 0-14431  0-13870 0-13270 0-12629 0-11943 0-11208 0-10417 0-09567 
50 0-15915 0-15533  0-15124 0-14687 0-14218 0-13714 0-13174 0-12593 0-11968 011294  0-10565 
55 0-15915 015612  0-15285  0-14934 | 0-14554  0-14145 | 0-13704 0-13227 0-12710 0-12151 | 0-11544 
60 0-15915 0-15688 0-15441 015172 0-14880 0-14563 014218 0-13842 0-13433 0-12987 0-12500 
65 0-15915 0-15761 015590 0-15402 0-15195 0-14967 0-14715 0-14439 0-14135  0-13801 0-13432 
7 0-15915 0-15831 0-15734 0-15623 015498 0-15356 0-15196 015017 0-14816 0-14591 0-14339 
75 0-15915 0-15898 0-15871 0-15835  0-15789 0-15731 0-15660 0-15575 0-15474 0-15356 0-15219 
80 0-15915 015962 0-16003 0-16039 | 0-16068 0-16091 0-16106 0-16112 0-16109 0-16095 0-16070 
85 0-15915 0-16023 0-16128 0-16232 0:16335 | 0-16435 0-16533 016628 0-16719 0-16807 0-16890 
90 0-15915 0-16080 0-16248 0:16417 0-16589 0-16764 0-16941 0-17121 0-17304 0-17489 0-17678 
95 0:15915 0-16135 0-16361 0-16593 016831 0-17077 0-17330 0-17592 0-17862 0-18142 0-18432 2 
100 0-15915 0-16186 0-16467 0-16758 0-17060 0-17374 0-17700 0-18039 0-18394 0-18764  0-19151 1961 
105 5915 016235 0-16568 0-16915 0-17276 0:17654 0-18049 0-18462 0-18897 0-19353 0-19834 


0-15915 
110 015915 016281 0-16662 0-17061 0:17479 0-17917 0-18377 0:18861 0-19371 0-19909  0-20479 
0-15915 0-16323 0-16750 0-17198 0-17669 0-18163 0-18685 0:19235 0-19816 0-20432 0-21085 


0-15915 0-16362 0-16832 0-17325 0-17845 018392 0-18971 0-19582  0-20231 0-20919 0:21651 
25 015915 0-16399 0-16907 0-17442 0-18007 0:18604 0-19235 0:19904 0-20614 0-21370 0-22175 
0-15915 0-16432 0-16976 0-17549 0-18156 0-18798 0-19478 020199 0-20967 0-21785 0:22658 


135 0-15915 0-16462 0-17038 0-17647 0-18291 0:18973 0-19698 0:20468 0-21288 0-22162 0-23097 
140 0-15915 0-16488 0-17094 0-17734 0-18412 0°19131 0-19895 0:20709 0-21576 | 0-22502 0-23492 
145 0-15915 0-16512 0:17143 0-17811 0-18519 0-19271 0-20070 0°20922 0-21831 0-22802 0-23843 
2 150 0-15915 0-16533 0-17186 0-17877 0-18612 0-19392 0-20222 0:21108 0-22053 0-23064 0-24148 
155 0-15915 0-16550 0-17222 0-17934 0-18690 0:19495 0-20351 0:21265 0-22241 0-23287 0-24407 
160 0-15915 0-16564 0-17251 0-17980 0-18755 0-19579 0-20457 0:21394 0-22396 0-23469 0-24620 
165 0-15915 0-16575 0-17274 0-18016 0-18805 0:19645 0-20539 0-21495 0-22517 0-23611 0-24786 
170 0-15915 0-16583 0-17291 0-18042 0-18841 0-19692 0-20598 0:21567 0-22603 0-23713 0-24905 
175 0-15915 0-16588 | 0-17301 0-18058 | 0-18863 0:19720 0-20634 0-21610 0-22654 0-23774 0-24976 


180 0-15915 | 0-16589 0-17304 0-18063 0-18870 0-19729 0-20646 0:21624 0-22672 0-23794 0-25000 


] 
] 


Table 2. Functions f 
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0 0-00000 
5 0-01090 
0 0-02179 


0-03263 


20 0-04341 
25 0-05411 
30 0-06470 
35 0-07518 
40 0-08551 
45 0:09567 
50 0:10565 
55 0-11544 


60 0-12500 
65 0-13432 
70 0-14339 


7 0-15219 


0:21651 
125 0-22175 
0:22658 


fr 


0:19635 
0:19617 
0:19563 


0-19476 
0-19359 
0°19213 


0-19040 
0-18844 
0:18626 


0-18389 | 
0-18135 | 


0:17867 


0-17586 | 


0-17296 


0-16999 | 


0:16696 


0-14352 


0-14098 
0-13858 
0:13634 


fs 


fi 


fe f; fs 


0°14726 | 


0-14731 
014745 


0-14768 
0-14800 
0°14841 


0-14890 
0-14947 
0-15011 


0-16509 
0-16594 
0-16674 


0-16309 | 
0-16308 
0-16303 | 


0:16256 | 
016238 | 
016217 


0-16193 
0:16168 


0-16296 
0-16285 
0-16272 | 


0:16141 


0-16112 | 


0-16081 


0-16049 


0-16017 | 
0-15983 | 
| 0-15949 


0-15915 


0-15881 


0-15847 | 


ooo 


0-15953 | 0-15903 | 0-15920 
0-15951 | 0-15904 | 0-15919 
0-15949 | 0-15904 | 0-15919 
0-15946 | 0-15905 | 0-15919 
0-15944 | 0-15906 | 0-15919 
0-15941 | 0-15907 | 0-15918 
| 0-15937 | 0-15908 | 0-15918 
0-15934 | 0-15909 | 0-15918 
0-15930 | 0-15911 | 0-15917 


0-15 0-15 0-15914 
0-15901 | 0-15920 | 0-15914 
0-1 0-1 0°15913 


0-15894 | 0-15923 | 0-15913 
0-15890 | 0-15924 | 0-15913 
0-1 0-15912 


fo 


0°15914 


15914 
"15914 
“15915 


ooo 


“15915 
“15915 
"15915 


ooo 


“15915 
“15915 


15915 


ooo 


‘15915 
‘15916 
‘15916 


0-15916 
0-15916 
0-15916 


0-15916 
0-15916 
*15917 


0:23097 
1 0-23492 
145 0:23843 


0:24148 
155 0:24407 
160 0-24620 
165 0:24786 
170 0-24905 
175 0:24976 


0-25000 


0°13427 
0-13239 
0°13070 


0-12921 
0-12794 


15916 


0-15916 
0-15916 
0-15916 


0-16749 
0-16817 
0-16878 


0-16932 
0-16978 
0-17016 


0-17047 
0-17068 
0-17081 


0-17086 


0-16046 


0-16029 
0-16034 
0-16039 


0-16042 
0-16044 
0-16046 


5885 *15912 
"15882 | 0-15927 -15912 


*15912 


0-158 0-15911 
0-15876 | 0-15929 | 0-15911 
0°15874 | 0-15929 | 0-15911 


0-15930 | 0-15911 
0-15873  0-15930 O-15911 
0-15930 | 0-15911 


0-15872 “15911 


0°15917 
0-15917 
0-15917 


*15917 
-15917 
*15917 


0-15917 
0-15917 
0°15917 


0-15917 


6° fi a fs fio 
0-15784 0-15959 | 0-15901 | 0-15920 0-15916 
0-15785 0-15959 015901 0-15920 | 0-15914 | 0-15916 
I 0-15786 | 0-15958 | 0:15901 0-15920 | 0-15914  0-15916 
0-15958 0-15901 | 0-15920  0-15914  0-15916 
0-15957 | 0-15902 0-15920 | 0-15914  0-15916 
0-15955 | 0-15902 | 0-15920 | 0-15914  0-15916 
| 
0-15802 0:15914  0-15916 
0-15808 0-15914 0-15916 
0-15815 0:15914 0-15916 
| 
0-15083 | | 0-15823 0-15916 
0-15160 | | 0-15831 0-15916 
15243 | | 0-15840 015916 
0.15332 | 0-15850 0-15916 
015520 | 0-15871 
0-1 5619 | 0-15882 
80  0-16070  0-16391 | 0-15720 0-15893 | 0-15923 | 0-15913 | 0-15916 
85 016890: 0-16085 | 0-15822 0-15904 | 0-15919 | 0-15914 | 0-15916 
] . | 4 
90 0-17678 | 0-15781 | 0-15925 | | 0-15916 | 0-15915 | 0-15916 | 0-15915 0-15915 
95 0-18432 | 0-15480  0-16027 | :«0-15927 | 0-15912 | 0-15917 | 0-15915 | 0 0-15915 
>| 100 O-19151 | O-15185 | 0-16129 | 0-15938 | 0-15908 | 0-15918 0-15915 | 0-15915 
1050-19834 | 0-14897  0-16228 | 0-15813 | 0-15949 0-15915 “= 
110 0:20479 -0-14619 0-16325 | 0-15781 | 0-15960 0-15915 
1150-21085 «0-16419 | 0-15749 0-15971 0-15915 
0-15719 0-15981 0-15915 
0-15690 0-15991 0-15915 
0:15663  0-16000 0-15915 
| 0-16016 | 0.15915 
0-15615  0-16016 O 0-15915 
0-15594 0-16023  0-15880  0-15927 0 0-15915 a 
0-15575 0-15915 
0-15560 0-15915 
0-12689 0-15547 | 0-15915 
| 
0-12607 0-15536 0-15915 
0-12548 0-15529 0-15915 
0-12512 0-15525 0-15915 iA 
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cos @ + --- | 
| 
(12) 
| 
| 
| 


39 cos + --- 


where the terms neglected are less than 10-°, 
Our method of calculation is thus a hybrid. 
We use exact values of the functions f up to f, 
and complete the expression by using values of 
fz---f.. derived from Fourier analysis. The 


radiation absorbed up to the seventh reflection 


n=7 
may be written a & (1 — a)"~'f,. If we consider 
n=1 


the new emission after the seventh reflection 
(from equation (12)), 


l 
(1 — a)’; 37,, 008 > 


then the contribution to ((a, #) from it may be 
obtained from equations (10) and (11) as 


(i — a)’=- + 


In total, then, we have 


7 


Ka, 0) =a \ — + 
a7 
n=] 
a(l — ay) 1 
6. 
4—a 3'n (13) 


The functions f, to f; were calculated to seven 
decimal places using the expressions of Appen- 
dix I for 6 = 0(5)180°. (a, #) was then deter- 
mined from equation (13), also to seven decimal 
places, for a = 0(0-1)1. Finally the results were 
rounded down to give the five-figure table of 
I(a, #) in Table 1. A separate five-figure table 
of f; to f,9 (Table 2) is also given since the results 
may be useful for comparison with reflection 
from non-Lambertian surfaces: f,, f, and f,, were 
calculated from equation (12). 


RESULTS 

The influence coefficient for the inten- 
sity of radiation received at @ in a long cylinder 
of unit radius when a unit line emission occurs at 
6 = 0 is tabulated to five figures in Table 1. 
Diffuse emission and reflection obeying Lam- 
bert’s cosine law is assumed and the coefficient of 
absorbivity, a, is supposed constant. For high 
absorbivities (a, #) varies sinusoidally, for low 
absorbivities it tends to the constant value, 
1/27. 

The distribution of emitted radiation / (@) after 
each of the first ten reflections is given to five 
figures in Table 2. The function /(@) quickly 
tends to uniformity with successive reflections. 

#) and are plotted in Fig. 2. 
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The exact forms of the functions f, to f; are listed below: 
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Abstract—The boundary-layer differential equations for laminar flow over permeable wedges with suc- 
tion, including isothermal and variable wall temperature distributions, have been solved. By use of the 
present solutions, the heat transfer and skin friction for laminar flow over any arbitrary geometry can 
be calculated. The application of the solutions to the binary gas flow and condensation is demonstrated, 
and the relation between the mass condensed, the heat removed, and the surface temperature is derived. 


Résumé—Les équations différentielles de la couche limite laminaire avec aspiration sur des diédres 

poreux, dans le cas de distributions de température de paroi variables ou non, ont été résolues. L’utilisa- 

tion de ces solutions permet le calcul de la transmission de chaleur et du frottement a la paroi pour un 

écoulement laminaire sur une forme quelconque. I] est démontré que ces solutions sont applicables a 

écoulement d’un gaz binaire avec condensation, la relation entre la masse condensée, la chaleur 
enlevée et la température de surface est donnée. 


Zusammenfassung—Die Grenzschichtgleichungen der LaminarstrOmung tiber durchlassige Kanten mit 

Absaugung wurden fiir konstante und veranderliche Verteilungen der Wandtemperatur gelést. Mit 

Hilfe dieser L6sungen kann der Warmeiibergang und die Oberflachenreibung bei Laminarstromung 

fiir beliebig geformte K6rper berechnet werden. Eine Anwendung der Lésungen auf den binaren 

Gasstrom und Kondensation wird gegeben und die Beziehtung zwischen Kondensatmenge, abge- 
fiihrter Warme und Oberflachentemperatur abgeleitet. 


KOTOpbe OTCaChIBaeTCA NOr arom, OLITh Kak 
NOBEPXHOCTH Tela Pemenwe pacnpoctpaneno Ha MOTOKOB 
MaccoH, MOTOKOM TeILia TeMMepaTYpOH 


NOMENCLATURE heat transfer coefficient 


constant; 
constant; 
constant; 


» integration constants; 


[u(eu/cy),.] 
pU2/2 
specified heat at constant pressure; 
coefficient of ordinary diffusion; 
constant; 
dimensionless stream function equation 
(5), f = b/y/(Uxv); 


local friction coefficient 


Te): 
latent heat of condensation; 
thermal conductivity of fluid 
rate of condensation; 
Eulers number, equation (6); 
wall temperature parameter, equation 
(7); 
local Nusselt number = /x/k; 
heat flux parameter appearing in 
= Ex?; 
Prandtl number = pc,/k; 
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Yrs local heat flux: 
Re,, Reynolds number = Ux/v: 
Se. Schmidt number = v/D; 


temperature; 

u, velocity component in x direction; 

U, velocity component in x direction at 
the outer edge of the boundary layer; 

v, velocity component in y direction; 

mass fraction or concentration; 

x, co-ordinate along the wall surface: 

y; co-ordinate normal to the wall surface: 

ns dimensionless distance from the wall, 
equation (5): 

a, thermal diffusivity: 

dynamic viscosity: 

v, kinematic viscosity = p/p: 

density: 

0, dimensionless temperature, equation 
(5); 

d, dimensionless concentration - 

(W — W,,)/W.,, — We): 
xb, stream function, equation (4). 
Subscripts 


W’, wall (v = 0): 

vapor component: 

iso, isothermal wall: 

x, conditions at outer edge of boundary 
layer. 


Superscripts 
Primes (' ) denotes differentiation: 
three-dimensional variables. 


1. INTRODUCTION 
It is well known that the skin friction and heat 
transfer in incompressible laminar flow over 
wedge-shaped bodies can be accurately calculated 
by solving the boundary layer differential 
equations, provided that the prescribed surface 
temperature is a power function of the distance 
measured from the leading edge. For flow over 
an arbitrary body shape with known pressure or 
velocity distribution where there exists no 
similarity the skin friction and heat transfer are 
conventionally found by an approximate method, 
either the integral method or the equivalent 
wedge flow approximation. Both of these two 
methods yield sufficiently accurate results for 
most engineering applications. To apply the 


equivalent wedge flow method for the prediction 
of skin friction and heat transfer it is necessary 
to have the solutions of the boundary layer 
equations for wedge type flows. Such solutions 
are generally available for the impermeable 
wedge [l, 2. 3, 4, 5] and for the porous wedge 
with blowing -[6, 7, 8, 9, 10, 11] including the 
consideration of a variable surface temperature 
distribution. 

However, in the case of a porous wedge with 
suction [8. 9, 10] the available information is 
very limited. For the flat plate with suction 
Emmons and Leigh [10] have furnished solutions 
of the momentum equation, while the corres- 
ponding heat transfer results for the isothermal 
porous plate were presented by Schlichting and 
Bussemann [8] and Hartnett and Eckert [9]. 
These latter investigations [8, 9] also included 
heat transfer and skin friction results for an 
isothermal plane stagnation region with wall 
suction. This limited information is not sufficient 
to allow the application of the equivalent wedge 
flow method to flow over an arbitrary shaped 
body with wall suction. Such a flow situation 
may occur in boundary layer control applica- 
tions, in flow over porous surface such as para- 
chutes, etc. 

It is the purpose of this paper to report the 
solutions of the boundary layer equations for 
laminar flow over permeable wedges with suc- 
tion, including isothermal and variable wall 
temperature distributions. The flow is assumed 
to be incompressible with constant properties 
and the Prandtl number is taken to be 0-73. 


2. DIFFERENTIAL EQUATIONS AND BOUNDARY 
CONDITIONS 
The boundary-layer equations for two- 
dimensional steady incompressible laminar flow 
with constant properties are: 


Continuity: 
cu Cl 
+ =0 (1) 
ox 
Momentum: 
ey oy? p™ dx 
Energy: 
oT oT @T 
u +41 (3) 
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Since the Mach number has been assumed to be 
small (i.e. incompressible flow) the dissipation 
and pressure gradient terms are negligible and 
have been omitted from the energy equation. 
The boundary conditions are: 

Momentum: 


u=0 aty =0 
v = at y 


u= U(x)asy> x 


Energy: 


T = T,{x) at y =0 
= T« 
The continuity equation can be satisfied by 
introducing a stream function, ys, such that 
Cys ous 
v=— (4) 


ey ex 


asy—> 


u 
The momentum and energy equations can be 


transformed to the corresponding ordinary 
differential equations by the following substi- 


tutions [9]: 
y Ux 7} 


(5 
f (Ux (5) 
» | 
Tx TAD J 


where f and @ are assumed to be a function of 
only. 

For flow over an infinite wedge of angle 
Bx [8 = 2m/(m + 1)] the free stream velocity U, 
just outside the boundary layer, can be shown 
to be: 


U = Ax" (6) 


where m is known as the Euler number. 

It will be assumed that the temperature differ- 
ence between the wall and the free stream varies 
as Bx", i.e.: 


T,Ax) — To = Bx". (7) 
By applying the above relations, the momentum 


and energy equations are transformed into the 
following forms: 


HEAT TRANSFER FOR INCOMPRESSIBLE LAMINAR FLOW 


Momentum: 
Energy: 
— + (i — =0. (9) 


The velocity components, wu and v, can be 
expressed in terms of the new variables as: 


> (10) 

v f f'n 
U2 (Re,)| f(m y+ f'n( m) | 
where Re, = Ux/v. 
The boundary conditions are: 
f* = (u = 0) 
f (Re,) rat» | 
—0 J (11) 
| 

> aS n> 
| | 


In the second boundary condition the dimen- 
sionless suction parameter f,, may be taken as 
any constant value, thereby ensuring that the 
solution will depend only on the new variable ». 
This requires the suction velocity distribution 
to vary in the following manner: 


2 


= 


Thus, for the flat plate v,. ~ (1/4/x) and for the 
plane stagnation point, v,, = constant. For any 
other distribution of suction the solutions will 
depend on x and the resulting velocity profile 
will not be affine. 

Note that the momentum equation is inde- 
pendent of the energy equation for constant 
fluid properties and hence can be solved inde- 
pendently. Once the solution of the momentum 
equation is obtained the f (») and f ‘() values are 
utilized to solve the energy equation. 
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3. INTEGRATED FORMS OF THE BOUNDARY 
LAYER EQUATIONS AND THE METHOD 
OF SOLUTION 


In the present analysis the momentum and 
energy equations were written in their integrated 
forms and then solved by iteration. The inte- 
grated form of the momentum and energy 
equations, together with their boundary con- 
ditions, are as follows: 


f = fe + (12) 


+ x 
exp | - fdn| dy +C,- (14) 


7 m+ i 
-n| exp | | 


| 8) 
(15) 
7 
exp) fan| dy -dy 
J0 
C, | exp | | fan| dy | 
where 
1 — m [e(exp {— [2 [(m + 1)/2] fdn} 
(2(f'% — lyexp {{2[(m + 1)/2] } dn) dy 
exp {— + 1)/2] fay} dy 
(16) 
1 + Pr + 1)/2] 
Pr f — 
exp Pr [(m + 1)/2] fdy} dy) dy 


{2 exp Pr [(m + 1/)2] fdy }dy 
(17) 


The above equations have been solved by use of 
the E.R.A. 1103 computer. For any given Euler 
number, m, and suction parameter, /,,, an initial 
velocity profile /{(y) was estimated and sub- 
stituted into equation (12) to get an estimated 
fy(m). These f((m) and were then used in 
equations (16), (14) and (13) consecutively to 


obtain the velocity profile, say This 
was usually different from /((y). In this case an 
intermediate value between f;(y) and f{(y) was 
used in place of f/(y) and the above processes 
were repeated until a consistent value of f‘(») 
was obtained. 

In the case of the energy equation the tempera- 
ture profile, say 49(7), was first computed directly 
from equations (17) and (15) consecutively for 
n = 0. For a given temperature parameter » this 
6,(7) was substituted into the right-hand sides 
of equations (17) and (15) to get an approxi- 
mate temperature profile 4,(). An intermediate 
value between 4,(7) and 6,(7) was then used to 
obtain a better approximation for 4»). These 
procedures were repeated to get the final result. 


4. FRICTION COEFFICIENT AND 
HEAT TRANSFER 


The friction coefficient C,, is defined as: 
T ucu/Cy),, 
Cp 
pl “|e pl 2/2 
It is related to the integration constant C, by the 
following equation: 


C,,. (Re,) 
=f" =C,. (18) 


The dimensionless heat transfer parameter, (i.e. 
the Nusselt number) is: 


hx : 
Nu, = k 6, V (Re,). 
or 
Nu, C (19) 
\ (Re,) w 


§. RESULTS AND DISCUSSIONS 

The boundary-layer equations have been 
solved for several wedge angle and suction 
parameters. The temperature parameter m was 
varied from —0-5 to 10 except for the plane 
stagnation flow where results for n 1 are 
also included. The value of Prandtl number is 
taken as 0-73 (air). 

The velocity profile and friction coefficient for 
flow over wedges with various suction are shown 
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Fic. 1. Velocity profile for flow over wedges with various suction. (a)m = 0; (b)m=}; (c)m= 
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Fic. 2. Friction coefficient (flow over wedges with 
various suction). 


on Figs. 1 and 2, respectively. As expected Fig. 1 
shows that the velocity boundary-layer thickness 
decreases as the suction increases. This is 
responsible for the increase of skin friction as is 
revealed by Fig. 2. For large suction, Fig. 2 also 
shows that the friction coefficient is approxi- 
mately a linear function of m. 

The boundary-layer temperature profiles on a 
fiat plate with power-function wall temperature 
variation are shown on Fig. 3 for eight values 
of the wall temperature exponent n, with Fig. 
3(a) corresponding to the impermeable wall, 
while Fig. 3(b) and 3(c) are for the porous plate 


for values of the suction parameter equal to 


fy. = 1:0 and 8-0, respectively. Similar presenta- 


tions are given on Figs. 4 and 5 for two other 
wedge flows corresponding to Euler numbers of 
4 and 1. 

It is seen from these figures that for a fixed 
wedge angle and fixed suction the thermal 
boundary-layer thickness is reduced with increase 
of n. Consequently, it is expected that the heat 
transfer would increase with increase of n. This 
conclusion is clearly verified by Figs. 6, 7 and 8 
which present the dimensionless heat transfer, 
Nu,/. (Re,), for the three wedge flows. These 
figures also show that the heat transfer is 
approximately a linear function of nm for large 
values of suction. 

Figure 9 reveals that for negative wall tempera- 
ture gradient (negative m), the heat transfer for 
variable wall temperature is less than that for 
isothermal wall, and for positive wall tempera- 
ture gradient (positive n) the heat transfer for 
the non-isothermal wall is always larger than 
that for isothermal wall. The ratio of non- 
isothermal wall heat transfer to the isothermal 
wall heat transfer is very sensitive to n for solid 
wall and small suction. However, this ratio 
increases very gradually with n for large suction. 
The same figure also shows that for a fixed 
suction and wall temperature variation, this 
ratio decreases with increase of free stream 
velocity gradient, or Euler number. 


6. THREE-DIMENSIONAL STAGNATION FLOW 


By means of Mangler’s transformation [12] 
the three-dimensional axially symmetric flow 
can be transformed to the corresponding two- 
dimensional case. For three-dimensional stag- 
nation flow the equivalent two-dimensional case 
would be the flow over a wedge with Euler 
number of 3. It can easily be shown that the 
suction velocity, the temperature parameter, 
the friction coefficient and the Nusselt number 
for the three-dimensional stagnation flow are 
related to the associated two-dimensional case 
by the following equations: 

Suction parameter: 


Re, = (20) 
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Fic. 3. Temperature profile for flow over a flat plate with various suction and variable wall temperature. 
(a) = 0, m=0;() = 1,m=0;0f, = 8, m=0. 


1.0 —— a 
06 a 
‘he (a) 
| | 
| | | a 
WZ 
fw=0 | | 
2 3 4 5 6 
| 
a | | | 
a 
| 
| | 
Te) 20 3.0 40 5.0 
8 
q 


(a) 


(b) Vol. 
2 
1961 


0.8 EB | | 
| | | 
n= 10 
6 
0. 
2 
0.5 
-0.5 
(c) 
04 
=| 
| | | 
| 
re) | 
0 0.2 0.4 0.6 08 1.0 


Fic. 4. Temperature profile for flow over wedge with various suction and variable wall temperature. 
(a) fo = 0, m= = 1, m= 4; Of. = 8, m= }. 
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Fic. 5. Temperature profile for plane stagnation flow with various suction and variable wall temperature. 
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Fic. 6. Heat transfer for flow over flat plate with various suction and variable wall temperature. 
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Fic. 7. Heat transfer for flow over wedge with various suction and variable wall temperature. 
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Fic. 8. Heat transfer for two-dimensional stagnation flow with 
various suction and variable wall temperature. 


Temperature parameter: 


Friction coefficient: 
v Re, 


Nusselt number: 


Nu, 


Re, 


(23 
V Re, m=1/3 ) 


where the superscript bar denotes the three- 
dimensional stagnation flow case. 


Hence, in three-dimensional stagnation flow, 
if the suction velocity, free stream conditions and 
the wall temperature variation — T,, = 
are given the f,, and n can be computed from 
equations (20) and (21) and the friction coefficient 
and Nusselt number can be found from equa- 
tions (22) and (23), respectively. 


7. APPLICATION OF THE WEDGE FLOW SOLL- 

TION TO PREDICT THE SKIN FRICTION AND 

HEAT TRANSFER FOR LAMINAR FLOW OVER 
ARBITRARY BODY 

For flow over any arbitrary two-dimensional 

body with given free stream velocity and wall 
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Fic. 9. Effect of wall temperature variation on heat transfer 
for flow over wedges with various suction. 


temperature distribution the skin friction and 
heat transfer can be approximately calculated 
by use of the wedge flow solutions. First, the 
equivalent Euler number m and the approximate 
temperature parameter n can be found by the 
following equations: 


x dU 
— 
a (24) 
aT, 


In these equations, x is measured from the lead- 
ing edge or the forward stagnation point. 

With m computed and /,, specified, the skin 
friction can be directly read from Fig. 2. The 
heat transfer can be found from Figs. 6, 7 and 8 


after the temperature parameter n has been 
found from equation (25). 

If the heat transfer distribution is prescribed 
as q, Ex’, the wall temperature 7, can be 
determined from the heat transfer equation: 


where 4; can be found from Figs. 6, 7 and 8 for a 
given m and f,. withn = p + (1 — m)/2. 


8. APPLICATION OF WEDGE FLOW SOLUTION 
TO BINARY GAS FLOW AND CONDENSATION 
In a binary gas flow, the concentration of the 
gaseous component can be found by solving the 
diffusion differential equation. For constant 
fluid properties and a Lewis number of unity the 
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differential equations and boundary conditions 
for both the dimensionless concentration 


W, 
and temperature 


are identical [9]. Consequently, the concentra- 
tion information can be immediately obtained 
from the energy equation solutions, provided 
that certain compatibility conditions are satis- 
fied. Under the assumptions that the departure 
from thermodynamic equilibrium is negligible 
and that the wall surface remains wetted, the 
following conditions must be satisfied : 

(a) The partial pressure of the condensing 
vapor must be equal to the vapor pressure of the 
liquid at the surface temperature. Therefore, 
a specification of the wall temperature fixes the 
partial pressure and, consequently, fixes the mass 
fraction of the condensing vapor at the wall. 
It is obvious that the mass fraction of the vapor 
must be greater in the free stream than at the 
wall surface if condensation is to occur. This 
requires the surface temperature to be lower 
than the free stream temperature. 


(b) If there is no net flow of boundary-layer 
air into the wall surface this requires the con- 
vective velocity toward the wall to be exactly 
balanced by the diffusive velocity of the air 
away from the wall. In terms of dimensionless 
variables: 

l Ww 


(cd Dw 


Sc{{(m + 1)/2]f,.} 


Therefore, the condensation rate /,, is related to 
the mass fraction of the condensing vapor W, 
(c) The heat transferred to the wall by con- 
vection and by the condensing vapor must be 
removed from the wall by a suitably distributed 
heat sink: 
&, 


(27) 


T,,.) 


Rearranging and expressing in terms of dimen- 
sionless variables this may be stated: 


/( 
—T,)\ \U 


m + Ng, 
r 
For example, if we restrict our attention to the 
flat plate geometry (m 0) with given free 
stream conditions, the selection of a constant 
wall temperature 7,, (where 7,, < 7.) fixes the 


SwP 


(0) (28) 
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Fis. 10. Effect of suction on concentration (no net air flow at the wall). 
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wall mass fraction at a constant value. For the 
assumed constant wall temperature boundary 
conditions there is a unique relationship between 
(0) [identical in value to @’(0)] and f,, as shown 
in Fig. 6, allowing the wall mass fraction to be 
directly related to f, through equation (27). 
This is shown on Fig. 10. 

Finally, equation (28) must be satisfied and it 
is apparent that the heat sink g, must vary as 
1, x to satisfy the compatibility relations. By 
this method it is a simple matter to prepare a 
table of values of the dimensionless heat removal 
requirements, the mass condensed and _ the 
resulting surface temperatures. 

For flows over other wedge-type geometries 
(m == 0), the application of the reported results 
to the condensation problem becomes more 
complex. In such cases, the assumption of a 
constant wall temperature results in a constant 
value of the partial pressure at the wall. How- 
ever, the free stream pressure is varying along 
the surface and consequently, the wall mass 
fraction will vary along the surface for a constant 
wall temperature condition. If the present 
solutions are to apply under such circumstances. 
the mass fraction term W,. — W,,, must vary 
as a power function x”. For some wedge angles 
this condition may be satisfied. Alternatively, 
for a fixed wedge angle it may be possible to 
find a power function wall temperature distribu- 
tion which will give rise to a wall mass fraction 
value which will satisfy the compatibility require- 
ments imposed by equations (27) and (28). 
Detailed consideration of this case is beyond the 
scope of the present paper. 
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Abstract—The auxiliary functions needed in using the method of Paper | of the series are presented as 

graphs and tables (Tables 7 and 8, Figs. 4 and 5). They have been deduced by interpolation from a 

large number of exact solutions obtained by other authors; these solutions are surveyed in the present 
paper. It is shown that further exact solutions are needed. 


Résumé—Les fonctions auxiliaires nécessaires dans l’‘application de la méthode exposée dans la partie | 

de cet article sont présentées sous forme de graphiques et de tableaux (Tableaux 7 et 8, Figures 4 et 5). 

Elles ont été obtenues par l’interpolation d’un grand nombre de solutions exactes données par d'autres 

auteurs; ces solutions sont résumées dans cet article. I] est montré que d'autres solutions exactes 
seront nécessaires. 


Zusammenfassung—In der ersten Arbeit dieser Reihe war eine Methode angegeben, deren Anwendung 

Hilfsfunktionen erfordert. Diese Hilfsfunktionen sind hier als Diagramme und Tabellen (Fig. 4 und 5, 

Tab. 7 und 8) mitgeteilt. Sie wurden durch Interpolation aus einer grossen Zahl von exakten Lésungen 

anderer Autoren erhalten. Die kritische Beurteilung dieser Losungen in der vorliegenden Arbeit zeigt, 
dass weitere exakte Lésungen notwendig sind. 


Annotanua—b (ra6a. 7 u 8, dur. 4 5) 
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NOTATION* Hy, ratio of displacement thickness to 


a constant (various) (see equation (9)): momentum thickness ( — ) (see equation 
drag coefficient ( — ) (see Section 2.1); (6)): 
Euler number ( — ) (see equation (17)): H,,, ratio of displacement thickness to shear 


dimensionless stream function ( — ) (see 
equation (1)); 

dimensionless measure of mass transfer 
rate ( — ) (see equation (8)); 
dimensionless shear stress at wall ( — ) 
(see equations (3) and (7)): 

measure of rate of growth of momentum 
thickness ( — ) (see equation (5)): 
constant in Newton’s Second Law 
(Ibmft/Ibsh?) (see Section 2.1); 


mM, 


thickness ( — ) (see equation (7)); 
alternative symbol for Euler number, 
Eu(—); 

a constant ( — ) (see equations (9) and 
(10)); 

velocity of main stream outside boun- 
dary layer (ft/h); 

velocity component through wall in 
direction of fluid (N.B. Mass transfer 

vs times fluid density adjacent wall) 
(ft/h); 


* Typical units of measurement are indicated in 
brackets. (— ) signifies dimensionless. 


distance along wall measured in stream 
direction (ft); 


One 
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8, a constant ( — ) (see equation (10)); 
5,. displacement thickness (ft) (see Paper 1); 


5, momentum thickness (ft) (see Paper 1); 

5,. shear thickness (ft) (see Paper 1); 

7. dimensionless space co-ordinate (— ) 
(see equation (1)): 

v, kinematic viscosity of fluid (ft®/h); 


op. fluid density (Ibm/ft*): 

zs, Shear stress at wall (Ib;/ft®): 

d, —1(—) (see equation (27)): 
xy. yy —1 (—) (see equation (28)). 


1. INTRODUCTION 

1.1. Purpose of paper 

Tuis paper is the second of a series dealing with 
the prediction of mass transfer rates through 
laminar boundary layers. In the first of these 
papers (Spalding [1]), a method was presented 
for calculating the thickness of the velocity 
boundary layer in the presence of mass transfer. 
That method pre-supposed the availability of 
certain functions obtained from the “similar” 
solutions of the laminar boundary-layer equa- 
tions. 

The main purpose of the present paper is to 
supply these functions in the form of graphs and 
tables suitable for practical use. Their method of 
construction will be explained. 

It will appear that the range covered by the 
functions presented is not as great as is desirable, 
a restriction that can only be removed by 
obtaining new solutions to the fundamental 
equation. A minor purpose of the present paper 
is therefore to survey the extent to which the 
velocity of the laminar boundary layer has so 
far been explored; it will appear that considerable 
tracts of uncharted territory still remain. 


1.2. The mathematical problem 

In Paper | of this series it has been shown that 
the equation to which the solutions are required 
is: 


fd*f 
w 
with boundary conditions: 
df 
7 0 0, f fo 
dy 
7 (2) 
df 
| 
dy 
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In this problem, » is a dimensionless space 
co-ordinate with value zero at the phase boun- 
dary, f is a dimensionless stream function, /, has 
a specified value representing the mass flux 
through the phase boundary, while § is a quan- 
tity representative of the velocity-gradient in the 
main stream outside the boundary layer. 

The quantities f, and § are to be regarded as 
constants for a given solution; thus we are con- 
cerned with obtaining a two-parameter family 
of solutions. Both positive and negative real 
values of 6 and positive and negative, real and 
imaginary, values of fy are of practical interest. 

It has also been shown in Paper | that the 
most relevant properties of a particular solution 
include the values of the quantities on the left- 
hand sides of the following definitions: 


f" = ) (3) 

Ho, = 82/8, (df — df 
(7) 


Se (d — d f/dy)dy }. (8) 


The right-hand sides of these definitions indicate 
plainly how the properties in question are to be 
computed once the solution of the equation is 
available in the form of the relation between / 
and », for given f, and £. 

We shall be concerned, in the present paper. 
to provide graphs and tables of the functions 
appearing on the left of equations (3) to (8), 
either with f, and § as arguments, or with 
alternative pairs. 


1.3. Outline of present paper 

The most important of the graphs and tables 
just mentioned appear in Section 3 (Tables 
7 and 8, Figs. 4 and 5); they represent the only 


ay 
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4 
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parts of the present paper which need be con- 
sidered by anyone solely concerned with the 
practical use of the calculation method of 
Paper | of the series. 

Section 2 presents a survey of all the exact 
solutions to equation (1) which the authors have 
been able to find in the literature; it is these 
solutions which are used as the basis for the 
graphs and tables of Section 3. The latter have 
been derived from the former by interpolation. 

The authors have not themselves obtained any 
new solutions to equation (1); however, the 
interpolation procedures and their results are 
believed to be novel. They have eliminated the 
need for all but confirmatory solutions over a 
considerable proportion of the region of practical 
interest. 


2. SURVEY OF EXISTING SOLUTIONS 
2.1. Remarks on terminology and notation 

The six quantities on the left of equations (3) 
to (8) are, together with f, and £, the ones which 
we find most convenient in calculations of the 
velocity boundary layer; the solutions to equa- 
tion (1) will therefore be presented in terms of 
these quantities. However, boundary-layer solu- 
tions are often presented in different terms, so 
that a glossary becomes necessary. 

This will now be provided. In particular we 
furnish formulae permitting translation of the 
conventional boundary-layer parameters involv- 
ing “length Reynolds number”, ugx/v, into the 
present terminology. It will be remembered that, 
in Paper 1, it was noted that there are certain 
objections to referring the solution to a par- 
ticular distance x, especially when the solution 
is to be used in conjunction with the hypothesis 
that the local boundary layer has no “memory” 
of how it originated. The latter supposition is 
implicit in the method of Paper 1. 

The starting point of the transformation for- 
mulae is the equation for the free-stream velocity 
distribution which is characteristic of “similar” 
boundary layers, namely: 


(9) 


This equation, and the relation between n and 8, 
namely: 


= 1/(1 — n/2) (10) 
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are explained in Paper 1. They permit the 
deductions (for n + 1): 


dug (2 \) 


XUG 8? tu) 

33 auc) 

~ /[(2/8) — 4) 
Usx XUG (vs8,/v) 82 dug 


- Eu = 1/(2/B — 1). (17) 


In this list the symbols on the left represent 
those conventionally used; those on the right 
represent the groupings which we have found 
convenient. Thus: 


x = distance from leading edge of a surface 
along which the main-stream velocity 
UG Varies in accordance with: 


ug (18) 

Eu = Euler number, the exponent in equa- 
tion (18), sometimes denoted by the 
symbol m. 

Cy = drag coefficient = 

where 

ts = local shear stress at wall (phase boun- 
dary), 

2, = constant in Newton’s Second Law of 
Motion, 

p = fluid density, 

ug = local main-stream velocity, 

8 =any boundary layer thickness, i.e. 


either displacement thickness 6,, mo- 
mentum thickness, 5,, or shear thick- 
ness 54. 


Some of the above formulae become indeter- 
minate when 8 = 0; for dug/dx is also zero for 
this case. They can therefore conveniently be 


XUG dug (2 4 
¥ 
4 
a 
dx 
x 
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modified by substituting for dug/dx from equa- 
tion (5). 

The formulae presented in this section have 
been used to translate published solutions of 
equation (1) into the terms of the present series 
of papers. They can of course also be used in the 
reverse direction. 

In some cases, authors have not provided 
sufficient information in their publications for 
the desired quantities to be calculable from 
these formulae alone. In these cases we have, 
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German literatures for solutions to equation (1) 
with its appropriate boundary conditions. Only 
exact solutions have been considered. The rele- 
vant results are contained in the following tables. 
It will be noted that the important quantity 
(82/v) (dug/dx) has not been tabulated through- 
out. This has been done to save space. This 
quantity can, however, easily be deduced from 
the tabulated values of F and § via equation (5). 
Where this is not possible because both 8 and F 
are zero, as in one part of Table 3, (62/v) (dug/dx) 


has been tabulated in place of F. Solutions giving 
negative values of f4) have been omitted as 
being without practical interest. 


where possible, gone direct to the published 
relations between df /dy and », evaluated the 
relevant quadratures, and obtained the desired 
oe quantities via equations (3) to (8). 

Table 1. fy 0, various B 

co 2.2. Tabulation of solutions to equation (1) This table, based on the work of Falkner 
The authors have searched the English and [2, 3], with a few contributions from Mangler 


ra Table 1. Boundary-laver parameters for: fg = 0, various B 
8 So F, Hy, References 
Vol. 
~4-0 2:277,/—1 0-4225 2-018 0-468 0-0 Mangler [4] 1 
1-0 1:7184/—1 —1-540 1-752 0-674 0-0 ditto 
7 —0:1988 00 0-821 4-030 0-0 0-0 Falkner [2, 3] 
y 0-19 0-0860 0-792 3-480 0-0496 0-0 ditto 
—0-18 0-1285 0-760 3-297 0-0729 0-0 ditto 
0-16 0-1905 0-708 3-091 0-1052 0-0 ditto 
-0-15 0-2161 0-681 3-020 0-1176 0-0 ditto 
> 0-14 0-2395 0-661 2-963 0-1290 0-0 ditto 
0-10 03191 0-583 2-800 0-1645 0-0 ditto 
* 0-05 0-4008 0-508 2-672 0-1968 0-0 ditto 
0-0 04696 0-441 2-591 02205 0-0 ditto 
0:1 0-5870 0-342 2-481 0-2557 0-0 ditto 
os 0-2 0-6869 0-266 2-412 0-2802 0-0 ditto 
fe 03 0-7748 0-208 2-361 0-2989 0-0 ditto 
0-4 08542 0-1614 2-325 0-3132 0-0 ditto 
0-5 0-9277 0-1226 2-297 0-3249 0-0 ditto 
0-6 0-9960 0-0903 2-275 0-3344 0-0 ditto 
0:8 1-1200 0-0389 2-241 03492 0-0 ditto 
A 1-0 1-2326 0-0 2-217 0-3603 0-0 ditto 
4 1:2 1-336 —0-0305 2-198 0-3690 0-0 ditto 
1-4 1-431 —0-0550 2-184 0-3752 0-0 ditto 
1-6 1-521 —0-0751 2-173 0-3807 0-0 ditto 
1:8 1-606 —0-0921 2-163 0-3853 0-0 ditto 
20 1-687 —0-1065 2-155 0-3893 0-0 ditto 
2-2 1-764 —0-1188 2-149 0-3925 0-0 ditto 
2-4 1-837 —0-1294 2-144 0-3949 0-0 ditto 
1: —0-2830 2-069 0-4344 0-0 Holstein [5] 


* The figures for this value of 8 appear to contain a small error but attempts to trace it were not successful. 


iF 
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[4] and Holstein [5], refers to boundary layers 
with zero mass transfer ( f, = 0). Some of the 
results overlap those of Hartree [6]. Since they 
are more extensive than Hartree’s, and are quoted 
to a higher accuracy, Falkner’s results have 
been preferred. 

The solutions of Mangler involve imaginary 
values of the variables f and ». They were the 
only solutions of this class which could be found. 
Note that although /f() is imaginary for these 
solutions, Fy, Hy, and H,, are not. 


Table 2. 8 = 0, various fy 
This table is based on the work of Emmons 


and Leigh [7]. It refers to boundary layers on 
bodies with finite mass transfer rate from the 
surface to the fluid (f, < 0) or from the fluid 
to the surface (f, > 0), with no gradient of 
main-stream velocity (dug/dx — 0). Additional 
values for larger fy can be obtained from 
Table 4 below. 


Table 3. Various 8 and fy 

This table contains data abstracted from a 
variety of sources, and of varying accuracy. The 
data of Mangler [8] appear, on plotting, to 
be of lower accuracy than the others, but they 
are included because solutions for negative ? 


Table 2. Boundary-layer parameters for: B = 0, various fy 


References 


ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 


ditto 


ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 


= 
Usd 
fo fo Fy Hy» Ho, 
—0-8757 0-0 1-5338 15-575 0-0 0-7669 Emmons and Leigh [7] g 
—0-8485 0-00475 1-4561 6-507 0-0040 0-7240 
0-7778 0-0244 1-2872 4-762 0:0196 06240 
0-7071 0-0502 1-1470 4-100 0-0380 0-5355 
0-6364 0-0805 1-0278 3-709 0-0577 0-4562 
~0:5657 0-1143 0-9290 3-442 0-0777 0:3868 
~0-4950 0-1512 0-8352 3-244 3-0977 0:3199 
—0-4243 0-1907 0:7564 3-091 0-1173 0:2609 
61 0-3536 0-2326 06874 2-967 0-1364 0:2073 
0-2828 0:2766 06258 2-866 0-1547 0-1582 ag 
—0-2121 0-3225 0:5716 2-780 0-1724 0-1134 
0-1414 0-3700 0:5230 2-709 0-1892 0-0723 
—0-0707 0-4191 04798 2-646 0-2053 0-0346 
0-0 0-4696 0-4410 2-591 0:2205 0-0 
00707 0-5214 0-4062 2-543 0-2350 0-0319 
0-1414 0:5743 0:3748 2-501 0:2486 0-0612 
0-2121 0-6284 0-3466 2-463 0:2616 0-0883 
0:2828 0-6834 0-3210 2-431 0:2738 0-1133 
03536 0-7394 0-2978 2-399 0:2853 0-1364 
04243 0:7962 0-2766 2-373 0:2961 0-1578 
04950 0-8538 0-2574 2349 03063 0-1776 
05657 0-9121 0-2400 2-325 0-3160 0-1960 
06364 0-9711 0-2240 2-305 0-3250 —0-2130 
0-7071 1-0308 0:2096 2-287 0:3337 -0-2289 
07778 1-0910 0-1962 2-270 | 00-3417 ~0:2436 | 
08485 1-1518 0-1838 2-254 | 03493 -0-2574 
0-9192 1-2131 0-1726 2-239 -0-2702 
09899 1-2748 0:1660 2-226 0-3632 ~0:2820 
1 -0607 1-3370 0-1526 2-214 0:3694 —0-2931 
1-4142 1-6538 0-1150 2-164 0:3963 —0-3388 
1-7678 1-9782 0-0886 2129 04162 —0-3719 
2-1213 2-3083 0-0700 2104 —0-3967 
2-8284 2-9803 0-0462 2070 | 0-4527 —0-4296 = 
3-5355 3-6627 0-0324 2-051 0-4659 —0-4497 
4-2426 43516 0-0278 2-037 0-4743 -0-4624 
7-0711 7-1397 0-0094 2-012 0-4898 ~0-4851 = 
= 
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are scarce. The physical significance of the small negatively. The data in Table 4 are based 

various values of f is discussed below (Sec- on their work. Since the solutions are only 

tion 3.3). asymptotically correct, the data for moderate 
values of f, must be regarded as approximate. 


Table 4. Asymptotic solutions 
Pretsch [14] and Watson [15] have published 


solutions which are valid for values of f, Tables 5 and 6. Incomplete solutions 
which are either very large positively or very Some solutions are available for which the 


—0-25 0-193 0-176 0-644 3-135  0-0903 0-:0990 Mangler [8] 
0-25 0-305 0-344 0-592 2-679 0-1675 0-1485 ditto 
0-25 0-818 0-864 0-259 2-405 0:2886 0-2732 ditto 
0-25 1-231 1-285 0-200 2:236 0:3624 0-3471 ditto 
0-10 0-180 0-170 0-781 3-120 0-1013 0-1073 ditto 
—0-10 —0-135 0-220 0-735 2-855 | 0-1272 0-0780 ditto 
0-10 0-289 0-565 0-4026 2-544 0-2418 0-1237 ditto 
0-10 0-595 0-830 0-2772 2-380 | 0-2946 0-2112 ditto 
0-10 1-022 1-200 0:1628 2-445 0-3259 0:2776 ditto 
0-08725 0:3461 0-0 0-9520 4468 0-0 0-2291 Brown and Donoughe [9] 
0-0145 0:7046 1-238 5-770 0-0 0-5505 ditto 
0-0952 0:7246 0:-1956 0:7955 3-055 0-1290 0-4804 ditto 
0-2 1:0896  0-2028 0°8244 3-004 0-1456 0:7821 Schaefer [10] 
0-2 0:6993 0-3208 0-:5448 2-743 0-1872 0-4080 ditto 
0-2 —0-3461 0-4833 0-3761 2-550 0-2343 0:1678 ditto 
0-2 0-3731 0-9432 01884 2-306 0-3237 0-1281 ditto 
0-2 1-2543 1-6463 0-:0924 2-163 0-3954 0-3012 ditto 
0-2 2-6087 2-8620 0:0394 2-079 0-4484 0-4087 ditto 
0:2 4:7806 4:9364 0-0152 | 2:031 0-479] 0-4639 ditto 
0-2509 0-7583 0-3565 0-4788 2-672 0-203] 0-4320 Brown and Donoughe [9] 
0-6667 1-7321 0:3747 0:2601 2-561 0-2340 1-0815 
06667 —0-8660 06172 0:1371 2-406 0-2799 0-3927 Donoughe, Livingood [12] 
0-6667 04330 0-8053 0-0988 2-327 0-3099 0:1666 ditto 
1-0 4:3346 0:2300 0:9912 | 2-585  0-2290 4-3155 Schlichting, Bussmann [13] 
1:0 —3-1905 0-3106 0:5949 2-539 0-2396 2-4608 ditto 
1-0 3-0 0-3294 0-5413 | 2:526  0-2424 2:2071 Eckert, Donoughe, Moore [11] 
1-0 —2-0 0-4758 0-3104 2-444 0-265] 1-1142 ditto 
1-0 1-198 0-6864 0:1877 2-350 0:2973 0-5190 
1-0 1-0 0:7565 0:1647 2-329 0-3070 0-4058 
1-0 0-5 0-9692 071185 2-267 0-3337 0-1722 ditto 
1-0 —0-1107 1-171 0:0920 2-230 0-3552 0:0336 
1-0 0-5 1-5418 0:0625 2-217 0-3853 —0O-1248 ditto 
1:0 1-095 1-9550 0-:0436 2-126 0-4082 -—0-2286 ditto 
1-0 1-9265 2-6080 0:0279 2-088 0-4353 —0-3215 ditto 
1-0 2-664 3-2400 00195 2-077 0-4523 —0-3719 ditto 
—100V8 0:1000\V/8 —11-394 2-252  0-3106 31-06 Holstein [5] 
—40V/B  0:2482,/8 —3-4848 2-218 0-3276 5-280 ditto 
L —20V8 —1-2136 | 2-163 0-3613 1-558 ditto 
2°5644./8 —0:0698 2-023 0:4788 —0-3734 ditto 
40V8  4:3408,/8 —0-0256 2-013 0-4909 0-4524 ditto 
100V8 10:1474y8 0-:0048 2-022 0-4950 —0-4878 ditto 


* The figures for this value of 8 appear to contain a small error but atte 


Table 3. Boundary-layer parameters for: various 8 and f, 
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mpts to trace it were not successful. 


References 
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Table 4, Boundary-layer parameters obtained from formulae which are asymptotically correct for large values of 
| fy |: various B and f, 


References 


L Pretsch [14] 
ditto 
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Watson [15] 
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Table 4—continued 


vsd 

10-0 1-0 10-1943 0-0 2-0091 0-4932 —0-4838 Watson [15] 
10-0 125 10-2304 —0-001161 2-0094 0-4929 —0-4818 ditto 
10-0 10-2646 —0-002303 2-0097 0:4926 —0-4799 ditto 
10-0 2-0 10-3361 —0-004532 2-0102 0-492 —0-476 ditto 
20-0 18-0 18-5375 0-028424 1-99350 0:507 —0-547 ditto 
20-0 —10-0 19-2352 0-015044 1-99775 0-503 —0-523 ditto 
20-0 6:0 19-5646 0-:009183 1-99959 0:50108 —0-51223 ditto 
20-0 4:0 19-7209 0:006433 2-00045 0-50020 —0-50728 ditto 
20-0 3-0 19-7980 0-005098 2-00087 0-49978 —0-50488 ditto 
20-0 2-0 19-8742 0-003788 2:00127 0-49936 0-50252 ditto 
20-0 19-9122 0-003142 2-00147 0:49916 —0-50136 ditto 
20-0 1-25 19-9309 0-002821 2-00157 0-49905 —0-50078 ditto 
20-0 —10 19-9500 0-002502 2-00167 0-49896 0-50021 ditto 
20-0 0-75 19-9688 0-002184 2-00177 049886 0:49964 ditto 
20-0 —0-50 19-9876 0:001868 2-00187 0:49876 0-49907 ditto 
20-0 0-25 20-0060 0-001550 2-00196 0-49820 —0-49805 ditto 
20-0 0-0 20-0249 0-001240 2-00206 0-49856 —0-49794 ditto 
20:0 0-25 20-0434 0-000928 2-00216 0:49846 —0-49738 ditto 
20-0 0-75 20-0806 0-000308 2-00235 049827 0°49627 ditto 
20-0 1-0 20-0993 0:0 2-00244 0-49817 0-49571 ditto 
20-0 1-25 20-1175 —0-000306 2-00253 0-49807 049516 ditto 
20-0 1-5 20-1359 —0-000612 2-00263 0-49797 0-4946] ditto 
20-0 2-0 20-1726 0-001218 2-00281 0:49779 —0-49353 ditto 

all 2:00 0-500 Pretsch [14] 


Table 5. Values of f ¢ for various 8 and fy (Bain [16]) 


3-0 3-145 3-692 3-846 
2-667 2-783 2-892 2-995 3-091 3-270 3-435 
2-0 2-194 2-329 2°45] 2°564 2-670 2-864 3-040 
1-5 1-732 1-888 2-026 2-152 2-268 2:477 2-663 
1-0 1-284 1-467 1-624 1-763 1-889 2-113 2-310 
0-5 0:8579 1-077 1-254 1-406 1-542 1-778 1-983 
0-0 0:4697 0:7319 0:9277 1-090 1-233 1-477 1-687 
0°5 0-1485 0-9692 
1-0 0-7565 
1-5 0:5943 
2-0 0:4758 
2:5 0-3909 
3-0 0-3295 
3°5 0:2839 
40 0-2490 
0:2217 

—50 0-1997 


a 
Vol. 
2 
1961 
| \ 0-0 0-25 0-5 0-75 1-0 1-5 20 


8 -100 -60 —40 
fo 1085 7-815. 5-745. 43923 


quadratures appearing in equations (4) and (6) 
have not been evaluated, either because of the 
inaccessibility or the inadaquate accuracy of the 
data. Tables 5 and 6 are based on these. They 
are included here because they deal with cases 
of particular interest: Table 5 covers a range of 
8 and f, values not considered by other authors: 
Table 6 provides solutions having zero values of 


{other (complete) solutions with = 0 can 


be found in Table 3]. 


2.3. Discussion of the currently available exact 
solutions 

Figure | indicates, by means of lines drawn on 
a graph of § versus f,, the range of conditions 
for which exact solutions giving non-negative f ; 
are available. The full lines represent complete 
solutions (i.e. those including reference to 4,); 
the broken lines represent incomplete solutions. 
Watson’s asymptotic solutions have been marked 
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Table 6. Pairs of values of fy and B giving f 4’ = 0 (Watson (15)) 


* This figure appears to contain a small error but attempts to trace it were not successful. 


0:1988 0-0 
14 0-0 —0:876 


as full lines (the verticals for f, — 2-5, 5-0, 10-0 
20-0), even though their accuracy is questionable 
at the lower values of /). 

Two isolated points appear on the /, = 0 line 
below the curve marked “separation”’,* which 
is the locus of all solutions giving f {’) = 0. Since 
we have already asserted that only solutions 
giving non-negative f/f, are recorded, the 
presence of these points may raise the question 
of whether the “separation” locus doubles back 
on itself so as to place these points in the 


> 0 region. 


The answer to the question appears to be “no”. 
The solution to the resulting paradox is that the 
two points in question do not really belong on 
Fig. 1 at all but on a separate figure valid for 


* The line is so named because it is a fact of experience 
that a vanishing of the wall shear stress (f 9 O) is 
usually followed by the flow pattern known as “‘separa- 
tion of the boundary layer from the wall”. 


20 


Fic. 1. Chart showing the availability of exact solutions of the velocity equation of the laminar boundary 


Line for 


separation) 


layer. Some of the available solutions in the neighbourhood of the origin have been omitted for greater 


clarity. 
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Table 7. Interpolated values of Hy, and Hy, (N.B. 
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U 
-0-49 0-48 —0-47 0-46 —0-45 0-40  —0-35 0-30 —0-25 -—0:20 -—0:10 —0-05 0-0 0-1 
b 
—0-30 2-015 2-029 2-044 2-058 2-072 
0:4903 0:4807 0-4710 04610 0-4520 
2-014 2-027 2-041 2-054 2-067 
0°4910 04819 0°4728 0:4635 0-4546 
—0:20 2-013 2:026 | 2-039 2-051 2-064 
0°4916 0°4830  0-4743 0:4658  0-4573 
—O-15 2-012 2-025 2-036 2-048 2-060 
00-4921 0°4838 0°4756 0:4678  0-4598 
—0:10 2-011 | 2-034 | 2-045 2-056 
0°4924 0°4847 0-4770 0-4695 0-4620 
—0-05 2-010 2-022 | 2-032 2-043 2-053 
04927 0-4855 0:4783 0:4710 0-4640 
0-0 2010 | 2-030 2-040 50 17 1 2-756 
0°4930 04862 0-4793 0-4726 672 435 05 0-1775 
0-10 2-018 2-027 2-036 78 30 2-596 
0-4936 04871 04807 0-4748 945 750 570-2208 
0-20 2-009 2-016 2-026 2-034 30 72 2 2-498 
0°4940 0-4880 0:4820 0:4766 134 962 02 0-2510 
0-30 2-008 2-015 2-024 2-031 8 31 2-430 
0-4943 04887 0-4831  0-4781 125 89 0-2730 
0-40 2-008 2-014 2-022 2-029 100 5 2-381 
0°4946 04893 0-4840 0-4795 320-2901 
0-50 2-007 2-014 2-021 2-028 76 7 2°345 
0°4949 04899 0-4847 0-4805 360 490-3038 
0-60 2-007 2-013 2-020 2-026 Le 56 5 2-315 
0°4951 0°4903 0°4854 0-4814 0-477 450 44 0-3147 
0-80 2-006 2-012 2-018 2-024 2-029 224 I 2°274 
0-4955 0-4911 0:4866 0-4828 0-4786 3590 920-3315 
1-0 2006 2-011 2-017 2-022 2-027 200 7 | 2-246 
0-4958 04916 0-4879 0-4840 0-4801 3696 03  0°3439 
1-2 2-005 2-010 2-016 2-020 2-025 183 Vol. 
0°4960 0:4920 0-4881 0:4850 0-4814 3781 85 03530 2 
i-4 2-005 2-010 2-014 2-019 2-024 170 4 2-207 
0-4962 0:4924 0-4887 0°4860 0-4824 3847 52. 0-3602 1 96 1 
1-6 2-005 2-009 2-014 2-018 2-023 159 3 2-193 
04963 0-4927 0-4892 0:4866 0-4832 3900 07 0°3660 
1:8 2-004 2-009 | 2-013 2-017 2-022 150 2-181 
0°4965 0:4930 | 0-4896 0°4840 3943 0-3710 
2-0 2-004 2-008 2-012 2-016 | 2-021 143 5 2-172 
0:4966 0:4933 0-4900 0-4875 0-4844 3978 93  0-3750 
2:2 2-004 = 2-008 2012 2-015 2-020 137 9 2-165 
0°4967 0:4935 0-4904 0-4880 0°4850 0 008 250-3785 
2-004 2-008 2-011 2-015 2-019 | 2 3 2-158 
0°4968 0:4937 | 0-4906 0:4882 0-4854 | 0-4720 04589 0:4483 0:4375 04200 0°4113 | 0-4036 49 0°3816 
2°6 2-004 2-008 2-011 2-014 2-018 | 2-034 2-050 2-064 2-078 2-090 2-103 2-115 2-127 8 2-153 
0°4969 _0-4938 0-4908 _0-4885 _0-4858 | 0:4727  0:4600 0:4497. «00-4218 =0°4135 04058 76 00-3842 
2°8 2-033 2-049 | 2-062 2-075 2-087 | 2:100 | 2-112 2-123 3 2-148 
3-0 2-032 | 2-048 2-129 2:143 
0°4740 0:4618 0-4017 03888 
4:0 2-029 2-043 2-115 2-128 
0°4760 | 0°4646 0-4088  0-3965 : 
5-0 2-027 2-040 
0°4771 | 0°4665 0-4133 | 0-4015 
6-0 2-008 2-011 2-013 2-025 2-037 2-100 | 2-112 
0-4975 0:4949 0-4927 . 0-4905 0:4883 | 0-4780 | 0-4678 0-4165 0-4050 
7-0 2-003 2-006 2-008 2-010 2-013 2-025 2-036 2-096 2-107 
0°4975 0:4950 0:4930 0:4908 0-4885 | 0-4786 0-4688 0-4187  0-4078 
8-0 2-003 2-005 2-008 2010 2-012 | 2-024 2-035 2-092 2-103 
04976 0:4951 0:4931 0:4910 0-4888 0:4791 0-4695 0°4205 0°4100 
9-0 2-003 2-005 2-007 2-010 2-012 2-023 2-034 2-099 2-101 
0°4976 0°4952 00-4932 04911 0:4890 0-4794 0-4701 0-4218 0-4115 
10-0 2-003 2-005 2-007 2010 2-012 2-023 | 2-033 2-088 2-098 
0°4977 0:4953 0:4933 0-4912 0-4891 | 0-4797 | 0-4706 0°4230 0°4130 
04979 0:4956 0:4937 0:4917 0-4898 0:4810 0-4727 340 
x 2-002 2-004 2-006 
0460 030 
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of each pair, top figure is H,., bottom figure is H»4\ 
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0-2 0-3 0-4 0-5 0-6 0-7 0-8 0-9 1-0 1-5 2-0 25 3-0 
B 
0-25 
0-20 
0-15 
“10 
0-1 
—0-05 
3-190 3-490 0-0 
0-0740 
2-708 0-10 
0-1915 
2°577 21 3-663 3-724 3-81 0-20 
0-2265 070 0:1040 01020 0-102 
2-494 86 3-253 3-302 3°38 0°30 
0-2508 38501351 013240129 
2-437 68 3-027 3-066 3-155 0-4 a 
0-2708 648 0-1595 0-1569 0-150 
2-393 30 2-870 2-906 3-00 
0-2855 847.  0-1801  0-1772 0-167 
2-359 26 2-758 2-790 2-89 0-66 
0-2980 0230-1964 01932-0179 
09 3 2-624 2-648 2-745 0-80 ie 
164 70 00-2217 0:2180 0-200 
75 4 2-541 2:561 2-66 1-0 
50 2-483 2-504 2-60 1-2 
) 398 94 02527 0-2481 0-226 
31 20 2-442 2-462 2-55 1-4 
161 477 697 02618  0:2580 0-234 
15 89 2-410 2-430 2:53 
778 0-2709 0-2661 0-240 
65 2-386 2-406 2-50 1-8 
843 0-2775 0-2725 0-246 
46 2-367 2-385 2-48 2-0 
896 0:2827 0:2775 0-251 
31 2-351 2-370 2-465 2-2 
40 02818 0-255 
17 2-337 2-355 2-45 2-4 an 
80 02910) 02857 0-259 
07 2-327 2-343 2-44 2-6 
O12 0:2943 0:2890 0-262 
98 2:318 2-333 2-43 2°8 
042 00-2920 0-265 
2-159 “174-2185 270 5-290 2-310 2-324 2-42 3-0 
0-3800 “3690 03618 3150 0-3068 0-3000 0-2946 0-268 
2-142 “155 | 2-165 2-280 2-293 2:39 4-( 
0-3880 0-3783 0:3710 3165 0:3098 0:3040 0-277 
2-131 | 2-152 244 2-262 2-275 2-37 5-0 
0-3932 3226 00-3160 03100 0-284 
2-124 233 2-251 2-262 2:36 6-0 = 
0-3967 360 3270 03205. 03142 0-288 
2-119 207 | 0225, 2-242 2253 | 2-35 74 
0-3992 3384 3300 00-3235. 0-291 
2-115 200 | #219 2-236 2-246 2:34 8-0 
0-4018 3410 | 93325 0:3260 0-3198 0-294 
2-112 197, 2-231 2-241 2-335 9-0 
0-4037 3428 | 0:3278 «03216 (0-296 
2-109 192 2:226 2-236 2-33 10-0 
0-4050 3446 | 03362 0:3295 0-298 a 
34450-3372, 0-307 
77 2-189 2-198 2-29 
540 0:3470 0:3400 0-316 
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Table 8. Values of Fz and (83/v) dug/dx derived fro im 
figure 
0-49 0-48 0-47 0-46 0-45 —0-40 0°35 —0-°30 —0-25 —0-2 —0-15 0-10 —0-05 0-0 
0-25 0-0101 0-0195 0-0292 0-0370 0-0493 
0-0010 0-0020 0-0029 0-0037 0-0049 
0-20 0-0096 0-0182 0-0263 0-0357 0-0452 
0-0008 0-0015 0-0022 0-0030 0-0038 
0-15 0-0088 0-0160 0-0241 0-0330 0-0417 
0-0006 0-0010 00016 0-0022 0-0027 
0-10 0-0076 0-0148 0-0221 0-0300 0-0380 
0-0003 0-0007 0-0010 0-0017 
0-05 0-0067 0-0136 0-0205 0-0272 0-0347 
0-0002 0-0003 0-0005 0-0006 0-0008 
0-0 0-0060 0-0124 0-0186 0-0252 0-0320 0-0674 0-1062 0-1468 0-1904 0:2364 0:2840 0-3344 0-3870 0-441 
0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 
0-10 0-0050 0-0097 0-0148 0-0203 0-0256 0-0540 0-0844 0-1163 0-1858 0-2236 0-2617 0-3015 0-3415 
0-0003 0-0005 0-0008 0-0011 0-0014 0-0030 0-0047 0-0065 0-0083 0-0103 0-0124 0-0145 0-0167 0-0190 
0-20 0-0040 0-0080 0-0120 0-0166 0-0209 0-0434 0-0671 0-0926 0-1187 0-1464 0-1754 0-2050 0-2353 0-2665 
0-0005 0-0010 0-0015 0-0021 0-0026 0-0054 0-0084 0-0116 0-0148 0-0183 0-0219 0-0256 0-0294 0-0333 
)-30 0-0032 0-0064 0-0088 0-0133 0-0168 0-0343 0-0532 0-0730 0-0938 1-1152 0-1372 0-1604 0-1838 0-2084 
0-0007 0-0014 0-0019 0-0028 0-0036 0-0074 0-0114 0-0156 0-0201 0-0247 0-0294 0-0344 0-0394 0-0446 
0-40 0-0025 0-0051 0-0076 0-0106 0-0133 0-0270 0-0417 0-0573 0-0732 0-0900 0-1068 0-1242 0-1425 0-1614 
0-0008 0-0017 0-0025 0-0035 0-0044 0-0090 0-0139 0-0191 0-0244 0-0300 0-0356 0-0414 0-0475 0-0538 
50 0-0020 0-0040 0-0059 0-0082 0-0103 0-0208 0-0322 0-0438 0-0562 0-0688 0-0814 0-0948 0-1084 0-1226 
0-0010 0-0020 0-0029 0-0041 0-0052 0-0104 0-0161 0-0219 0-0281 00-0344 0-0407 0-0474 0-0542 0:0613 
0-60 0-0015 0-0029 0-0044 0-0061 0-0077 0-0155 0-0239 0-0324 0-0416 0-0509 0-0601 0-0699 0-0799 0-0903 
0-0011 0-0022 0-0033 0-0046 0-0057| 0-0116 0-0179 0-0243 0-0312 0-0382 0-0451 0-0524 0-0599 0-0677, 
0-80 0-0006 0-0013 0-0019 0-0027 0-0033 0:0068 0-0104 0-0142 0-0181 0-0221 0-0261 0-0303 0-0346 0-0389 
0-0013 0-0026 0-0039 0-0053 0-0067 0-0136 0-0208 0-0283 0-0362 0-0442 0-0522 0-0605 0-0691 0-0778 
1-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 
0-0014 0-0029 0-0045 0-0060 0-0075 0-0152 0-0231 0-0314 0-0399 0-0488 0-0578 0-0669 0-0761 0-0854 
1-2 0-0005 0-0010 0-0016 0-0022 0-0027 0-0055 0-0083 0-0113 0-0144 0-0175 0-0208 0-0239 0-0272 0-0305 Vol. 
0-0016 0-0031 00047 0-0065 0-008 1 0-0165 0-0250 0-0339 0-0431 0-0525 0-0623 0-0718 0-0817 0-0914 
1-4 0:0010 0-0019 0-0029 0-0040 0-0050 0-0100 0-0152 0-0206 0-0261 0-0318 0-0376 0-0434 0-0493 0-0550 2 
0-0017 0-0033 0-0050 0-0070 0-0087 0-0175 0-0265 0-0360 0-0457 0-0556 0-0658 0-0759 0-0862 1 96 1 
16 0-0013 0-0026 0-0040 0-0055 0-0068 0-0138 0-0209 0-0283 0-0358 0-0436 0-0516 0-0594 0-0673 
0-0017 0-0035 0-0053 0-0073 0-0091 | 0-0184 0-0278 0-0378 0-0478 0-0581 0-0688 9-0792 0-0898 
1-8 0-0016 0-0032 0-0049 0-0067 0-0084 0-0170 0-0258 0-0349 0-0441 0-0536 0-0633 0-0728 0-0826 
0-0018 0-0036 0-0055 0-0076 0-0095 0-0191 0-0290 0-0393 0-0496 0-0603 0-0712 0-0819 0-0929 
2-0 0-0019 0-0038 0-0057 0-0078 0-0098 0-0198 0-0299 0-0406 0-0511 0-0621 0-0733 0-0842 —0-0955 
0-0019 0-0038 0-0057 0-0078 0-0098 0-0198 0-0299 0-0406 0-0511 0-0621 0-0733 0-0842 0-0955 
22 0-0021 0-0043 0-0064 0-0088 0-0110 0-0222 0-0335 0-0454 0-0573 0-0695 0-0818 0-0941 0- 1066 
0-0019 0-0039 0-0059 0-008 1 0-0101 0-0203 0-0307 0-0416 0-0525 0-0637 0-0750 0-0862 0-0977 
2:4 0-0023 0-0047 0-0070 0-0096 0-0120 0-0243 0-0366 0-0497 0-0625 0-0758 0-0894 0-1027 0-1163 “12 
0-0020 0-0040 0-0060 0-0082 0-0103 0-0209 0-0314 0-0426 0-0536 0-0650 0-0766 0-0880 0-0997 0-1109 
2:6 0-0025 0-0051 0-0075 0-0103 0-0129 0-0262 0-0394 0-0534 0-0672 0-O815 9-0959 0-1103 0-1247 0-1390 
0-0020 0-0041 0-0061 0-0084 0-0105 0-0213 0-0320 0-0434 0-0546 0-0662 0-0779 0-0896 0-1013 0-1129 
2°8 0-0027 0-0054 0-0080 0-0110 0-0137 0-0278 0-0419 0-0568 0-0715 0-0865 0-1017 0-1169 0-1322 0-1473 
0-0021 0-0042 0-0062 0-0085 0-0107 0-0216 0-0326 0-0442 0-0556 0-0673 0-0791 0-0909 0-1028 0-1146 
3-0 0-0028 0-0056 0-0085 0-0116 0-0145 0-0293 0-0441 0-0597 0-0752 0-0909 0-1069 0-1228 0-1389 0-1547 
0-0021 0-0042 0-0064 0-0087 0-0109 0-0220 0-0331 0-0448 0-0564 0-0682 0-0802 0-0921 0-1042 0-1160 
4-0 00034 0-0067 0-0101 0-0136 0-0171 0-0348 0-0522 0-0706 0-0891 0-1074 0-1260 0-1449 0°1637 0-1822 
0-0023 0-0045 00067 0-009! 0-0114 0-0232 0-0348 0-0471 0-0594 0-0716 0-0840 0-0966 0-1091 0-1215 
5-0 0-0037 0-0074 0-0112 0-0150 0-0189 00382 0-0576 0-0778 0-0978 0-1179 0-1384 0-1590 0-1797 0-2000 
0-0023 0-0046 0-0070 0-0094 0-0118 0-0239 0-0360 0-0486 0-0611 0-0737 0-0865 0-0994 0-1123 0-125¢ 
6-0 0-0040 0-0078 0-0119 0-0160 0-0200 0-0408 0-0613 0-0827 0-1040 0-1253 0-1470 0-1690 0-1908 0-2125 
0-0024 0-0047 0-0071 0-0096 0-0120 0-0245 0-0368 0:0496 0-0624 0-0752 0-0882 0-1014 0-1145 0-1275 
7-0 0-0041 0-0082 0-0125 0-0167 0-0209 0-0425 0:0641 0-0864 0-1085 0-1308 0-1534 0-1764 0-1990 0-2217 
0-0024 0-0048 0-0073 0-0098 0-0122 0-0248 0-0374 0-0504 0-0633 0-0763 0-0895 0-1029 0-1161 0-1293 
8-0 0-0042 0-0084 0-0129 0-0173 0-0216 0-0440 0-0662 0-0893 0-1120 0-1351 0-1584 0-1820 0-2054 0-2287 
0-0024 0-0048 0-0074 0-0099 0-0124 0-0251 0-0378 0-0510 0-0772 0-0905 0-1040 0-1174 0-1307 
0-0043 0-0087 0-0132 0-0177 0-0222 —0-0450 0:0679 0-0916 0-1148 0-1384 0-1621 0°1863 0-2105 0-234 
0-0024 0-0049 0-0074 0-0100 0-0125 0-0253 0-0382 0-0515 0-0646 0-0779 0-0912 0-1048 0-1184 0-1318 
10-0 0-0045 0-0088 0-0135 0-0181 0-0226 —0-0459 0-0693 0-0932 0-1172 —0-1412 0-1654 0-1901 0-2146 0-2389 
0-0025 0-0049 0-0075 0-0100 0-0126 0-0255 0-0385 0-0518 0-0651 0-0784 0-0919 0-1056 0-1192 0-1327 
20-0 0-0049 0-0097 0-0147 0-0197 0-0247 0-0501 0-0758 0-1016 0-1279 0-1539 0-1801 0-2069 —0-2337 0:2603 
0-0026 0-0051 0-0077 0-0104 0-0130 0-0264 0-0399 0-0535 00673 0-0810 0-0948 0-1089 0-1230 0-1370 
0-0053 0-0106 0-0160 0-0215 0-0269 —0-0546 0-0826 0-1108 0-1390 0-1674 0-1958 —0-2248 —0-2538 —0-2830 
0-0027 0-0053 0-0080 0-0107 0-0135 0-0273 0-0413 0-0554 0-0695 0-0837 0-0979 0-1124 0-1269 0-1415 
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Vable 7. (N.B. of each pair, the top figure is F2, the bottom 
83/v) duc/dx] 


0-1 0-2 


0-6780 0-8090 


0-9480 1-0936 1-2490 1-4160 1-6000 1-8000 2-0000 3-0000 4-0000 5-0000 60000 0-0 


0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 | 0-0 0-0 0-0 0-0 0-0 

0-4247 0-5141 0-6060 0-7028 0-8038 0-9079 1-0123 | 0-10 
0-0236 0-0286 0-0337 0-0390 00447 0-0504 0-0562 

0-3304 0-3978 0-4672 0-5390 0-6122 0-7618 0-8382 0-9142, 0-9911 1-3800 1-7700 2°1560 2°5520 0-20 
0-0413 0-0497 0-0584 0-0674 0-0765 0-0858 0-0952 0-1048 0-1143 0-1239 0-1725 0-2213 0-2695 0-3190 

0-2571 0-3081 0-3611 0-4145 0-4689 0°5243 0-5808 0°6374 0-6944 0-7512 1-0380 1-3270 1-6210 1-9150 0°30 
0-055! 0-0660 0-0774 0-0888 0-1005 0-1124 0-1245 0:1366 0-1488 0-1610 0-2225 0-2844 0°3474 0°4103 

0-1990 0-2379 0:2771 0-3177 0-3584 0-4004 0-4424 0-5282 0-5710 0-785! 1-0040 1-2220 1-4420 0-40 
0-0663 0-0793 0-0924 0-1059 0-1195 0-1335 0-1475 0-1617 0-1761 0-1903 0-2617 0°3347 0-4075 04808 

O-1511 0-1801 0:2096 0-2397 0-2700 0-3010 0°3326 0-3645 0-3965 0-4283 0-5871 0-7495 0-9132 1-0760 0-50 
0-0756 0-0900 0-1048 0-1199 0-1350 0-1505 0-1663 0-1822 0-1982 0-2141 0-2938 0-3747 0-5380 

0-1110 0-1321 0-1535 0-1754 0-1973 0-2196 0-2425 0-2655 02887 0-3118 0-427! 0-5445 0°6627 0-7802 0-60 
0-0832 0-0991 0-1152 0-1315 0-1480 0-1647 0-1819 0-1992 0-2165 0-2338 0-3203 0-4084 0-4970 0-5852 


0-0566 0-0657 0-0749 0-0843 0-0936 0-1031 0-1128 0-1224 0-1321 0-1807 0-2299 0-2792 0-3285 0-80 

0-0954 0-1133 0-1314 0-1498 0-1685 0-1871 0-2063 0°2256 0:2447 0-2643 0°3614 0-4598 0-5584 0-6570 

0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0 1-0 

0-1045 0-1239 0-1435 0-1634 0-1838 0-2041 0-2247 0-2451 0-2657 0-2867 0°4975 06032 07093 

0-0372 0-0441 0-0510 0-0580 0-0652 0-0724 0-0796 0-0868 06-0939 0-1013 0-1382 0-1754 0-2126 0-2496 1:2 

O-1117 0-1322 0-1529 0°1741 0-1957 0-2171 0-2389 0-2603 0-2818 0-3040 0-4147 0-5262 0°6378 0-7489 

0-0671 0-0793 0-0918 0-1044 0-1173 0-1300 0-1429 0-1556 0-1685 0-1815 0°2474 0°3137 0-3797 0-4458 1-4 

0-1174 0-1388 0-1606 0-1827 0-2052 0:2274 0-2501 0-2723 0-2948 0-3177 04329 0-5490 0-6645 0-7802 

0-0915 0-1083 0-1251 0-1423 0-1596 0-1768 0-1945 0-2116 0-2289 0°2467 0-3357 0°4256 0-5150 0-6041 

0-1220 0-1444 0-1668 0-1897 0-2128 0-2358 0-2593 0-2821 0-3052 03289 0°4476 0°5675 06867 0-8055 

0-1120 0-1324 0-1529 0-1738 0-1948 0-2157 0-2371 0-258! 0-2789 0-3005 0:4087 0°5179 0°6263 0-7342 1-8 

0-1260 0°1489 0-1720 0-1955 0-2192 0-2427 0:2667 0-2903 0-3138 0-3380 0°4598 0°5826 0:7046 0-8260 
—0-1294 0-1529 0-1763 0-2003 0-2246 0-2485 0-2730 0-2970 0-3212 0°3458 0-4700 0-5953 07196 0°8436 2-0 

0-1294 0-1529 0-1763 0-2003 0-2246 0-2485 0-2730 0-2970 0-3212 0-3458 0-4700 0-5953 0-7196 0-8436 

0-1442 0-1704 0-1963 0-2231 0-2499 0-2766 0-3037 0-3304 0-3571 0-3845 0-5221 0-6610 0-7988 0-9360 2-2 

0-1322 0-1562 0-1799 0-2045 0-2291 0-2535 0-2784 0-3028 0-3273 0-3525 0-4786 0-6059 0-7323 0-8580 

0-1572 0-1857 0-2137 0-2428 0-2721 0-3009 0-3305 0-3594 0-3884 0-4180 0°5673 0:7180 0°8674 10163 2-4 

0°1347 0-1592 0-1831 0-2081 0-2332 0-2579 02833 0-3080 0-3329 0-3583 0-4863 0-6154 0:7435 0-871] 
—0-°1684 0-1990 0-2289 0-2600 0-2912 0-3220 0-3535 0-3845 0-4154 0-4470 0-6064 0-7671 09265 0-0859 26 

0-1369 0-1617 0-1859 0-2112 0:2366 0-2616 0:2872 0-3124 03375 0°3631 0:4927 06233 0:7528 0-8822 
—0-1785 0-2109 0-2433 0-2753 0-3083 0-3409 0-3741 04067 0-4393 0-4727 0-6410 0-8105 0-9787 1-1470 28 


0°1389 0-1640 0-1885 0-2141 0-2398 0-265! 0-2910 0°3163 0°-3417 0-3676 0°4986 0-6304 0-7612 0-892] 


0 +2543 0-2887 0-3234 0-3575 0-3922 0-4265 0-4606 04956 0-6717 0-8489 1-0248 1-2012 3-0 
0-1406 0-1661 0-1908 0:2165 0-2425 0-2681 0-2942 0-3198 0-3454 0-3717 0-5038 0°6367 0-7686 0-9009 
0-2208 0-2600 0-2988 0-3387 0-3789 0°4187 0-4591 04989 0-5388 0-5793 0°7839 0-9897 1-1940 1-3988 4-0 
0-1470 0-1733 0-1992 0-2258 0-2526 0-2791 0-3061 0-3326 0-3592 0-3862 0-5226 0-6598 07960 09325 
0-2418 0-2849 0-3274 0-3708 04146 0-4579 0-5020 0-5888 0-6328 0-8554 1-0790 1-3014 1-5240 5-0 
0-1511 0-1781 0-2046 0-2317 0-2591 0-2862 0-3137 0-3409 0-3680 0-3955 06744 0-8134 0-9525 
0-2567 0-3022 0-3474 0-3932 0°4394 0-4853 0°5316 0-5777 06237 0-6700 0-9051 1-1407 0°3753 1-6109 6-0 
0-1540 0-1813 0-2084 0-2359 0-2636 02912 0-3189 0°3466 0-3742 0-4020 0-5430 06844 0-8252 0-9665 
0:2679 0°3149 0°3621 0-4098 0-4577 0-5054 0°5534 0-6012 0-6493 06974 0-9408 1-1860 1-4299 1°6746 7-0 
0-1562 0-1837 0-2112 0-2390 0-2670 0-2948 0-3228 0-3507 0-3787 0-4068 0-5488 0-6918 0-8341 0:9768 
0-2765 0-3250 93736 0-4226 0-4719 0-5210 0-5705 0°6196 0-6688 0-7185 0-9689 1-2207 1-4714 1-7234 8-0 
0-1580 0-1857 0-2135 0-2415 0:2697 0-2977 0-3260 0-3540 0-3822 04106 0-5537 06975 0-8408 0-9848 
0-2831 —0-3330 0-3824 0-4327 —0-4831 0-5333 0-5836 0-6341 0-6845 0-7350 0-9903 1-2477 1-5043 1-7617 9-0 
0-1593 0-1873 0-2151 0-2717 03000 | =0-3283 0-3567 0-3851 0-4134 0-5571 0-7018 0-8461 0-9909 
0-2887 0-3394 —0-3898 | —0-4409 0°4923 0°5434 | —0-5948 0-6459 0-6971 0-7487 1-0086 1°2704 1°5313 1-7932 10-0 
0° 1604 0-1885 0°2166 0-2450 0-2735 0-3019 0-4160 0-5603 -7058 0°8507 9962 


—0-4242 04795 0°5351 0-5902 0-6458 0-7012 0-7565 0°8120 1-0913 1-3736 1-6546 1-9366 20-0 
0-1656 0-1944 0°2232 0-2524 0-2816 0-3106 0-3399 0-3691 0-3981 0-4274 0-5744 0:7229 0-8708 10193 
0 
0 


0-4607 05206 —0-5801 0°6399 0°6996 0-7593 0°8194 0-8795 1-1795 1°4819 1-7855 2-0888 
*1709 0-2005 0:2304 0:2603 0:2901 0°3199 0°3498 0°3796 04097 0°4397 0-5897 0-7409 0-8928 10444 


211 
| 
0-3 0-4 0-5 0-6 0-7 0-8 0-9 | 1-0 1°5 2-0 3-0 
B 
| 0-25 
0-20 
| 
0-15 
0-10 
} 0-05 
= 
a1. 
2 
361 
* 
= 


ae 
J 
‘ 


a 


212 D. B. SPALDING and H. L. EVANS 


imaginary values of fy; it has only been possible 
to plot them on Fig. 1 because they happen to 
correspond to zero values of fy. They have been 
placed on Fig. | because they represent the only 
solutions which are currently available for 
imaginary values of the variables; provision of a 
separate diagram for them therefore seemed 
extravagant. Clearly there is a great need for 
more study of the solutions with imaginary /). 


3. INTERPOLATED SOLUTIONS 

3.1. Procedure 

Choice of co-ordinate system for interpolation. 
The purpose of our study of the exact solu- 
tions of equation (1) is to obtain the functions 
needed in employing the calculation method of 
Paper |. The functions required are F,, H,,, and 
to a lesser extent H,,, each expressed as functions 
of (62/v) dug/dx and of rs6,/v. 


It is noticeable from the preceding tables that 
the thickness ratios H,. and H,, vary relatively 
little, at least when conditions are far from those 
leading to separation. For this reason the inter- 
polation was carried out on graphs having the 
H’s in the ordinate scales. Specifically, the data 
contained in the foregoing tables were plotted 
on two large-scale graphs, one having |/H,. and 
the other having H,, as ordinate; each graph had 
rsd,/v, as abscissa and 8 as parameter. Smooth 
curves for constant 8 were drawn through the 
points where possible. By interpolation along 
lines of constant vs6,/v, new curves of constant 
were generated. Figs. 2 and 3 represent small- 
scale versions of the result. 

The resulting tables of H,, and H., were used 
for generating the other functions of interest by 
way of the relations which will now be intro- 
duced. 
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Fic. 3. Small-scale plot of 1/H,». versus vs./v for a few 8; values obtained by interpolation. 
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Derivation of F, and (82/v) dug/dx. By integra- 
ting equation (1) over the range 0 < » < ~ and 
replacing the value of / at infinity by 


we obtain: 


“df df 
» dy (1 Jon 


—fo +fot+(i- | 


a (1 ) 0 (19) 


wherein the terms in the quadratures have been 
grouped so as to correspond with those of 
equations (4), (6), etc. This equation corres- 
ponds to the integral momentum equation. 

After multiplication of each term of equation 
(19) by (1 — df'/dy) (d f'/dy) dy followed by 
direct substitution from equations (7), (8), (4), 
and (6), there results: 


which may be rewritten: 


62 dug; Ay, 


Substitution from equation (5) now leads to: 


Hy, Usd, ly 
A=, 

Equations (21) and (22) connect the two 
quantities which remain to be evaluated with 
the quantities which are established by the inter- 
polation procedure just described. They may 
therefore be used for the generation of tables. 
This has been done with the results described 
below. 

Derivation of values of f,' and fy. The quanti- 
ties f;’ and fy, representing respectively the 
dimensionless shear stress and stream function 
at the phase boundary, may finally be derived 
from the quantities just mentioned by means of 
the following equations, which are deducible 
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from equations (4) to (8): 
Sy’ = Hes [21 — (23) 

and 

fo = — (vsd,/v) [201 — (24) 


3.2. Presentation of tables 

Table 7 contains the values of Hy, and H,, 
obtained by the above interpolation procedure. 
The arguments are vs6,/v and 8. Both positive 
and negative values of each of these quantities 
are given, although positive values of f pre- 
dominate. The range of arguments considered 
was restricted by the existence of exact or 
asymptotic solutions between which to inter- 
polate. Within this range, we have attempted to 
give sufficient values to permit rapid interpola- 
tion (in 1/8, if not in 8). 

Table 8 contains the corresponding values of 
the quantities F, and (62/v) duq/dx, arranged in a 
similar fashion. 


3.3. Presentation of graphs 

To permit rapid use of the data contained in 
the tables, and in order to permit the nature of 
the functions to be seen clearly, the data have 
been displayed graphically in Figs. 4 and 5. 

The first of these, which is in two parts, 
presents the quantity H,, plotted against 
(63/v) dug/dx, for various values of the para- 
meter vs6,/v. Fig. 4(a) gives the data for large 
positive values of this parameter; Fig. 4(b) gives 
the data for negative and small positive values of 
the parameter. Also plotted as points are the 
exact solutions referred to earlier, with the 
corresponding s6,/v values by their sides. Com- 
parison of the location of the points with respect 
to the lines permits the success of the inter- 
polation procedure to be gauged. 

Figure 5, which is in three parts, provides 
curves of F, versus (83/v) dug/dx for various 
values of vsé,/v. Once again the exact solutions 
appear as points. 

We shall not discuss the reasons for the shapes 
of the curves displayed, since this would fit more 
properly into a comprehensive discussion of the 
mathematics of equation (1). We merely note in 
passing that the two points with 8 —1 and 


B = —4 for fy = 0 fit neatly on to the prolonga- 
0, and lie 


tions of the lines for f, = 0 with 8 
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Fic. 4(a). Blowing. H,, as a function of (83/v) dug/dx; blowing parameter vs6,/v; ©: exact solutions, adjacent 
number indicating £-value; those on line (vsd,/v) = 0 come from Table 1; others come from Table 3; those on 
line (83/») (dug/dx) = 0 have been omitted for clarity; -——-—: uncertain accuracy. 
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® Fic. 5(a). Suction and weak blowing. F, as a function of (83/») dug/dx; suction or blowing parameter vs6,/v; 
7 >: exact solutions, adjacent numbers indicating values of vs4,/v; those on line (vsd9/v) = 0 come from Table 
a 1; others come from Table 3; those on line (83/v) (dug/dx) = 0 have been omitted for clarity; — -— - -: 


uncertain accuracy. 
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Fic. 5(b). Moderate blowing. F, as a function (83/v) dug/dx; blowing parameter vsd,/v; ©: exact solutions, 
adjacent numbers indicating values of vs4,/v; those on line (vs./v) 0 come from Table 1; others come from 
Table 3; those on line (83/v) (dug/dx) = 0 have been omitted for clarity; ---—-: uncertain accuracy. 
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Fic. 5(c). Intensive blowing. F, as a function of (63/v) dug dx; blowing parameter 
: exact solutions adjacent numbers indicating values of vs,/v; those on 
0 come from Table 1; others come from Table 3; those on line (62/v) 
(dug/dx) 0 have been omitted for greater clarity. : 


line (vs9/v) 


moreover in regions in which (83/v) dug/dx is 
positive. This means that they correspond to 
accelerated boundary layers; for 62 is essentially 
positive, so ug must be locally increasing with x. 
These ‘are the points with the imaginary /,’, it 
will be remembered. 

The role of 8. In this connexion it is interesting 
to reflect that the often-repeated statement that 
2 > 0 corresponds to accelerated flows, while 
8 < 0 corresponds to decelerated flows, is only 
partially true. Another aspect of the situation 
can be recognized by inspecting Fig. 5(a), for 
example. On such a diagram, equation (5) 


ensures that all points with a given § lie on a 
line through the origin, of slope 2[(1/8) — 1): 
the line for 8 = ~, for example, has slope —2. 

Now the lines for constant vs6,/v are very 
nearly straight and parallel; close to the origin 
their slope* must be —8. Moreover they all lie 
on one side of the origin. It follows that. when- 
ever, 


* See Appendix A for proof. 
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solutions, i.e. the intersections of the constant- 
3 lines with the lines of constant vsé6,/v, lie in 
the region where (83/v) dug/dx is positive. When 
the directions of the inequalities are reversed, the 
solutions lie in the left-hand half of the diagram. 
Consequently the flow is accelerated whenever, 
for small vsé,/v, 


B < —0-333. (26) 


This is not to say that, for 8 -0-4 for 
example. no solution can be found which cor- 
responds to decelerated flow; for this to happen 
the line for constant vs6,/v would have to sag 
downward on the left so that the 8 —0-4 line 
could intersect it there. 


B>0O, or 


Graphical representation of “real and imaginary 
domains”. The opportunity will be taken to point 
out the regions on plots with the co-ordinates of 
Fig. 5 which correspond to real values of fand », 
and those which correspond to imaginary ones. 
This will be explained by reference to Fig. 6, 
which shows lines of constant 8 shown on the 
F, versus (62/v) dug/dx plane. [Unlike Fig. 5, 


@ 
2p 


Fic. 6. Illustrating on a diagram of Fy, versus (03/¥) 
duc/dx the region for which f and » have real 
values and that where they have imaginary values. 
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Fig. 6 has the same scale for both ordinate and 
abscissa. } 

A brief examination leads to the following 
conclusions: 


(i) f and » are real whenever § and dug/dx 
have the same sign. This occurs to the 
right of the line for 8 = +. 

(ii) To the left of this line f and » must be 
imaginary. 

(iii) Each line of constant § (except that for 
B +00) extends into the “real domain” 
on one side of the origin and the “imagi- 
nary domain” on the other. 


It should be clearly understood that the fact 
that a solution lies in the region just designated 
“imaginary domain” in no way signifies that it is 
without physical significance; for though f, and » 
may be imaginary, quantities such as rs6,/v, Fo, 
etc. are all real. 

The integration of equation (1) for imaginary 
values of f and 7 may appear to be a mysterious 
operation. All that is necessary however is to 
define new variables, say: 

¢=f\ 


(27) 
and 
(28) 
Equation (1) therefore becomes: 


9 


0 


d xX d 


and the boundary conditions (2) become 


0: for 


dy 


Now all the quantities in the problem have 
real values. and solution may proceed in a 
straightforward manner. 


3.4. Accuracy 

It is believed that, over most of the range 
covered by the tables, the accuracy in the values 
of Hy and H,, is better than +0-3 per cent. 
This may not have been achieved for the smaller 
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values of 8, however, nor for the larger values 
of rsd, Vv. 

A check on the overall accuracy was afforded 
by calculating values of f {’ and f, from the tables, 
by way of equations (23) and (24), for the values 
of 8 considered by Bain [16]: Bain’s results 
had not been used in the construction of the 
tables because of their incompleteness. When the 
resultant values were plotted as curves of f¢ 
versus f, for fixed £, the curves through them 
were undistinguishable from those through 
Bain’s points. 


3.5. Use of the tables 

The method of use of Tables 7 and 8 and of 
Figs. 4 and 5 have been explained thoroughly 
in Paper 1 of this series (Spalding [l]). No 
attempt will be made to discuss the matter fur- 
ther here. 


4. CONCLUSIONS 

(i) A large number of solutions have been 
found to the equation governing the 
velocity distribution in a “similar” 
laminar uniform-property boundary layer 
in the presence of pressure gradient and 
mass transfer through the wall. 

(ii) Interpolation means have been found, 
permitting the construction of charts and 
tables containing those properties of the 
“similar” solutions which are useful in 
solving “non-similar’ boundary-layer 
problems by the method of Paper | of this 
series. 

(iii) The charts and tables are not as extensive 
as is necessary for the solution of all 
practical problems. More solutions of the 
differential equation must be established 
before this restriction can be removed. 
This is particularly true of the solutions 
for imaginary values of the non-dimen- 
sional stream-function 

(iv) It has been established that solutions of 
equation (1) for imaginary values of the 
variables not only have physical signifi- 
cance but merge smoothly into those with 
real values of the variables, when plotted 
in terms of the quantities vs6,/v, Fy, etc. 
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5. APPEAL 

The authors are well aware that they may have 
missed some relevant publications, particularly 
those published in languages other than English 
and German. They would like to learn of any 
exact solutions of the equation which have been 
omitted, and would especially welcome complete 
tables of relevant numerical data. If sufficient 
data are forthcoming, they will publish amended 
or extended versions of the tables of functions 
contained in the present report. 

The authors would also be glad to learn of any 
programme for computing new solutions to 
equation (1) and the relevant boundary condi- 
tions, particularly those for imaginary values 
of fo. 
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APPENDIX A 
Relation between F, and (82/v) dug/dx when 
is close to —0-5 

Inspection of Figs. 2 and 3 shows that, for all 
values of 8, H,, tends to 0-5 and H,, tends to 2-0 
as vsd,/v tends to —0-5. This is the case of 
intense suction, for which the velocity distribu- 
tion takes up an exponential form. 

Substitution of these values in equations (21) 
and (22), followed by elimination of 8 between 
them leads to the equation: 


82 dug 
v dx 


- V. (Al) 


For fixed vs6,/v, this is a line with slope —8. 
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Abstract—A mechanism ot vaporization is suggested for the case in which a saturated fluid flows 
vertically upwards through a heated annulus. Visual observations and measurements of vapour 
fraction on an experimental apparatus are recorded, and it is noted particularly that an annulus of 
vapour was seen to surround a thin liquid layer on the heater surface in the upper regions of the heated 
system. No nucleate boiling occurred in the liquid layer. The experiment was carried out in the tem- 
perature-difference range 18° to 40°F, and the liquid mass flow-rate was varied from | to 5 Ib per 
minute. 

At high heat fluxes in this stratified flow zone it is demonstrated that it may be possible to consider 
the heat transfer to be entirely convective. A hypothesis is developed analytically, and is substantiated 
in this experiment by the good correlation of the heat and mass transfer results by means of a standard 

expression for forced convection. 


Résumé—Un processus de vaporisation est proposé dans le cas d’un fluide saturé s‘élevant dans un 
espace annulaire chauffé. Des observations et des mesures de la quantité de vapeur ont été enregis- 
trées sur un dispositif expérimental; on a remarqué, en particulier, que dans la partie supérieure du 
dispositif un anneau de vapeur entourait le film liquide a la surface du réchauffeur. Aucune ébullition Vol. 
ne se produit dans le liquide. Les expériences ont été faites pour un domaine de difference de tempéra- 
ture compris entre 18 et 40°F et un débit massique de liquide variant de 1 a 5 Ib/min. 

Dans cette zone d’écoulement stratifié, il est deémontré que, pour des flux de chaleur élevés, on peut 
considérer que la transmission de chaleur se fait uniquement par convection. Une hypothése a ete 
étudiée par le calcul et s’est trouvée étayée dans cette expérience par un bon accord entre les résultats 
concernant le transport de masse et de chaleur donnés par l’équation classique de la convection forcee. 
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Zusammenfassung—Fir eine gesattigte Fliissigkeit, die durch einen beheizten Ringraum senkrecht 
nach oben strémt, wird der Verdampfungsvorgang beschrieben. An einer Versuchseinrichtung wurden 
visuelle Beobachtungen angestellt und der Dampfgehalt gemessen. Bemerkenswert war im oberen Teil 
der beheizten Apparatur eine Dampfschicht, die eine diinne Flissigkeitsschicht auf der Heizflache 
ringfOrmig umgab. In der Fliissigkeitsschicht trat keine Blasenverdampfung auf. Bei den Versuchen 
wurden die Temperaturdifferenzen von 10 bis 22 grd und der Mengenstrom der Flissigkeit von 0,45 
bis 2,3 kg/min variiert. 

Fiir grosse Warmestr6me darf im Bereich der Schichten der Warmeiibergang als rein konvektis 
angesehen werden. Die Versuche bestatigen eine analytisch entwickelte Hypothese, denn bei Benut- 
zung eines gebrauchlichen Ausdrucks fiir die erzwungene Konvektion stimmen die Ergebnisse des 

Warme- und Stoffaustausches gut uberein. 


MOTOKA BepTHKaIbHO BBepX Yepes HarperTHit 3a3z0p. Ha 
Mapa: YaCTHOCTH, ObLIO OTMeYeHO, UTO KOAbILO Mapa TOHRU Coli 
Ha NOBEPXHOCTH HarpeBaTedA B BEPpXHUX HarpeBaeMoOill cucTeMBI. B caoe 
pasHocteli oT 18° 40°, BecoBoll AMAKOCTH W3MeHAACA OT 1 
pyHTOB B MHHYTY. 


ITO Tpit OOSIBUUIX TeMJOBLIX TOTOKAaX B TeUeHITA 

rellOOOM@H MOAKHO CUNTATbh MOTHOCTbIO KOHBEKTHBHBbIM, OOBACHEHIE 

MOT H XOPOUIIM COOTBETCTBHeEM IKRCHePHMeCHTa IBHbIX 


922 


. 
“ 
a 
BE 
a 
= 


NOTATION 

A, cross-sectional area of annulus (ft*): 
vapour volume fraction ( — ): 

C, dimensionless constant (— ) 

¢,, Specific heat (Btu/lb °F); 

d@, hydraulic diameter of annulus (ft): 
D, diameter (ft); 

heat transfer coefficient (Btu ft® hr 
&, thermal conductivity (Btu/ft hr ~F); 
AK, empirical constant (ft/hr); 

A, latent heat of vaporization (Btu Ib); 
ZL, total length of heated wall (ft); 

dynamic viscosity (lb.ft/hr): 

heat input to heated wall (Btu hr); 
g, heat flux density (Btu/ft® hr); 

p. density (Ib/ft*): 

. Vapour mass fraction ( — ): 

temperature (~F): 
tT. temperature difference 
mean local velocity (ft/hr): 
-. Height measured from beginning of 

heated section (ft). 


Dimensionless numbers 


h.d 

Vu, Nusselt number k 
Cy 

Pr, Prandtl number 


Re, Reynolds number 


Subscripts 

1, outer wall of annulus; 
2. inner wall of annulus: 
forced flow; 
o. natural circulation flow; 
L. liquid; 
Vapour; 
s, Saturated liquid; 
w, heater wall. 


1. INTRODUCTION 

RECENT papers [1-9] on heat transfer to boiling 
liquids moving past a heated wall show that all 
correlations are based on some physical con- 
sideration of bubble growth. 

Staley and Baker [1], on boiling heat transfer 
rates in heated tubes with forced convection, 
review the correlations for such a system and 
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show that they are unreliable, having been derived 
in general from expressions applicable to pool 
boiling. 

The qualitative description of forced-convec- 
tion boiling in tubes and annuli is well known 
[10], and its mechanism, observed in an experi- 
ment with a fluorinated hydrocarbon refrigerant 
boiling in a short vertical annulus, is recapitu- 
lated below. 

Pool boiling describes the nucleation pheno- 
menon which occurs when a heated surface is 
immersed in a stagnant fluid at or near its 
saturation temperature. No purposely imposed 
fluid flow over the heated surface exists. It is 
noticeable, however, that at high heat fluxes the 
stirring action of rapid bubble formation 
influences heat transfer, and experiments show a 
tendency towards correlation by an expression 
relating Nusselt number to heat input, of the 
form 


Nu x (q‘’)" 


Jakob [2] uses the expression 


Nu k on 30 


to describe the results of experiments by Jakob 
and Linke on water and carbon-tetrachloride, 
and a modified expression with the same index 
of q’’ to take into account the influence of pres- 
sure. Bonilla and Perry [3] made a further modi- 
fication to correlate results for a wider range of 
fluids, lowering the index of q” to 0-73, adjusting 
the constant and adding Pr®® as a factor. 
McAdams and Akin, Rachko, Braunlich, and 
Cichelli and Bonilla [4] have reported an index 
of q”’ less than 0-7 and Jens and Leppert a value 
of 0-75. Thus, in pool boiling the relationship 
between q’ and the temperature difference 
AT,,., is considered to lie between about 
aA AT,,,,)> and q’’ a(4T,,, .)®, although recent 
work indicates that even this large range of 
correlating indices may prove to be insufficient 
as more information becomes available on 
effects of surface roughness on pool boiling. 
The above remarks apply, however, to boiling 
without forced convection. The effect of fluid 
velocity in promoting both additional general 
turbulence and an increase in dynamical action 
on bubble separation has been investigated by 
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Styushchin and Sterman [5]; they found, for the 
ratio of the heat transfer coefficients with and 
without forced flow, that 


ho | 


where V; = liquid velocity (ft/hr). The form of 
the equation confirms many similar findings: 
that at high heat flux densities in the nucleate 
boiling region, where (q’'/pzA) > Vz, the flow 
velocity has little effect on heat transfer. Levy 
[6] has argued that fluid velocities of the magni- 
tude normally used exert a minor effect in 
comparison with the local turbulence produced 
by the bubble motions. For a fluid containing 
vapour Levy proposed a correlation of the form 


q’ x<(1 — r)(4T,,, 
and demonstrated its validity at low vapour 
qualities. Rohsenow {[8], Discussion} has 


pointed to the general experience that, in forced 
convection in a vertical tube with uniform q’’, 
the temperature difference 47,,,, decreases with 
increase in vapour quality, citing for example 
Rohsenow and Clark’s results [7]. Thus the 
heat transfer rate at constant 47,. . increases 
with quality. Levy replied that, at high qualities, 
a majority of the cross-sectional area of flow is 
occupied by the vapour, and the remaining 
saturated liquid can attain very high velocities. 
Thus convective effects are no longer negligible. 
especially at low pressure where, due to the 
lower density of the vapour, a larger portion of 
the cross-sectional area of flow is occupied by 
vapour. He went on, “It is even possible, as 
pointed out by Dengler [8], to suppress boiling 
under these conditions from excessive convective 
effects.” 

It is thought that the present work throws 
further light on the latter statement, and 
describes the magnitude and extent of the 
“suppressive effect’ as being such as to inhibit 
nucleate boiling completely over the major 
part of tube length; the convective heat transfer 
effect under these circumstances must be at least 
equal to the pool boiling heat transfer effect, 
were the latter allowed to take place. 


2. EXPERIMENT AND RESULTS 
Refrigerant 11 (C.Cl,.F) was passed through a 
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vertical annulus in which an electrically heated 
stainless-steel tube, 12 in. long and 3 in. in 
diameter, was surrounded by a Perspex tube 
with an inside diameter of 34 in. Thermo- 
couples were brazed on the inside wall of the 
heater at various positions and others were 
placed opposite to them in the annular space: 
temperatures were measured by a Honeywell- 
Brown recorder. 

The volume vapour fraction of the fluid at the 
uppermost thermocouple position was evaluated 
by measuring the electrical capacitance between 
the heater tube and an electrode round the Pers- 
pex tube. The electrode was a brass clip, | in. 
wide, which surrounded the tube completely, and 
had four small holes drilled at equal intervals 
along its width for calibration purposes. The 
capacity of this condenser was proportional to 
the dielectric constant of the fluid between the 
electrodes, and therefore proportional to the 
volume liquid fraction, and this was checked by 
bringing the liquid to each calibration point in 
turn. The resultant graph between capacity and 
liquid level was a straight line. 

Although it is shown below that the flow con- 
figuration at this point consists of a vapour 
annulus surrounded by a liquid annulus, with 
considerable “slip” between the phases, it was 
nevertheless assumed that the fluid was homo- 
geneously mixed for the purpose of capacity 


Table 1. Heat transfer coefficient, h, and vapour 
volume fraction a; for flow of Refrigerant 11 
(C.Cls.F) in a vertical annulus (33 in./4 in. diameter). 
Measurements taken at 11 in. from entry to heated 
section: post-coalescence, stratified flow in all cases 


Coolant mass flow rate, lb/min 
Heat flux 


density 5 3 I 
Btu/ft?@hr —___ —_— — 
h a h a h 
5,087 272 | 0-48 | 268 | 0-53 298 | 0-59 
6,644 289 | 0:58 | 283 | 0-62 | 295 | 0-68 
8,410 295 | 0-63 | 300 | 0-67 | 317 | 0-72 
10,381 358 | 0-68 | 335 | 0-73 | 341 0-79 
12,562 419 | 0-74 | 387 | 0:79 392 0-84 
14,950 490 0-77 446 083 446 0-86 
17,542 557 0-82 | 524 | 0-86 502 0-92 
20,348 626 084 598 0-91 550 0-945 
23,359 687 0-88 661 0:93 592 0-97 
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measurement. This assumption was _ partly 
justified by the extreme turbulence of the system, 
and would in the perfectly stratified case give an 
error of only 4 per cent at a volume vapour 
fraction of 65 per cent, decreasing with increas- 
ing vapour fraction. 

Each result shown in Table | is the average of 
three sets of readings whose divergence was never 
greater than —4 per cent in temperature, velocity 
or volume vapour fraction measurements. The 
experiment was performed throughout with the 
liquid phase at entry at a saturation pressure 
equivalent to ambient temperature, in order to 
obviate vaporization in the delivery tube and to 
reduce the transfer of heat through the outer 
annular wall to insignificant proportions. 

Figure | illustrates the mechanism of boiling 
which was observed in the vertical annulus. In 
stage A no boiling occurred even if the liquid 
were slightly superheated on entry. Stage B 
indicates the narrow band in which nucleate 
boiling took place on the heater wall. After 
flowing in the liquid stream for a short interval 


Heater wall 


Annular flow 


Slug entrainment in liquid 


Bubble entrainment in liquid 


(C), the bubbles combined to form “slugs” of 
vapour—large bubbles totally enclosed by 
liquid (D). In region E the slugs appeared to 
push aside the liquid and form an annular 
chimney, leaving a thin film of liquid on the 
heater wall and a thick annulus of liquid sur- 
rounding the vapour. Coalescence of the vapour 
bubbles to form slugs occurred at a low mass 
vapour fraction (~0-01), so that the momentum 
of the vapour had thereafter little effect on the 
liquid velocity. Calculation of the vapour and 
liquid velocities at the thermocouple positions 
indicated that the liquid velocity changed little 
after coalescence, at which it had reached 
approximately three times its value at inlet. 


3. DISCUSSION AND HYPOTHESIS 


Considering first the curves plotted in Fig. 2, 


it is noticeable that a transition from one mode 
of flow to another appears to take place in the 
region 20 < 4T,,.,, < 30 approximately. The so- 
calied “typical curves” for forced convection, 


Outer wall 


Fic. 1. Mechanism of boiling in annulus with one heated wall. 
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25,000 
5 

20,000 


fiogl4T, 
Typical curve for forced convection 
with and without boil 
From 


ngeiberg , Forster and Greif [9] 


) 
) 


n 
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with and without boiling. from Engelberg- 
Forster and Greif [9] are shown inset. (It is 
assumed that it was the intention in the original 
to plot to a log-log scale. since neither the “‘non- 
boiling” nor the “pool boiling’ curves pass 
through the origin.) Re-plotting the experimental 
results as log qg” versus log 4T,,,, (Fig. 3) and 
adding the forced convection curve calculated 
from Monrad and Pelton’s empirical correlation 
[11] for flow in annuli of the single liquid phase, it 
is at once clear that a mechanism different from 
the conventionally accepted one of nucleate boil- 


Fic. 2. Heat flux density versus surface/saturation temperature difference. 


ing plus forced convection may be in operation 
at the high vapour fractions of the experiment. 
As the experiment was performed under 
forced-flow conditions, the forced convection 
expression has been chosen in preference to the 
natural convection correlation, although heat 
transfer coefficients given by both are of the 
same order. 
It is, however, of interest to note that Engel- 
berg-Forster and Greif state, 
“For every convective velocity W and tem- 
perature difference (7 wall — 7 liquid) there 


Transition 
4 . 
S 
| 
4 > KS | 
/ 
~ 
! 
{ | » 
la 
| S | 
SSS 
Sib/min 
| + 3ib/min S 
S 
Vol. 
| 2 
Re 1 96 1 
| 
| 
| 
Altus 


IN 


HEAT TRANSFER 


+—_+—+—+— 
+ 
| 
363 
+— 
4 4 
4 
Forced convection, 
= 5ib /min 
/ 
af 
/ 
4 
4 
4 
U “ 
6 6 10 
AT 


Fic. 3. Heat flux density versus temperature differ- 
ence to logarithmic co-ordinates. 


is a certain point P, (see inset, Fig. 2) on the 
heat-flux curve above which the relation 
between heat flux and superheat is essen- 
tially the same as for pool boiling.” 


Superposition of McAdams’ suggested cor- 
relation [12] for pool boiling with forced con- 
vection (q’’ a4T,,, 25%) (see also Ref. 9), shows 
that the usual approximate proportionality is 
still maintained in this case. The ordinate shift, 
to about six times that which would be expected 
in order to fit the transition curve to the forced 
convection curve, is characteristic of the curves 
for natural convection vs. pool boiling. Thus the 
mass flow rates of the experiment are probably 
lower than those described by Engelberg-For- 
ster’s typical smooth transition, which can only 
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occur if the forced convection and pool boiling 
curves intersect at a reasonably high qg’’ value— 
that is above the onset of nucleation in pool 
boiling. 

In the experiment, nucleate boiling (the emis- 
sion of streams of discrete bubbles from nuclea- 
tion points on the heated surface) was readily 
observed to take place over a length of heated 
surface shortly beyond entry, irrespective of 
either the flow rate or the heat flux within the 
ranges investigated. Beyond this nucleation 
region there followed the well-known coalescence 
and “slugging” zones, in which the bubbles 
unite and form large, turbulent “slugs” of 
vapour. 

The net vapour generated at this stage then 
formed an annulus between two layers of 
liquid, one on the central heated rod and the 
other on the outer tube. 

It appears to be customary to assume that 
nucleate boiling, once initiated, occurs over the 
whole length of any fully wetted, heated surface 
which exhibits an appropriate temperature 
relative to the saturation temperature of the 
surrounding liquid. Close examination of the 
heated surface, through the transparent tube 
forming the outer wall of the annulus, revealed 
that no further nucleation took place on any 
part of the heater following the coalescence 
region. Of the zones described, the “slugging” 
and “stratified flow’ zones may therefore be of 
greatest practical interest, since they are found 
to extend over the greatest proportion of the 
heated tube length, in a system in which opera- 
tion with a high exit vapour quality is required. 
The nucleate boiling zone occupied only a very 
small fraction of the total length of the tube. 

Although there was no nucleate boiling in 
these later flow stages, the temperature of the 
electrically heated surface generally diminished 
from the coalescence zone to exit. Similarly the 
average liquid temperature diminished slightly 
(about 2°F) over the length of the heated section, 
as might be expected from the pressure drop 
associated with frictional loss, change in poten- 
tial head and work done to accelerate the fluid 
during the phase change process. In fact it was 
found from a number of temperature measure- 
ments over the length of the heater that the 
effective heat transfer coefficient increased 
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somewhat in the direction of flow, in confirma- 
tion of Rohsenow’s statement {[8], Discussion }. 
It might be expected, therefore, that heat transfer 
observations alone, taken on a system in which 
the flow was not visible. might give rise to the 
assumption that nucleate boiling takes place over 
the entire heated length. 

Further consideration of the observed pheno- 
mena led to a hypothesis that the heat transfer is 
entirely convective in character in the slugging 
and stratified flow zones of a vertical, forced- 


convection heat transfer system with change of 


phase—that heat is transferred through a 
boundary layer of the liquid phase by conduc- 
tion, and is thence carried away by a process due 
to forced convection characteristics determined 
by the velocity profile of the vapour core. 


This hypothesis will be examined in the light of 


both the experimental results and the deductions 
from observation of the modes of flow. 


4. ANALYSIS 
The two equations which can be applied in 
general to the flow conditions are those of con- 
tinuity (1) and energy (2). 


— a) Vz, + p,AaV, (1) 


Oz 
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The changes in the kinetic and potential 
energies of the fluid are considered to be com- 
paratively insignificant, and the sensible heat 
content of the liquid is taken as remaining 
unchanged once boiling has begun. 

The experimental determination of vapour 
fractions enables V,, Vz. d, and dz to be evalu- 
ated for the flow rates and heat fluxes at which 
the temperatures were measured, and it emerges 
that the heat transfer coefficient and vapour 
velocity are approximately constant for a 
particular heat flux, and independent of mass 
flow rate. A theoretical explanation for this 
behaviour is given below, and falls into two 
parts. 


4.1. Nucleation and growth of the bubble 

Let it be assumed (as has often been observed 
in the literature) that, for all mass flows and 
heat fluxes within the reasonably narrow range 
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investigated, the number of active nucleation 
sites in stage B (Fig. 1) remains constant. The 
diameter of a bubble when it breaks away from 
the wall is probably determined by the thickness 
of the boundary layer, which, if taken as being 
fully developed in this stage, is in inverse pro- 
portion to the Reynolds number of the liquid 
flow. Thus, when the bubble breaks away, its 
diameter may be said to vary inversely as the 
liquid velocity. From experiments by Jakob [13], 
the frequency of bubble emission is observed to 
be approximately inversely proportional to the 
bubble diameter, which, taking into account the 
pressure variation within bubbles of different 
size, maintains continuity of mass evaporation 
for a given heat flux density. 

The bubbles emitted from the surface are 
entrained in the liquid until coalescence takes 
place (stage D in Fig. 1). It is now assumed that 
coalescence occurs at a vapour fraction which is 
constant and independent of heat flux or mass 
flow rate; note that, for a fluid with a high liquid 
to vapour density ratio, the volumetric vapour 
fraction approaches unity very rapidly for only a 
very small change in mass fraction, hence the 
occurrence of coalescence very close to the onset 
of nucleate boiling. From these arguments and 
assumptions, the quantity of vapour entering the 
coalescence zone in unit time will be proportional 
to the mass flow rate. The liquid velocity will 
therefore be increased in the same ratio for all 
inlet velocities, assuming negligible vapour— 
liquid slip. After zone D the vapour and liquid 
velocities are unaffected by each other, and the 
volume vapour fraction will be similar for all 
flows; this is found to be approximately the 
case. 

The liquid in the nucleate boiling stage is 
accelerated by the inertial force of the growing 
bubble, but the energy required is negligible. 
Forster and Zuber [14], in an elegant inequality 
analysis, have determined that, for large bubbles 
(>10~° in. dia.) rising through the liquid phase 
of the same fluid, the energy available for 
acceleration of the liquid has an upper limit of 
(4T)/T times the total energy input, where 47 
is the superheat of the liquid surrounding the 
bubble (~2°F), and 7 is the absolute tempera- 
ture. This energy quantity is insignificantly 
small compared with the heat energy transferred, 
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but nevertheless it is found to be sufficient to 
increase the liquid velocity to many times its 
original value. 


4.2. Stratified annular flow 
In the stratified flow stage no further nuclea- 


tion could be observed on the heated surface. If 


heat is transferred through a liquid boundary 
layer by conduction and then carried away by 


mass transfer in the vapour annulus, the mode of 


heat transfer is analogous to that in single-phase 
forced convection, where the heat may be said to 
diffuse through a thermal boundary layer by 
conduction, and is then transported in the tur- 
bulent mixture of the main stream. The simi- 
larity between velocity and temperature fields 
encourages the use of the Reynolds number, 
which determines the extent of the regions in 
which the two processes take place. In the slug- 
ging and annular stages of evaporative flow, the 
liquid appears to be vaporized at the interfaces 
between liquid and vapour, and the main stream 
mass transfer is thus carried out entirely by the 


vapour. It is suggested that in this respect the 
vapour column behaves as if it were a highly 
turbulent liquid moving at the vapour velocity, 
and that the liquid in the main stream (between 
slugs) and on the outer wall of the annulus only 
replenishes the boundary layer and provides 
evaporative fluid. When this supply is exhausted 
the liquid boundary layer itself diminishes 
rapidly by evaporation and the dry condition 
with “burn-out” of the heater surface is 
approached. 

The possible convective nature of the heat 
transfer has thus been described and the main 
hypothesis may now be stated in the form of the 
Nusselt similarity relationships: that the heat 
transfer coefficient is given by an expression of 
the form 


hd 


[Nu] 


C [Re}" [Pr]” (3) 
where the Reynolds number, Re is defined as 
[((V,d,pxr)/ux], and the Prandtl number for the 
liquid [Pr] = [(c,p)/k]x. 


2 4 
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Fic. 4. Correlation of experimental results for forced convection, phase-change heat transfer at high 
vapour fractions—stratified flow of Refrigerant 11 in a heated annulus. 
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The physical properties of the liquid are 
used. as liquid forms the convective boundary 
layer. The effective diameter in determining the 
action of the vapour on the liquid is the hyd- 
raulic diameter of the vapour cross-section— 
or of approximately the total flow cross-section 
in a plain tube. The typical dimension of length 
in the Nusselt number is that which is representa- 
tive of the heated surface, for instance the heater 
diameter in an annulus, in order to have general 
applicability. 


5. EXPERIMENTAL CORRELATION 
For the annular arrangement of the experi- 
mental apparatus the modified empirical equa- 
tion due to Monrad and Pelton [11] appeared 
appropriate: 


[Nu] = 0-020 [Re]®* [Pr]? (4) 
D, 
where D, is the diameter of the outer tube, D, the 
diameter of the central heater. 
In Fig. 4 the quantity 


2 


Nu [Pr] 0-33 | 


0-020 


is plotted against Reynolds number for the 
observed experimental values, which are shown 
to be correlated well by raising the Reynolds 
number to the power 0-8, with retention of the 
identical numerical constant of 0-020 as is used 
for forced convection. 


6. CONCLUSION 

It has been found that nucleate boiling in a 
vertical tubular heat transfer apparatus may 
occupy a very small proportion of the total 
heated length in the direction of flow. 

Observation of the flow regimes obtaining with 
net vapour generation has led to the hypothesis 
that convective processes, rather than nucleate 
boiling phenomena, apply to the extensive 


region subsequent to coalescence of the vapour 
bubbles produced in the nucleate boiling zone. 
A possible explanation of this has been discussed 
and a standard forced convection expression has 
been shown to correlate the experimental heat 
transfer and flow data, using a simple modifica- 
tion to the Reynolds number. 

Many expressions have been developed to 
correlate boiling heat transfer phenomena, and 
have been used outside their field of application 
on the supposition that nucleate boiling heat 
transfer generally predominates in a practical 
system involving change of phase. It is believed 
that the present description of heat transfer in 
the stratified flow region subsequent to the 
nucleate boiling zone may assist in interpretation 
of future results. 
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Abstract—This paper presents the results of the experimental investigation of the moist capillary 


porous bodies heating by means of convective heat supply. 
It is shown that the temperature and moisture content field reflect the nature of a moisture bond 


character with a capillary porous structure. 


The more precise definition of a mechanism of heating and remova! of moisture from porous bodies 


tion, des corps a porosité capillaire humides. 


is given. 


Résumé—Cet article présente les résultats de recherches expérimentales sur le chauffage, par convec- 


Il est montré que la température et le champ hygromeétrique sont des caractéristiques de la nature 
de humidité dans une structure a porosité capillaire. 


Z nfassung—-Die Arbeit bringt die Ergebnisse einer Untersuchung von feuchten, porésen K6r- 


pern, die konvektiv erhitzt wurden. 


Une définition trés précise du mécanisme de chauffage et de séchage des corps poreux est donnée. 


Aus den Feldern der Temperatur und des Feuchtigkeitsgehaltes lasst sich der Zusammenhang 
zwischen Feuchtigkeit und poréser Struktur des KOrpers ablesen. 


Die Erwarmung und die Entfernung der Feuchtigkeit aus porésen KOrpern wird naher erOrtert. 


Tella. 


THE elucidation of the physical properties of 
energy and mass transfer in moist dispersed 
bodies at non-stationary hydrothermal processes 
is of great practical and scientific interest. In 
view of this a number of works were carried out 
in the course of recent years in studying the 
internal heat and mass transfer mechanism. 
Non-stationary hydrothermal fields present 
the most trustworthy notion about the energy 
and mass transfer mechanism. In order to obtain 
these fields it is necessary to know local moisture 
contents and local temperature during the whole 
process of drying. The gammascopy method 
possesses the greatest advantages over all the 


available ones which serve to determine moisture 
content inside a body. The methods worked out 
for the determination of moisture content fields 
in dispersed bodies [1] make it possible to 
measure layer moisture contents in a body 
without breaking both the integrity of a porous 
structure and the régime of thermal influence on 
a moist body. 

We have carried out an experimental investi- 
gation of non-stationary hydrothermal fields in 
two dispersed bodies of different structural types. 
Quartz sand containing 96-2 per cent of quartz 
and cellulose in the form of non-ash filters were 
chosen as objects of investigation. Quartz sand 
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is a typical specimen of macrocapillary porous 
bodies (the radius of pores between sand grains 
is of order 10-° cm). The fractional separation 
of sand gave the possibility to model a mono- 
dispersed body in the first approximation. The 
moisture is retained in quartz sand mainly by 
the capillary forces according to the classifica- 
tion of bond character and of the state of 
absorbed moisture as suggested by Rebinder [2]. 
Cellulose is a typical specimen of a broad class 
of polycapillary bodies. The successive moisture 
evaporation of different bond character and of 
various states of moisture is going on during 
the drying process of cellulose, wetted to the 
complete moisture content. 

The known law of exponential absorption of 
gamma rays by a substance is a physical basis of 
the gammascopy method. While a_ pencil 
of gamma rays is passing through one and the 
same dispersed body (wet or dry) then the 
dependence of the pencil intensities on a moisture 
content of a body is determined by the expres- 
s10n 


J J ay Par (1) 


where J,, and J,, are the intensities of a gamma 
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ray pencil, passed through a wet and a dry body, 
respectively; a is absorption coefficient, d is a 
body thickness; p,, is density of a dry body and 
uv is moisture content of a body. 

The rated formula was obtained from equa- 
tion (1) to determine the moisture content of an 
arbitrary layer of the material at any moment of 
time 


Jar 
n (2) 


where the constant value k ap,,d is deter- 
mined experimentally. 

When the moisture content wu is much smaller 
than the constant value k, which is characteristic 
for the macrocapillary porous bodies, the linear 
absorption law may be adopted [1]; 

J, =Ja,(l — ku) (3) 
and the moisture content is determined accord- 
ing to the formula 

k Ji, 

The investigation of non-stationary fields of 
moisture contents and temperatures in dispersed 


Ie 
(4) 
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Fic. 1. A scheme of an experimental installation for the determination of moisture content and 
temperature fields in a body in the process of convective drying. 
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bodies was carried out on a laboratory installa- 
tion. the scheme of which is given in Fig. 1. 

Drying of a specimen of a porous body, 
placed in a cylindric beaker with heat and mois- 
ture insulated side walls and bottom, was carried 
out in a circulation drying chamber which allows 
the parameters of drying régime to remain 
constant. 

The local values of temperatures inside the 
dried body were determined with the help of 
copper-constantan thermocouples, connected 
with a self-recording potentiometer. The curves 
of temperature change in five points of the body, 
located at distances of 5, 15, 25 and 45 mm 
from the open specimen surface were recorded. 
A temperature in the thermostat was simul- 
taneously deciphered to keep the control. The 
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sensitivity of record of all the temperature 
curves made up 0-08° per mm of the scale. 

The average layer moisture contents of a 
specimen in each of five conditionally separated 
layers 10 mm thick were determined by means 
of counting the impulses, which correspond to 
the intensity of the gamma ray pencil, which had 
gone through the given layer. 

The radioactive isotope Co*®, placed in a 
lead gun, served as a gamma ray source. The 
flat pencil of gamma rays passed through the 
given layer, was singled out with the help of 
a regulated slit in a lead screen. 

After exposing the upper layer in the flow of 
gamma rays for 5 min, and after reading the 
intensity of the pencil passed through the layer 
by the micrometer, the dried specimen, together 
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Fic. 2. Experimental curves of kinetics; A—of moisture content (in per cent relative 

to the weight of a dry body); B—of temperature, °C; C—of drying rate (per cent/hr); 

D—of deepening of evaporation zone, / is the distance in mm from the surface, r is 

the time from the beginning of drying (hr) in quartz sand layers at the convective 
drying. 
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with the circulation installation, was moved relative to the slit at the repeated translucences 
upward for a distance of 10 mm, which corres- of the specimen was brought about by the special 
ponded to the disposition of the next layer in — signal mechanism. 

the X-rayed zone. Similar operations were The determination of the layer moisture con- 
carried out in succession for five layers in all. tents was carried out to within 0-5 per cent 
Then the following cycle of measurements of in quartz sand and 2:5 per cent in cellulose rela- 


moisture contents in the same layers was begun. _ tive to the dry weight of the substance. 
as The accurate fixing of a certain layer position The determination of the bulk loss of moisture 
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Fic. 3. Experimental curves of kinetics; A—of moisture content (in per cent relative to the weight of a dry 


body); B—of temperature, “C; C—of rate of drying (per cent/hr) in the cellulose layers at the convective 
drying. 
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by the material in the process of drying was 
carried out by means of periodical weighing of 
the beaker with the specimen on an arm balance. 

The results of investigations are given in 
Figs. 2 and 3 in the form of curves of the average 
moisture content change of a layer (curves A), 
the temperatures, measured in the centre of 
every layer (curves B) and of the rate of layer 
drying (curves C). The numbers of the curves 
A. B and C are allotted according to the layer 
position relative to the open surface of the 
specimen. 

It is seen from Fig. 2 A that on the curves of 
drying of each layer one may single out a linear 
part, limited by the position of the points a, 
which corresponds to the period of the constant 
drying of each layer. This is proved by the curves 
of the kinetic drying rate (Fig. 2 C). 

Comparing the time which corresponds to the 
end of the period of the constant rate of drying 
in various layers of sand, we see that the process 
of drying from the very beginning is consecu- 
tively distributed from the surface into the 
body. In deeper layers the period of constant 
rate of drying begins and ends with some delay 


Method of determination — 


state 
Curves of the negative 
capillary pressure 8-4-10 
Flowing down of moisture — 
Diffusion of the radioactive 
isotopes — 
Thermogram of drying 8-9 
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Table | 


Funicular 


in comparison with the upper layer. The value 
of the constant rate of drying decreases with the 
increase of the layer depth. 

Comparing moisture contents of various layers 
at the final moment of the constant rate of drying 
period in them, we may come to a conclusion 
that in all the layers this period ends at one and 
the same moisture content, which corresponds 
to the boundary of transition of capillary mois- 
ture of macropores from the capillary state into 
the funicular one (Table 1). 

The linear parts, which end at points 4, are 
singled out on the curves representing the tem- 
perature change in the layers depending on 
time (Fig. 2 B). From the comparison of the 
kinetics curves of the moisture content in every 
layer depending on temperature in it, it is seen 
that the end of periods of the constant rate of 
drying, in every layer, does not coincide in time 
with the end of periods of the linear temperature 
increase in the same layers. 

The comparison of the moisture contents, 
corresponding to the critical points “+” on the 
curves of temperature kinetics for each layer 
(Table 1), with the moisture content of sand at 


The moisture content of the quartz sand 


Pendular Maximum 


State hygroscopy 
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0-3 
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Moisture content of sand layers corresponding 
to the points: 


Number of a layer and its 
distance from the surface —— 
of a sample 
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a special state of the capillary moisture shows 
that the end of the linear temperature increase 
in the layers occurs at various moisture contents, 
which do not coincide with the boundaries of 
special states of capillary moisture in the macro- 
pores of sand. Thus, the kinetics curves of the 
layer temperatures at the drying of thick speci- 
mens of a macroporous body do not reproduce 
the kinetics curves of drying according to the 
critical moisture contents, in contrast to the 
thermogram of thin specimen drying of macro- 
and microporous bodies [3]. 

Consequently, the possibility of the analysis 
of the kinetics of moisture contents field in a 
body by the kinetics of the temperature field 
in it has not sufficient ground for the thick 
specimens of macroporous bodies, thought it is 
proved for the case of thin ones [4]. 

The diagram of the kinetics of the evapora- 
tion zone deepening inside a body (Fig. 2 D) is 
built according to the critical points of the curves 
of the layer drying rates (points a Fig. 2 C). 

Since the moisture contents at which the 
period of drying at the constant rate ends in 
every layer of sand, correspond to the boun- 
daries of transition of the moisture contained in 
sand from the capillary into funicular state, 
then it follows from this fact. that the deepening 
of the evaporation zone depends on the change 
of special states of capillary moisture in the 
macropores of sand. At any moment of drying 
inside the sand thickness the moisture moves in 
the form of a vapour above the evaporation 
zone, and in the form of liquid and of a vapour 
under it. 

The further heating of material occurs in all 
the layers of sand after the cessation of the linear 
temperature increase as is seen from Fig. 2 B. 
However at a certain stage of drying the heating 
of the material is followed by the marked tem- 
perature decrease in the layers, which is bound 
with the rise of the endothermic effect (points e). 

The pointed effect of temperature decrease in 
the inner layers at the end of drying process is 
observed at various régimes of drying with the 
only difference that it is shown less strikingly at 
soft régimes. It was determined that the value of 
the endothermic effect increases with the increase 
of the thickness of the sand layer above the con- 
sidered one. 


It is possible to describe the physical nature of 
the above given effect on the basis of the com- 
bined analysis of the heat and mass transfer 
processes, going on between separate layers of 
wet sand, if we take into account the bond 
character of moisture and the solid phase of a 
porous body [2]. 

As one can see from Figs. 2 B and 4 the endo- 
thermic effect in every layer begins at 3-5 per 
cent of moisture content in the layers of sand 
after the cessation of the heating of layers 


t 
70 


60; 


Fic. 4. The dependence of temperature, C, in quartz 
sand layers and their moisture content (per cent) at 
the process of drying. 


(points d). Comparing the moisture content of 
various sand layers, which correspond to 
the beginning of the endothermic effect with the 
data given in Table 1, it should be noted that the 
beginning of the endothermic effect coincides 
with the moment when the moisture content 
reaches the phase of the removal of the sand 
moisture in the pendular state. The temperature 
drop reaches the greatest value at moisture con- 
tent close to | per cent (points e). 

The removal of moisture of the pendular state 
is accompanied by the increase of the curvature 
of the concave meniscus, approaching the curva- 
ture of the microcapillaries concave meniscus 
(the radius of which is less than 10~-° cm). Some 
amount of heat is evolved during the period of 
microcapillary condensation of vapour as was 
shown by Isirikian [5]. Consequently, an 
additional amount of heat must be spent in 
order to remove the moisture from micro- 
capillaries and from the surface of concave 
meniscuses of the equivalent curvature formed 
in places of contact of sand grains. If the heat 
losses for the evaporation of microcapillary 
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moisture are not compensated by the heat inflow 
from the air, then the process of moisture 
removal will be going on at the expense of the 
heat of a body and will be accompanied by 
the temperature decrease in the considered layer. 

Thus, one may point out from the analysis of 
the results of the macroporous body drying, that 
the removal process of moisture of the capillary 
state is going on in succession from one layer 
to another at different velocities as the moisture 
contents in various layers approach 4—5 per cent; 
and that the rates of drying in them are evened 
and the drying of moisture of the junction state 
is going on from all the layers approximately at 
one and the same rate. 

The comparison of the kinetics layer curves of 
the drying of quartz sand (Fig. 2) and of cellulose 
(Fig. 3) is indicative of the considerable differ- 
ences in the kinetics of the non-stationary 
hydrothermal fields in macroporous and col- 
loidal polycapillary porous bodies. 

In this connection we have carried out a 
differential analysis of the water-retaining pro- 
perties of cellulose relative to the moisture of 
different bond character and of its state in pores. 
The analysis was fulfilled according to the 
method of thermograms of drying at the tem- 
perature, corresponding to the temperature of 
the experiments with the drying of cellulose. 
The result of the analysis of the water-retaining 
properties of cellulose is presented in Table 2. 
As can be seen from Fig. 3 the layer curves of 
drying (curves A) as well as the curves of the 
rate of drying (curves C) have two periods of 
the constant rate of drying. The moisture 
removes simultaneously out of all the layers in 
the first period of the constant rate of drying, 
limited by the position of the points a. The rates 


Results of analysis according to the drying thermograms 


Table 2. Moisture content of cellulose (per cent) at various forms of bound and at various states of absorbed 
moisture in capillaries 
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of drying of various layers end in this period at 
different time as the rate decreases with the 
increase of the layer depth. 

The end of the first period of the rate of drying 
in all the layers occurs at 65 per cent of the 
average moisture content in them, which is 
close to the maximum moisture content of 
cellulose at the filling of its macropores with 
water, which corresponds to the removal of the 
osmotically connected moisture (Table 2). 

The average moisture content in layers at 
critical points (4) at the beginning and (c) at the 
end of the second period of the constant rate of 
drying is 45 and 15 per cent, respectively, and is 
indicative of the fact that basically the removal 
of the microcapillary moisture is going on in 
every layer in the period of time between the 
critical points 6 and c. But beginning from the 
critical point c the removal of the adsorbed 
moisture is going on in the same layers. 

The comparison of the curves of the tempera- 
ture change with the corresponding curves of the 
rate of drying (Fig. 3, B and C) leads to the con- 
clusion that the critical points on the tempera- 
ture curves correspond to the end of each out of 
two periods of the constant rate of drying, and 
the drying in the periods of the constant rate is 
going on in each layer at the constant tempera- 
ture in it. Such a conformity of the kinetics of 
the temperature fields and those of moisture 
contents inside cellulose is maintained almost 
towards the end of drying. As was mentioned 
above, the pointed conformity of fields of 
temperatures and moisture contents was not 
observed at drying of quartz sand under the 
same conditions. 

However, the temperature decrease is observed 
as a result of the endothermic effect at the end of 


In critical points of curves of 
layer velocity kinetics (average 
meaning for all the layers) 
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Fic. 5. The curve of the evaporation zone deepening into the cellulose, 4 is the distance 
(in mm) from surface, 7 is time (hr) from the beginning of drying. 


the drying of cellulose as well as at the drying of 
quartz sand, when their moisture contents are 
somewhat higher than the maximum quantity of 
the adsorbed moisture. 

The deepening of the evaporation zone 
occurs at the drying of cellulose, not from the 
very beginning of the process, but after the 
removal of the osmotically bound water from a 
body. The kinetics curve of the evaporation 
zone deepening, built by critical points, cor- 
responding to the moment of the end of the first 
period of the drying constant rate in every layer 
is given in Fig. 5. The comparison of the kinetics 
curves of the evaporation zone deepening in 
sand (Fig. 2 D) and in cellulose conforms in 
full with the conclusions of the drying theory 
[4, 6] about the parabolic low of deepening of 
the moisture evaporation zone. 

The combined analysis of the curves of Fig. 3 
with those of moisture contents and tempera- 
tures distributions inside cellulose (Fig. 6) makes 
it possible to picture the motion of moisture and 
heat in cellulose at drying. 

Considerable temperature gradients arise in a 
body in its heating period: gradients of a tem- 
perature field ensure intensive moisture transfer 
in a dried body from inner layers to the body 
surface, from which the evaporation of the 
osmotic and partially of the capillary moisture 
of macropores is going on. 

At the beginning of the first period of the 
constant rate of drying the removal of moisture 
throughout the whole thickness of a body is 
going on. The constant intensity of the moisture 


evaporation from the surface is kept towards 
the end of the period at the expense of dehydra- 
tion, basically of the layers nearest to the upper 
one. which is confirmed by the minimum of 
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moisture content in the second layer on curves 
3—4 of Fig. 6 A. The upper layer is the most dehy- 
drated one by the end of the first period of the 
constant intensity of drying, and this leads to the 
gradual change of distribution of moisture 
content in a body (the degeneration of curves 1-2 
into 5-6). 

The distribution of the moisture content in 
cellulose is close to the parabolic one (curve 6 of 
Fig. 6 A) at the very end of the period of constant 
rate of drying in the first layer. From this 
moment the evaporation zone deepens into 
the body, and the heated air penetrates into the 
pores of cellulose, as a result of which the rise of 
temperature is going on in the upper layer at 
first and then in the lower ones (Fig. 3 B). 

As the first period of the constant rate of 
drying is at the end in the lowest layer, then the 
second period of the constant rate of drying 
begins in the upper layer, the moisture content 
of which is about 40 per cent and this cor- 
responds approximately to the maximum quan- 
tity of moisture in microcapillaries. Thus the 
beginning of the removal of hygroscopic mois- 
ture from the upper layer is possible when the 
moisture of osmotic and macrocapillary state is 
removed from the whole body. This may be 
explained by the fact that the evaporation of 
the hygroscopic moisture is possible only at the 
relative vapour pressure in the air less than 1. 
As long as the evaporation of osmotic and 
macrocapillary moisture is going on in the 
material at the relative vapour pressure, which is 
equal to 1, the transit of vapour through the 


upper layer gives no possibility for the hygro- 
scopic moisture evaporation out of it. 

The second period of the constant rate of 
drying ends at different times but has equal mois- 
ture content of every layer, making up 15-20 per 
cent, and corresponds to the beginning of the 
adsorbed moisture removal. With the beginning 
of the adsorbed moisture removal the body 
temperature increases as a result of which the 
temperature gradient changes its sign and turns 
to be directed opposite to the gradient of mois- 
ture content field. This decreases to a greater 
extent the rates of adsorbed moisture removal 
from every layer, and the bulk rate of drying of 
the whole body as well. 

Thus, our experimental investigations of 
non-stationary fields of moisture contents and 
temperatures indicate that the kinetics of the 
non-stationary hydrothermal fields is greatly 
determined by various forms of bounds, and of 
the state of the absorbed moisture in capillaries. 
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Abstract—The velocity distribution, the pressure drop, and the length of the hydrodynamic entry 
length of the pipes with annular space (annulus) are found theoretically by the hydrodynamics, Besse! 
functions and the finite Hankel transform, and the examples of numerical calculations are also shown 

The theoretical researches of laminar heat transfer of double pipes in hydrodynamic entry length and 
in thermal entry length are accomplished. In the theoretical solutions, non-linear Volterra’s integra! 
equation and Gauss’ method with a high accuracy in the method of numerical integration, are used and 
it is described that theoretical solutions coincide with experiments very well. Moreover, theoretica! 
calculations of length of hydrodynamic entry region and thermal entry region of double pipes are 

described. 


Résumé—La theorie hydrodynamique permet, a l'aide des fonctions de Bessel et de la transformation 
de Hankel, le calcul de la distribution des vitesses, la chute de pression et la longueur d’entrée hydro- 
dynamique des conduites annulaires (tubes concentriques). Des exemples numériques sont donnés. 
Des recherches théoriques sont faites sur la transmission de chaleur laminaire le long des distances 
d’entrées hydrodynamique et thermique des conduites doubles. Pour obtenir des solutions théoriques, 
on a recours a l’équation intégrale non-linéaire de Volterra et 4 la méthode de Gauss avec intégrations 
numeériques trés précises. Les résultats théoriques coincident trés bien avec les résultats expérimen- 
taux. De plus, les calculs théoriques des longueurs d’entrées hydrodynamique et thermique des tubes Vol. 
doubles sont décrits. 


Zusammenfassung— Mit Hilfe von Gleichungen der Hydrodynamik, von Bessel-Funktionen und der 
endlichen Hankeltransformation werden Geschwindigkeitsverteilung, Druckabfall und Lange des 
hydrodynamischen Anlaufs bei Rohren mit ringfOrmigem Querschnitt (Ringraum) theoretisch 
bestimmt und Beispiele der numerischen Berechnung angegeben. Die theoretische Erforschung der 
hydrodynamischen und thermischen Anlaufstreckebei laminarem Warmeibergang in Doppelrohren 
wird vervollstandigt. Die theoretischen Lésungen beruhen auf der nichtlinearen Volterra-Integral- 
gleichung und der Gauss-Methode mit ihrer hohen Genauigkeit fiir die numerische Integration und 
zeigen sehr gute Ubereinstimmung mit den Versuchen. Weiterhin sind fiir Doppelrohre theoretische 
Berechnungen der Lange des hydrodynamischen und thermischen Anlaufbereichs beschrieben. 


BXOZHOrO yY4acTKa TpyO KOAbIeBLIM vasopom. II Tanke 
IIpMMepbI pac4eTos, 

M TePpMMYeECKOM BXOAHEIX Y4aCTKAX C KOTbUeBLIM 3a30poM. B 
soubTeppa Paycca. Tlocuequnii BLICOKOM TOUHOCTHIO IPH 

BXOJHBIX TpyO C 3a30poM. 


NOTATION D, = 2r,, inner diameter of outer pipe (cm): 
a. thermal diffusivity (cm/sec): D, = 2r,, outer diameter of inner pipe (cm); 
om radial velocity (cm/sec); Fy(r). inlet velocity of entry length 
Cz. axial velocity (cm/sec); (cm/sec); 
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Fy(r), 


Tol). 
A), 


ry. 
Is, 


(= (T — Ty) 


a, . (Ds 


= w.(D, 


velocity of steady flow fully 
developed in the end of entry 
length (cm/sec): 
dimensionless velocity in the inlet: 
dimensionless velocity in the exit: 
dimensionless temperature distri- 
bution of the surface of inner pipe; 
Bessel function; 
heating length (cm): 
length of hydrodynamic or velocity 
entry length (cm): 
thermal entry length (cm): 
D,)/A,, 
Nusselt number: 
inlet pressure (kg/cm?*): 
pressure (kg/cm?); 
v/a: Prandtl number; 
D,)/v, 
Reynolds number; 
radial co-ordinate: 
outer radius of inner pipe (cm); 
inner radius of outer pipe (cm): 
dimensionless temperature distri- 
bution; 
mean temperature of the surface 
of inner pipe wall (°C): 
mean temperature of the surface 
of the outer pipe wall (°C); 
fluid temperature (°C); 
inlet temperature of fluid (~C): 
dimensionless unknown function: 
dimensionless unknown function: 
dimensionless unknown function: 
mean flow velocity (cm/sec): 
dimensionless velocity distribution 
of concentric pipes with annular 
space (annulus); 
(r — r,)/(Te — 
Neumann function; 
axial co-ordinate: 

ZL: 
heat transfer coefficient (kcal/m*h 
thickness of 
layer (cm); 
Re. Pr .(D, — D,)/L; 
kinematic viscosity (cm?/sec): 
density (kgs?/cm‘); 
stream function (cm*/sec); 


thermal boundary 


HEAT TRANSFER IN ENTRY LENGTH 


OF DOUBLE PIPES 


A, parameter; 

thermal conductivity (kcal/m-h 

variable. 


1. INTRODUCTION 

IN industrial heat exchangers and atomic 
reactors, there are many cases where heat transfer 
begins immediately at the entrance of double 
pipes, and therefore research of heat transfer 
in double pipes, in hydrodynamic entry length 
and in thermal entry length, is necessary, but 
at the moment there is little being done. 

In the theoretical analysis of heat transfer 
of the entry length in the pipes with annular 
space, the velocity distribution, the pressure 
drop, and the hydrodynamic entry length are 
necessary factors, and therefore, the author 
determines them theoretically by hydrodynamics, 
Bessel functions and the finite Hankel trans- 
forms, under the given conditions of wall sur- 
face of the inner pipe and outer pipe and the 
inlet and outlet; examples of numerical calcula- 
tions are also shown. 

The theoretical researches of laminar heat 
transfer of double pipes in hydrodynamic entry 
length and in thermal entry length are given. 

In the theoretical solutions, non-linear Vol- 
terra’s integral equation and Gauss’s method 
(with a high accuracy in the method of numerical 
integration) are used and it is shown that 
theoretical solutions coincide with experimental 
values very well. Moreover, theoretical calcula- 
tions of the length of hydrodynamic entry 
region and the thermal entry region of double 
pipes are described. 


2. THEORETICAL ANALYSIS OF VELOCITY 
DISTRIBUTION OF HYDRODYNAMIC ENTRY 


LENGTH 
Equations of motion in hydrodynamics: 
+ » — 3) (1) 
2) 
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2 i. 1 3 
or? r Or 


Equation of continuity: 
l 
-(r.C,) + <=> = 0. 4) 
r or cZ 


Boundary conditions of the concentric pipes with 
annular space: 


Cin (5) 
(C,) =r, = 0 (6) 
(C,)z-) =0 (7) 
= 0 (8) 
(Cz)... = 9 (9) 
= Fr) (10) 
F\(r). (11) 


To eliminate the term of pressure p from the 
equations (1) and (2), operate 


(2) 


and use the stream function uw. 


Cz (12) 
r or 
C 1 13 
r OZ 
To write in dimensionless form, put 
= — (14) 
Ww: mean velocity of flow (cm/sec), x = (r — ry) 
(7, 
bd = dy + Ad, + A*d. + (15) 
(A = parameter), 
V6 
ox* x — 13) Ox 
— 1; 
V2V2d = A. (17) 


N(¢) all terms except V2V24, when the terms of p 
are eliminated from equations (1) and (2). 


For simplification, omit the boundary condi- 
tions of (6) and (7) and equate the coefficient of 
parameter A from equations (15) and (17). and 
then we obtain the next relations. 


= 9 (18) 
= fx) (19) 
= file) (20) 
() =0 (21) 
(=) (22) 
(23) 
(24) 
(25) 
0 (26) 
=o (27) 
(=) = 0 (28) 
eS 0 (29) 


dy, bg. etc. take the same form as (24) to (29). 

and f,(x) are respectively, the dimension- 
less velocity distributions in the inlet (z = 0) and 
the exit (x = 1), and are respectively the dimen- 
sionless forms of F,(r) and F,() by (12) and (14). 

F,(x, z) of (24) is the known function substi- 
tuted of (18) to (23) for in of (17). 


do =u+2z (30) 


and we obtain the next equations. 


Viu =0 (31) 


(32) 
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f(x) (33) 


fet 0 (36) 
(37) 

(a 

Cx ez fox) (38) 
| 
év\ 


0. (43) 


Put u = {* vy, . dx and substitute in (31) to (36). 
Differentiate once both sides of (31) with 
respect to x, and for simplicity, omit the term of 
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[x + r,/(re — . and we can obtain the 
first approximation of y, from the next equations. 


Voi = 9 (44) 


0 (45) 
= (46) 
(y,)..9 = 90 (47) 


= 0. (48) 


Next, put v = {* {2 v,. dz. dx, substitute into 
(37) to (43), differentiate one time both sides 
of (37) with respect to x and =z respectively, for 
simplicity, omit the term of 

[x + — Ye, 
and we can obtain the first approximation 
of vy, from the next equations. 
0 (49) 


(V2): 0 fo(X) (50) 


Substitute y, and y, into (12), (14) and (30), and 
we obtain the next equation as the first approxi- 
mation of Cz/W which satisfies boundary con- 
ditions completely in the place closest to the wall 
of the inner pipe. 


U(x, s 
A, 5) Jotks — 


k, is a root of the next equation. 


{sinh k, [L/(r. — r,)] — z). f(t). 
+ dsinhk, [L/(rz — z f(t). Uo(t, S)t. dz} 


2+ Udx, 8) 


1 


S)t. dt 


(55) 


i 
= 
OX} z=1 
eu 
0 (34) 
CX z=0 
cu 
0 (35) 
Ox) 
a 
a 
@ 
=? (41) 
ev (1) 0 (52) = 
oz 
- 0 
61 = 0. (93) 
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3. AN EXAMPLE OF NUMERICAL CALCULATION 
OF DISTRIBUTION OF VELOCITY IN THE HYDRO- 
DYNAMIC ENTRY LENGTH 

In the numerical calculation of velocity distri- 
bution in the hydrodynamic entry length from 
(54). we must give f(t) of the inlet velocity 
distribution and /,(t) of the velocity distribution 
of steady flow in the down stream passed over 
the hydrodynamic entry length and _ fully 
developed. 

The inlet velocity distribution is generally 
Fr) of the function of radius as (10), and con- 
sidered to be the distribution of a rectangle with 
corners slightly rounded. When we represent 
f(t) in this curve, we must use the elliptic 
functions of the first and second kind, and there- 
fore, here, for simplicity, f(t) is treated as the 
uniform distribution, that is to say, 


= W. (57) 


Therefore 


fA) =(t+- -). (58) 
% 


In the next, velocity distribution of steady flow 
in the down stream fully developed is shown by 
the next equation. 


(Cz/W)z-1, = 2. Wo(x). (59) 
Therefore 


= 2. welt) : (60) 
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Fic. 1. Velocity distribution in hydrodynamic entry 
length of double pipes. 


therefore, this equation does not satisfy the 
boundary conditions at x = 0 and x = I only, 
but it is found to be (Cz/W),-9, =; = 0 from (54) 
which is a more accurate solution than (62), and 
so (62) becomes an approximate equation which 
is very convenient for the calculation of velocity 
distribution at the arbitrary points except for 
x = 0 and x = | only, Le. the velocity of x = 0 


f(t) =2 [= 


] ] ny 1} loge Ig ry 
— 1 }/loge ro/r, 


loge {(ro/ry — 1)t +13] 


(61) 


To simplify (54), take the first term of sinh and 
substitute and f,(t) mentioned above, and 
we obtain the next equation as the approximate 
equation for the numerical calculation. 


Cz. 


= (i — 2*) + (2 + 27). wo(x). (62) 


Ww 
This equation is the case taken only the first 
term of sinh and considered simply like (59). and 


and x = | give respectively the velocity (—0) on 
the surface of inner and outer pipe-walls. 

In the case of rs/r, = d,/d, = 55 mm/35 mm 
1-571428 in (62) and (61), an example with the 
given value of z is shown by Fig. 1. In Fig. 1, the 
velocity distribution at the vicinity of the inlet 
is nearly uniform, but the velocity distribution 
down stream (in the direction of the outlet) 
becomes parabolical and is not symmetrical with 
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respect to the centre (x 0-5) of the annulus: 
the velocity at the side of the inner pipe (x = 0) 
is larger than the velocity at the side of the outer 
pipe (x 1). 

The velocity distribution of hydrodynamic 
entry length of double pipes is a complicated 
function of r,/r, ratio of radius and of radial and 
axial direction; by (54) or (62) velocity of 
arbitrary point is also calculable in the case of 
the ratio of the radius r,/r, given arbitrarily. 


4. AN EXAMPLE OF NUMERICAL CALCULATION 
OF PRESSURE DROP 


Integrate the pressure drop [1] 


1 cp AC 
and write in dimensionless form. In Fig. 2 


-0-4 


-08 


Fic. 2. Pressure drop in hydrodynamic entry length 
of double pipes. 


0-5), = is abscissa, 


(r2/r; = 55 mm/35 mm, x 
and the ordinate is 


— x 2/Re, 


—(p — Po)l/p (re 


where Re = W. Ar. — 1r,)/v, Po = 
inlet (kg/cm?). 

Then, put w = Cz/wW and substitute (62) for w 
and we obtain (64). 


pressure at 
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( ) (ry 2 
) . 
Po Re 
du 
we 52 (64) 
) & 0-5 
- Wo(x=0.5) X (2 + z* z* z*) 
9 9 


We can find from (64) that the pressure drop in 
the hydrodynamic entry length is shown by the 
biquadratic equation of z. 


5. Ly: HYDRODYNAMIC ENTRY LENGTH 


By the above-mentioned, the velocity distri- 
bution and the pressure drop in the hydro- 
dynamic entry length are obtained in the dimen- 
sionless forms, and so, next, the hydrodynamic 
entry length must be determined. 

In (1), (2), (4), assume C, ~ O simply, put 
Ww Cz/W and we obtain the next equations in 
the dimensionless form from (2). 


cow 


x + Ox 


Ox* 
65 
0 (66) 


0 
F(x) 
0 


(w). 0 


(68) 


(Ow/0Z) 


(put C, ~ 0 in the equation of continuity) 


F(x, z) = the term of pressure drop 
1 (rz — Re ew, 

peZ 2 | L 


(x) in (68) is the inlet velocity in the dimension- 
less form. 

If we assume F(x, z) to be substituted (62) for 
w, of (70) approximately, we can treat F(x, =) as 
a known function. 

By the boundary conditions (66) and (67), 
introduce the finite Hankel transform [2] to 
equation (65) and put 
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(71) 
4, 
— Ty; 
Y,<k | x + ). dx 
H,[F] = ¢. H,[ f(x)] = 
and we obtain the next equations. 
k?.u- L (7/2) 
(73) 
(du/dz).-,» = 0 (74) 


k. is a root of the next transcendental equation. 


~ 
~ 
' 
~ 
=~ 
~ 
— 


If we apply Laplace transform to (72) by (73) and 
(74). we can find wu by the inversion theorem. 
] L 
u = w. cosh k, z+ 
cos re k 


L 
¢(C) sinh k, (c—¢).d¢. (76) 
0 


By the inversion theorem of the finite Hankel 
transform, the velocity distribution w(x, z) is 
found in the next equation. 
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In (77), w(x, 2 1) in the case of z 1 is the 
velocity distribution in the end of the hydro- 
dynamic entry length. 

To find L/(r, — r,) from the condition that 
w(x, Zz 1) must to be equal to 2w,(x), the 
steady velocity distribution in the down stream 
fully developed, if we apply the finite Hankel 
transform to 2. w»(x) and next, by the inversion 
theorem, expand 2w,(x) by Jj and we obtain 
an equation from (61) and (77). 

In that equation, L/(r, — r,) is contained as an 
unknown number and so, from the relation, if 
we find L/(r, — r,), L Ly the length of the 
hydrodynamic entry length can be determined. 
From this, it is found that L/(r, — r,) is a func- 
tion of Reynolds number Re and the ratio of 
radius 

Therefore. by the numerical solution of 
Graeffe’s method as the method of solution 
of equation of higher order about L in the case 
of giving Re, r, and r,, it is possible to find L 
more accurately, but here, the next approximate 
calculation is performed simply. 


(i) The case of small Re 

We apply Simpson’s 4 rule to the approxi- 
mate calculation of definite integral {°~() . dé 
with respect to ¢ in (77) and next, in the same 
way, we apply also Simpson’s } rule to the 
calculation of {[(x).dx with respect to x in 
(77) and, neglecting the little terms, we obtain 
the next formulae. 


L 
\ k loge {A ++ (A? — 1)} (78) 
2 1 


ty/(re — 1)} Jo tke [x + — Yo {Ks — 


W(X, Z) 
] 


J2{k, - 


-1y)5 J2 5k, (ry ry) 


ot 


[cosh k, — ry) z [x + — S00) Go [x + — Yo {ks — 
Jo — Yo{k, [x + 4/(re — dx 
- (1/k,). L/(rg — ry) + ry/(re — . Fx. 0). Uo fk, [x + — 


Y, tk. (Is = ry) 5 


Jotks re/(r2 — Yofks [x + — r,)]}) dx}. sinh k, — r,) (z — dl 


(77) 
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. (79) 
l Re/(6- k.). W 


The limit of application of (78) is shown in the 
next equation. 


{1 Re (6 » Wola 0.5) - 0}. (80) 


(ii) The case of large Re 

(We can know the standard of the variation of 
Re by equation (80).) 

Calculate exactly {1 d¢ with respect to ¢ of (77) 
by the formula of integration, apply Simpson’s 
} rule to {1 dx with respect to x and, neglecting 
the little terms, we obtain the next formula. 


x 


l 
Re . \ (81) 
ry k? 


L 


From (78) and (81), we can find that L(—Lr) 
the length of the hydrodynamic entry length is 
the function of Reynolds number Re and ratio 
of radius 


6. AN EXAMPLE OF NUMERICAL CALCULATION 
OF (L= Ly) THE HYDRODYNAMIC ENTRY 
LENGTH 

(i) Re = 10 
When 
the next from (78). 


1-571428, we obtain 
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— r,) = 0-250150 (first term). 


)-2489664 (first term). 


Next, when r;/r, 55/33 1-571428, calcu- 
late to the third term (s 3) and we obtain 


L/(rz — ry) = 0-4098550 (to s = 3). (84) 


(ii) The case of large Re (calculated from equation 
(81)) 
When r,/r; 1-571428, calculate to 
the third term (s = 3) and we obtain 


L/(rz — = 0-1039973 . Re. (85) 


When r,/r, 1-2, calculate to the third term 
(s = 3) and we obtain 


— ry) = 0-1035215. Re. (86) 


Equations (84) and (85) are shown by Fig. 3 
in log scale taking Re as abscissa. By these 
examples of numerical calculation, the difference 
of the values of equations (82) and (83) is about 
0-0011 and the difference of the coefficients of 
Re in equations (85) and (86) is 0-00047. 

Within the limits of radius ratio 


(1-01 <r,/r; < 16) 


2r 55mm 
@ 
2r, 571428 


Fic. 3. Relation of the length of hydrodynamic entry length and Re. 
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the influence of radius ratio r,/r, is small and the 
influence of Re is large, as Fig. 3. 


7. HEAT TRANSFER OF HYDRODYNAMIC ENTRY 
LENGTH 
To find the approximate solution simply by 
the theory of boundary layer, put 


t =(T — — Tam), 
x — 
o, = Re. Pr.(D,— D,)/L 


and we obtain the next energy equation of the 
boundary layer. 


4° J, WAX, Z) . UX, Z). ax 
ct 
— (=) (87) 
CX/xr=0 
From (62), 
Wx, Z) => 
(1 + (z + 27). wo(x) = 1+ 2. w(x). 
(When z = 0.) 
Put 
| 
-\. = 
ffz)< I 2( x 


8, -3 
— 
f(z) = temperature distribution of the surface 
of inner pipe. 

Substitute w and ¢ mentioned above for (87), 
and we are able to solve reducing to non-linear 
Volterra’s integral equation. 

The first approximation in the case of con- 
stant temperature of inner pipe wall is 


(48)? 
(I's ry) (o,) 
The Nusselt number of the inner pipe in this case 
is the next. 


(88) 


a, .(D, — D,) 
Nu, 4 : 1 
Ay 
{er CX), dz 
folz) . dz . 


= 0-8165. 095. (89) 
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Gauss’s method is used with high accuracy in 
the numerical integration. Therefore by equation 
(89), we can calculate simply the Nusselt number 
of laminar flow through hydrodynamic entry 
length in the case of constant temperature of 
inner pipe wall. 

In the next, when we consider the arbitrary 
temperature distribution /,(z) of inner pipe wall, 
in the similar way, we can obtain the next 
equation. 


> 


l 
fot: 0-5) 
(90) 


In Fig. 4 (both log scale), the experimental 
results [3] of water heated from the inner pipe 
(mark © shows the data of vertical type, height 
is 3 m; mark shows the data of horizontal 
type, length is 5 m) are shown, in the case of 
laminar flow only except for the influence of 
free convection. 


Nu, 


nN 


100 


Fic. 4. Heat transfer of hydrodynamic entry length. 


Moreover, the solid line in Fig. 4 shows the 
results calculated by (89). We can observe that 
theoretical results coincide with experimental 
results very well. 


8. Ly: THE THERMAL ENTRY LENGTH 


To find Ly by the purely theoretical calcula- 
tions, applying theory of boundary layer, as the 
temperature distribution in the thermal boun- 
dary layer of thermal entry length, put 


t = f(z). (4x* — 3. 4x + J), 


and as the velocity distribution 2 . wo(x), put 
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{[— 


— 


2.Wdx) = 2 


\/loge 


From the energy equation of the boundary layer 
ct 
we obtain the next relation (92), 


Lr —r,)= Ly/(re +2z.L ry) (92) 


where L7 is the thermal entry length and Ly is 
the hydrodynamic (or velocity) entry length. 


Ly/(re — = Re. 


In general case to find z from (91), if we give 


fo(z) as the polynomial of higher order of z, we 


can solve algebraic equation of higher order of z 
by the numerical method of solution of Graeffe’s 
method, but here, to find simply by the experi- 
mental results of water heated from the inner 


pipe, put 
f(z) — 0-71672? + 1-26832 + 0-045. 


The results of one example in this case are 
shown by the next value of z. 


=z = 2(0y) X X 0-069444 
+ 088482 + [foy. 0-00087332 
0-011127}2 + {0-062788 — o, 


Wo(r=9.5) 0°12289}}”. (93) 
From (93), we can understand that z(c,) is the 
function of Wo, Le. D,/D, diameter 


ratio and o, = Re. Pr .(D, — D,)/L. 

As we can calculate Ly, the thermal entry 
length in the case of water from equation (92) 
and (93), in Fig. 5 (in both log scale), the results 
of theoretical calculation in the case of water 
heated from the inner pipe are shown by the 
relations of — r,) and Ly/(r, — versus 
Re. 

We can understand that L7, the thermal entry 
length of laminar flow only is fairly long. 27 and 
Ly are the results of theoretical calculations 
only. The influence of Pr upon Ly and the 


R 


1000 


100 WA — 


500 1000 2000 
Re 
Fic. 5. An example of numerical calculation of Lr 
and Ly. 


thermal entry length calculable by (91) and for 
example if we calculate the case of air it is known 
that L7 is shorter than the case of water, and 
these agree with common sense. 


9. HEAT TRANSFER OF THE THERMAL ENTRY 
LENGTH 
Put 
t=f,j(z)<1—2 


for temperature distribution passed over the 
hydrodynamic entry length and put 


Wx) == 2. wolx) . (X — 
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for velocity distribution and substitute the 
energy equation of boundary layer 


F 2. dx 


J0 


4 


x 0 


and put 


If we reduce to non-linear Volterra’s integral 
equation and use the method of numerical 
integration by Gauss’s method with high 
accuracy, the result of constant temperature of 
inner pipe wall (the first approximation) in the 
case of large Pr of water and oil etc. is as 
follows. 
1/3 


From (94), we can understand that the Nusselt 
number Nu, is the function of wp, ie. ro/ry 
D,/D, = diameter ratio and o, = Re. Pr .(D, — 
D,)/L. 

The theoretical result calculated by (94) is 
shown by the solid line of Fig. 6. The experi- 
mental results [3] of laminar heat transfer only 
of water heated from inner pipe, neglecting the 
influence of free convection, is shown by Fig. 6 


Fic. 6. Heat transfer of thermal entry length. 


(in both log scales). We can understand that the 
experimental results coincide with the theo- 
retical result. 

In the next, if we consider f(z), the tempera- 
HH ture distribution of the inner pipe wall, in the 
= same way, we obtain the next equation. 
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Nu, 
2 { [os fo(z) . dz 

fol2) dz 


Sot: 0°5) cz 


(95) 


10. CONCLUSION 
The author deduced (54) the velocity distribu- 


tion of the hydrodynamic entry length of 


double pipes with annular space (annulus) which 
satisfies the boundary conditions of inner pipe 
wall, inlet and outlet (the end of the length of 
hydrodynamic entry length). 

If we consider uniform velocity distribution 
at the inlet. we can use (61) and (62) as the 
approximate formulae. As the results of examples 
of numerical calculations, the velocity distribu- 
tions near the inlet are almost uniform; but the 
velocity distributions near the down stream are 
parabolic, and not symmetrical with respect to 
the centre of the clearance of double pipes 
(annuli), but a bit larger at the inner pipe side of 
double pipes. 

The pressure drop in the hydrodynamic entry 
length as in (64) is shown by the biquadratic 
equation of = (the distance from the inlet). 

The determination of the hydrodynamic 
entry length is a very important and difficult 
problem: the author’s solution, introduces 
the finite Hankel transform. According to 
Sneddon. the finite Hankel transform is the 
quickest and easiest solution in comparison 
with the other methods of Laplace transform 
and L*-transform etc. The finite Hankel trans- 
form appears to be a very useful, convenient 
new method in the boundary value problems. 
treating especially circular rods and pipes, in 
heat conduction, heat transfer, hydrodynamics, 
elasticity and vibration etc. 

When we calculate the hydrodynamic entry 
length, giving radius ratio r,/r,; and Reynolds 
number Re, we can find the accurate value for 
any size, by solving the algebraic equation of 
high order by the method of numerical solution. 
for example, by the Graeffe’s method etc., and 
we can also find it simply from equations (78) 
and (81). The hydrodynamic entry length is 
shown by the function of Reynolds number Re 
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and radius ratio r,/r,, and by the examples of 
numerical calculations, it is found that the 
influence of Reynolds number Re is larger than 
the influence of radius ratio r,/ry. 

The author analysed theoretically the velocity 
distribution of the hydrodynamic entry length of 
double pipes with annular space (annulus), 
pressure drop and hydrodynamic entry length, 
from equations and hydrodynamics, and also 
showed the examples of numerical calculations. 
Giving dimensions arbitrarily, we can find the 
necessary values by the calculations mentioned 
above. 

In the industrial heat exchangers, there are 
many cases where heat transfer begins instantly 
at the entrances of double pipes and the tem- 
perature distributes over the walls of double 
pipes. In these cases, the author accomplished 
the theoretical calculations at the heat transfer 
of hydrodynamic and thermal entry length. It 
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became clear that the results of theoretical cal- 
culations coincide with the experimental results 
very well. 

In the theoretical solutions, non-linear Vol- 
terra’s integral equation and Gauss’s method 
with a high accuracy, in the method of numerical 
integration, are used. In industry, there are many 
cases of heat transfer of both hydrodynamic 
entry length and a part of thermal entry length 
passed over hydrodynamic entry length, but 
research in this case being sparse, the author 
also accomplished the research in this case. 
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AN EXPERIMENTAL STUDY OF CRITICAL HEAT LOADS 
AT BOILING OF ORGANIC LIQUIDS ON A SUBMERGED 
HEATING SURFACE 
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on Abstract—Data of experiments for the determination of critical heat flows at boiling of methyl alcohol 
a (P = 1-64-5 atm) and normal propyl alcohol (P = 1-46 atm) on a submerged heating surface are 
ae deduced in the present paper. The treatment of experiments is given in relative co-ordinates. The 


influence of different factors on the values of critical flows is shown. 


4 

= Résumé—Cet article présente des données expérimentales sur la détermination des flux de chaleur 
oe critiques au cours de lébullition, sur une surface chauffante submergée, de l’alcool méthylique 
- (P = 1-64,5 atm) et de l’'acool propylique normal (P = 1-46 atm). Le dépouillement des expériences 


est donné en coordonnées relatives. L’influence des differents facteurs sur les valeurs des écoulements 
critiques est mis en évidence. 


Zusammenfassung—Es werden Versuchsergebnisse liber den kritischen Warmestrom beim Sieden von 

Methylalkohol (P 1-64,5 at) und Normal-Propylalkohol (P 1-46 at) an eingetauchten Heiz- 

flachen mitgeteilt. Die Ergebnisse sind in bezogenen Koordinaten angegeben. Der Einfluss ver- 
schiedener Grossen auf die Werte des kritischen Warmestroms wird gezeigt. 


Annotanna—B crarbe LaHHble ONbITOB MO 

NOTOKOB MeTaHoda (P 1-64,5 ara) WH. (P 1-46 ava) Ha 

Harpepa. OOpadoTKa ONBITOB B  OTHOCHTeIbHBIX 

NOTOKOB. 


THE value of critical heat load ger_, at boiling on 
a submerged heating surface depends on a 
number of factors, the most important of which 
are the physical properties of the substance, 
pressure, conditions of vapour removal from a 
heating surface, the state of a heating surface 
and the incomplete heating of a liquid up to the 
saturation temperature. The influence of the 
physical properties of a liquid and of pressure 
was investigated in a number of works. The 
results given in [1] present the most extensive 
experimental investigation for some organic 
liquids in a wide range of pressure variations. 
The dependence of the critical load variation on 
pressure obtained in the work mentioned above 
is typical for some other liquids as was shown by 
the latest investigation [2]. However the errors 
of method encountered in the investigation [1] 
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brought to considerable scattering of experi- 
mental points, and lowered the numerical value 
of the experimental results. 

The dependence of critical loads on conditions 
of heat removal from a heating surface was 
studied in [3] and [4]. Boiling on ni-chrome plates 
at atmospheric pressure has been investigated in 
[4]. These experiments showed the qualitative 
influence of the conditions of vapour removal 
from a heating surface and made it possible to 
come to a conclusion that a plate with a surface 
turned upwards serves as a standard for boiling 
in a large volume. 

The influence of the state of a heating surface 
on the value of critical loads was found in [1] 
and in some other works. More detailed investi- 
gations [3] showed that the approach of the 
crisis on rough heating surfaces is delayed and is 


of 
aie 
? 
|| 


going on at higher heat loads than on smooth 
ones. 

The same writer [3] investigated the influence 
of the incomplete heating of a liquid on the 
value of critical loads. This investigation 
showed that the incomplete heating of liquids 
up to the temperature of saturation increases the 
significance of critical loads, while the influence 
of the incomplete heating decreases with the 
increase of pressure. 

The brief account of the problem reveals the 
necessity of further experimental study of the 
influence of the conditions of vapour removal 
from a heating surface on the critical heat loads at 
pressures exceeding atmospheric pressure, and the 
influence of the physical properties of new liquids. 

The present article deals with the experimental 
results given by the investigation of the boiling 
crisis of methyl alcohol and normal propyl 
alcohol on a submerged heating surface. 

These liquids find an application in industry, 
their physical properties are investigated in a 
wide range of temperature variations, and they 
differ appreciably from the properties of most of 
the liquids applied before for the investigation of 
critical loads. Until now, experiments were not 
carried out with methyl alcohol and normal 
propyl alcohol for the determination of critical 
loads at a wide range of pressure variations. 
These considerations determined the choice of 
the investigated liquids. 

The methyl alcohol used in experiments 
was chemically pure, normal propyl alcohol had a 
technical purity. The chemical compound of the 
used liquids corresponded to the demands of 
GOST, as was ascertained both by the data 
supplied with the chemicals and by an additional 
chemical analysis. 

The viscosity of liquids and the elasticity of 
vapours at saturation points were determined 
for the investigated substances. The viscosity of 
methyl alcohol was determined in the tempera- 
ture range from 23-5° to 238°C and that of the 
propyl alcohol from 18-5° to 257°C. 

The elasticity of vapours was determined in 
the pressure interval ranging from | atm to the 
critical pressure. 

The obtained data on viscosity and elasticity 
of vapours agree satisfactorily with the data 
given in [5, 6, 7, 8, 9]. 


AN EXPERIMENTAL STUDY OF CRITICAL HEAT LOADS 


253 


EXPERIMENTAL APPARATUS AND PROCEDURE 

The experiments were carried out on two sets 
of apparatus—for high and low pressures. 
Fig. | presents a scheme of the experimental 
apparatus. 

Heaters, made out of the calibrated ni-chrome 
band and ni-chrome wire served as heating 
surfaces. The length of the heaters was 150 
mm. 

The edges of plates were covered with brass in 
order to avoid superheating in contacts and 
a sharp change of cross section in places. The 
plates were fastened in plate holders (3a and 
3c) of the supporting frame (3e) mounted on 
the cover of the drum in a horizontal posi- 
tion. 

The plate did not bend on heating because the 
plate holder (3c) had free travel in the sup- 
porting frame. 

For carrying out the experiments 8-9 I. of 
liquid were poured into the apparatus, the total 
capacity of which was 15 1. The liquid was 
heated to a prescribed temperature by an 
electric heater (12 and 15) of alternating current. 
The liquid was kept boiling until the complete 
removal of air before the valve (6) was set into 
position “closed”. The continuous current, 
supplied by a low-voltage motor-generator (17) 
created a heat load on an experimental plate (3). 
The system of rheostats cut in a network of 
excitation of the generator gave a smooth 
increase in heat load. Multivoltmeters (20), 
connected to the plate by a balanced bridge 
scheme, immediately fixed the approach of a 
critical moment due to a sharp change in the 
electrical resistance of the plate. 

The current intensity and the voltage were 
measured at the critical moment of crisis. 

A potentiometer (13) measured the inten- 
sity of current through the calibrated shunt 
(19) to within +0-05 millivolt. The voltmeter of 
0-2 grade measured the drop in voltage on a 
working section of the plate. The drop in voltage 
was measured by the wires welded at a distance 
of 15-20 mm from the plate holders by the 
method of electrical contact. 

The critical heat flow was calculated accord- 
ing to the magnitude of the current intensity 
and the voltage drop measured on an experi- 
mental plate. 
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Fic. 1. Scheme of an experimental apparatus of high pressure. 
1, drum; 2, protecting cover; 3, experimental plate; 3a and 3c, plate holders; 3e, supporting frame; 4, decantation 
line; 5, pipe connection for priming: 6, valve; 7, manometer; 8, sleeve with a thermometer; 9, cooler; 10, wires; 
11, thermal insulation; 12, electroheaters of external heating; 13, potentiometer; 14, thermocouple; 15, electro- 
heater of internal heating; 16, autotransformer; 17, low-voltage motor generator; 18, voltmeter; 19, shunt: 
20, zero-instrument; 21, bushings. 


The analysis shows that under given condi- 
tions the error of measurement of critical heat 
flows did not exceed —7 per cent. 

The temperature of a liquid in the tank was 
measured by the potentiometer of the fine grade 
with the help of a chromel—alumel thermocouple 
(14). The reading of the thermocouple (14) was 
controlled according to the pressure, by thermo- 
meters and thermocouples placed in sleeves (8). 

The model manometer of 0-02 and 0-35 grades 
measured the pressure. 

During the experiments the constancy of 
pressure and temperature was maintained by the 
change of the capacity of electroheaters and by 
the condensation of vapour in the refrigerator. 

The experiments were carried out at atmos- 
pheric pressure on the low-pressure apparatus 
which is an open tank with a capacity of 19 1. 

For all cases the experimental methods were 
the same. 

The presence of windows in both sets of 
apparatus made it possible to observe both the 
heating surface and the process of transition 
from one régime to another. 


Besides the constant observations of the heat- 
ing surface through a window, periodical control 
surveys were made on the high-pressure appara- 
tus, when the cap of the drum or the hatch 
was opened after the carrying-out of experi- 
ments. 


RESULTS 

The value of critical load, as was mentioned 
above, depends on conditions of heat removal 
generated on a heating surface. The heating 
surface turned upwards is the best for removal of 
vapour. The highest values of critical loads 
correspond to the given conditions of vapour 
removal. The creation of high thermal loads 
on a heating surface turned upwards and the 
carrying out of an experiment involve great 
technical and method difficulties. 

Due to this fact there arose the necessity of 
choosing another type of heater, with the help 
of which one could imitate the boiling on a plate. 

For this purpose methodical experiments 
were carried out at atmospheric pressure on low 
pressure apparatus. Heaters made out of a band 
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with cross sections of 10 « 1; 10 0-5;5 0-5; 
3 = 0-5 mm and of a wire of | mm in diameter 
were used in these experiments. All the heaters 
were placed horizontally; the heaters made of 
plates were put on a fin and on a wide edge. 
When placed on a wide edge the lower surface 
was screened with Paranite and Teflon and the 
boiling was going on only on the surface turned 
upwards. The lower surfaces of plates placed 
on a broad edge in some experiments were not 
screened and the boiling was going on along the 
whole perimeter of the heater. 

The methodical experiments carried out at 
P — | atm showed that the critical loads obtained 
at boiling on a surface turned upwards and on 
heaters (from 3 to 10 mm high) placed on a fin 
are practically the same. On a wire the values of 
critical loads were obtained higher than on a 
surface turned upwards while on non-screened 
heaters placed on a broad edge they were 
respectively lower. 

Thus it was determined that the critical load 
does not depend on the geometrical peculiarities 
of the surface at boiling on a heating surface 
turned upwards and on heaters from 3 to 10 mm 
high placed on a fin. 

Consequently the conditions of vapour 
removal generated on horizontal heaters of a 
smaller size (3-10 mm) are the same as on the 
plate of a larger size, by the upward turned 
surface and the boiling on a plate can be 
reproduced on such heaters. 

Six series of experiments were carried out at 
different pressures in order to determine the 
influence of pressure and of the conditions of 
vapour removal from a heating surface on the 
values of critical loads. 

The first series of experiments was performed 
at boiling of methyl alcohol on heaters set on a 
fin. The cross sections of heaters were of 10 1; 
10 « 0-5; 5 O0-Sand 3 0-5 mm. The pressure 
was changed from | to 64:5 atm. 

The second series of experiments was carried 
out at boiling of methyl alcohol on a heating 
surface turned upwards. The heaters were used 
with cross sections of 5 0-5 mm, the lower 
surface of them was screened with Paranite. The 
pressure was changed from 2-75 to 10°35 atm. 

The third series of experiments was carried 
out at boiling of methyl alcohol on a wire 1 mm 


in diameter. The pressure was changed from 
1 to 58 atm. 

The fourth series of experiments was per- 
formed at boiling of normal propyl alcohol on 
heaters with cross sections of 5 » 0:5 and 
3 x 0-5 mm set in a fin position. The pressure 
was changed from | to 46-65 atm. 

The fifth series of experiments was carried out 
at boiling of normal propyl alcohol on a surface 
turned upwards. The cross section of heaters 
was of 5 0-5 mm. The Paranite and Teflon 
were chosen to screen the lower surface of 
heaters. The pressure was changed from | to 
43-4 atm. 

The sixth series of experiments was performed 
on heaters with cross section of 5 « 0-5 mm set 
on a wide edge. The lower surface was not 
screened. The pressure was changed from 6-75 
to 41-8 atm. The results of the Ist, 2nd, 3rd, 4th 
and Sth series of experiments are given in 
Fig. 2 ina form of the dependence ger-, = f (P). 
The experiments of the 6th series are given by 
the same dependence in Fig. 3. 

The analysis of the experiments of the Ist, 2nd, 
3rd and the 4th series (Fig. 3, curves | and 2) 
shows that there exists a similarity of the 
critical load relative to the conditions of 
vapour removal from a heating surface in a wide 
range of pressures up to the critical pressure. 
Here as well as at atmospheric pressure the 
values of critical loads at boiling on surfaces 
turned upwards and set on a fin are equal under 
the compared conditions. 

The values of critical loads are obtained 
30-40 per cent higher at boiling on a wire than 
on a surface turned upwards (Fig. 2, curve 3). 
The visual observations at atmospheric pressure 
show that vapour bubbles leave the wire more 
often and they are of smaller sizes than those 
leaving the plates. The increase of the frequency 
with which vapour bubbles leave a surface leads 
to the intensification of heat removal and, 
apparently, this explains the delay in approach 
of the crisis. The removal of vapour from the 
lower surface meets some difficulties when 
heaters are set in a “fin” position. The crisis of 
boiling occurs first near the lower surface but 
not on the opposite surface turned upwards 
since vapour bubbles lingering near the lower 
surface form an entire film. Low values of 
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Fic. 2. Experimental data at boiling of methyl alcohol and propyl alcohol on different heaters. 


Plate set in a “fin” position 
W—rmethy! alcohol 
@—normal propyl alcohol 


Plate with heating surface turned upwards 
+.—methyl alcohol 
»*—normal propy! alcohol 


Wire 1 mm in diameter 
go—methy] alcohol 


=) 


25 30 35 40 45 


Fic. 3. Experimental data at boiling of normal propyl alcohol on a plate set on a wide edge without 
screening. 


critical loads may be explained by this fact 
as well. The critical loads were obtained 20-25 
per cent lower for the given conditions of 
boiling than on a surface turned upwards (Fig. 3). 
The dependence of critical loads change on 
pressure is one and the same for all types of 
heaters. The critical load increases up to the 


pressure which is equal to 4 of the critical pres- 
sure, then it decreases till the values are lower 
than at atmospheric pressure. The same charac- 
ter of the critical load change depending on 
pressure was obtained in [1] for some other 
liquids. 

The values of critical loads obtained at boiling 
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surface turned upwards and set in a fin position 
were treated in relative co-ordinates of [1]: 


der-1 
= l 
Per ) 


where Per and P are the critical thermo- 
dynamic pressure and the pressure at which 
the experiments were performed respectively. 
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boiling of methyl alcohol at atmospheric pres- 
sure on a horizontal ni-chrome plate turned by 
the heating surface upwards [4], on a horizontal 
copper tube [10] and on a steel surface [11] are 
plotted in Fig. 4. These data agree satisfactorily 
with ours. 

In some experiments the thermal load on a 
heater increased sharply exceeding to a greater 
extent the critical load at rapid increase of the 


Data given by the author 

W—methy! alcohol 

@—normal propyl alcohol 
Data given by Styrikovich and Polyakov [4] 
-+-—methyl alcohol 


The divergence of a point from the mean line 
led through the experimental values does not 
exceed +20 per cent as can be seen from Fig. 4. 
However, this dependence does not take into 
account all the factors influencing the crisis 
formation process of boiling and with the 
increase in the difference between the properties 
of substances this scattering can reach the 
greater values. 

For comparison the experimental data on the 


p/P 


Fic. 4. Treatment of experimental data in relative co-ordinates. 


crit 


Data given by Weswater and Santagelo [10] 
« —methyl alcohol 

Data given by Sauer er a/. [11]. 
%—methyl alcohol 


capacity of the current generator. In this case 
carbon deposit appeared on a heating surface 
in the form of rough spots. Overstated values of 
critical loads were obtained at secondary 
experiments on the same heating surface. This 
excess depended on the state of the heating surface 
and fluctuated within 12 to 25 per cent (from the 
values obtained on a pure surface). 

In our experiments carbon deposits provoked 
the same effect as the artificial roughness created 
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on a heating surface [3]. At work on a heating 
surface covered by carbon deposits the rise of 
values Ger; May be apparently explained by this 
fact. The experimental points obtained on a 
surface covered with carbon deposits are 
excluded from the treatment. 


CONCLUSIONS 

1. Experimental data are obtained for the 
critical heat flows at boiling of methyl alcohol 
and normal propyl alcohol on a submerged 
heating surface. The pressure in the experiments 
changed from | to 64-5 atm at boiling of methyl 
alcohol and from | to 46 atm at boiling of nor- 
mal propyl alcohol. 

2. The data obtained for methyl alcohol at 
atmospheric pressure agree satisfactorily with 
the results of other investigators [4, 10, 11]. 

3. The character of a change of the dependence 
of critical flows on the pressure for methyl 
alcohol and normal propyl! alcohol is the same 
as for other liquids [I]. The maximum of 
Ger f(P) is at pressure ~1/3Per. 

4. At the change of the height from 3 to 10 mm 
and of the thickness from 0-5 to | mm practically 
equal values of the critical thermal flows were 
obtained on heaters set in a “fin” position. The 
same values of critical flows were obtained at 
boiling on heaters with the upward turned 
surface. 

5. The critical values are 30-40 per cent higher 
at boiling of methyl alcohol on a ni-chrome wire 
| mm in diameter, than at boiling on plate 
heaters. Apparently the increase in the values of 
critical loads is explained by additional intensi- 
fication of heat transfer called forth by the 
increase in frequency of tearing off vapour 
bubbles, which have lower leaving diameter 
under given conditions than on a heating surface 
of larger dimensions. 

6. The values of critical flows at boiling of 
normal propyl alcohol on non-screened heaters 
set on a wide edge were obtained 20-25 per cent 
lower than at boiling on a heating surface 
turned upwards, because of the insufficient 
vapour removal from the lower surface. In these 


experiments the pressure was changed from 
6°75 to 41-8 atm. 

7. Higher values of critical flows were obtained 
on a heating surface covered with carbon 
deposits rather than on a pure surface. The 
increase in values ger_, results in the intensifica- 
tion of heat emission at the expense of addi- 
tional roughness created by carbon deposits on a 
heating surface. The value of critical flows 
excess depends on the state of a heating surface 
and fluctuated within 12 to 15 per cent in our 
experiments. Approximately the same result is 
obtained in [1]. 

8. Experimental data are satisfactorily treated 
in a form of the dependence (1). 
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NOTATION 


D, Tube diameter at root of fin (in.); 

H, Conductance of tube, measured directly from 
heat released by steam, with temperature drop 
corrected for steam/copper film conductivity and 
conductivity of copper tube wall. (Btu/hr F ft 
length of tube); 


h, Heat transfer coefficient of tube, based on H and 
full extended surface of tube and fins. (Btu 
hr ft? °F): 


Vinax, Maximum velocity between tubes, obtained 
from measured duct velocity and ratio of mini- 
mum free area between tubes in bank and the 
area of the duct (ft/sec): 

Relative density referred to air at 60 F, 14-7 

p.s.i.a. (dimensionless). 


LyMER [1] gives the results of a series of tests designed to 
measure the local heat transfer coefficients over the sur- 
faces of the fins in banks of finned tubes in cross flow. 
He found that regions of low heat transfer were present 
on the parts of the fins upstream and downstream of the 
tube. Stagnation of the flow in the wake of the tube 
probably causes the low heat transfer in this region, while 
that upstream may be caused by the effect of the pressure 
distribution due to the tube on the boundary layers on 
the fins. As the static pressure increases from its free 
stream value to the stagnation point at the front of the 
tube, the boundary layers on the adjacent faces of the 
fins will thicken, and may join to produce a stagnant 
region ahead of the tube. 

A radial slot cut in the fin at either of these points 
should modify the flow in a way which might improve the 
heat conductance. A slot upstream of the front stagnation 
point would remove the surfaces on which the fin boun- 
dary layers are found, and hence should remove the 
stagnant region ahead of the tube, while a slot down- 
stream would offer a path of lower resistance which might 
induce more fluid to flow near to the cylinder, reducing 
the size of the stagnant region in the wake. 

To investigate this, tests were made with a bank of 
tubes in close-pitched, staggered formation, mounted in a 
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duct 1 ft square. (Details in Table 1.) Measurements of 
the heat transfer were made for individual tubes with 
slots up to } in. wide mounted in central positions in the 
first and fourth rows of the six-row bank, the rest of the 
bank being unheated. The tube on test was heated by 
steam, in a manner similar to that used by Lymer, but 
with a steam trap immediately before the entry to ensure 


Table 1. Experimental tube arrangements 


I.C.1. Integron high-fin tubes code 07 8 064 in copper 
Tube ID. 1 in., root dia. 1-128 in., fin height 0-351 in. 
Mean fin thickness 0-024 in., 7 fins,in. 
Close-pitched formation—Tube pitch 1-893 in. 
Bank arranged in alternate rows of 5 and 6 tubes 


low wetness of the supply, and a steam bleed at the 
base of the tube to prevent air-locks. The tubes were 
treated inside with Di-octadecyl-xanthate, and from 
inspection after tests it appeared that dropwise conden- 
sation was occurring on a large proportion of the surface. 

The conductances measured aie shown in Figs. | and 2 
(see Notation). The values for an unslotted tube in the 
fourth row agree quite closely with the formula, for air 
outside staggered tubes, 


h 1:83 Btu/hr ft? °F 


obtained in tests on banks of similar tubes [2], while the 
ratio between conductances of tubes in the first row and 
the fourth row is nearly the same as that reported in 
MacAdams for banks of plain tubes [3]. The effects of the 
slots may be summarized as follows: 

Forward facing slot in first row. Conductance falls 
steadily with increase in slot width. 

Forward facing slot in fourth row. Conductance changes 
very little for slot widths up to { in. and then falls with 
slot widths of } in. and } in. 

Rearward facing slot in first row. Very little change 
at higher wind speeds, and slight deterioration at lower 
speeds. 

Rearward slot in fourth row. Small increase in conduc- 
tance at higher speeds, particularly with slots up to { in., 
but reduction at lower speeds. 

A short series of tests on steel tubes of rather similar 
geometry showed a consistent reduction in the conduc- 
tance of the tube as the slot width was increased. 
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From these results it is clear that no marked improve- 
ment in the conductance of finned tube with fin height/fin 
spacing of about 3 : 1 can be obtained by slotting the fins. 
However, from the fact that in several cases removal of 
fin surface in the slots must have improved the heat 
transfer coefficient over the rest of the fin, it would be 
worth while to make similar tests if a tube with fin 
height/gap substantially greater than 3 : 1 were produced 
in copper or other material of high thermal conductivity. 

As only single tubes in the bank were slotted, no 


attempt was made to measure the pressure drop. It 
seems unlikely that this will be much affected by slotting. 
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SYMPOSIUM ON HEAT TRANSFER AT THE INDIAN INSTITUTE OF SCIENCE, 
BANGALORE 12, INDIA 


A SyMposiIUM on Heat Transfer was inaugurated at the 
Indian Institute of Science, Bangalore, in November 
1959. The Symposium was organized by the Mechanical 
Engineering Department, in connexion with the Golden 
Jubilee of the Institute, and was the first occasion on 
which a Symposium on Heat Transfer was held in India. 
Twenty papers were presented and discussed at sessions 
for presentation of papers on 27th and 28th November. 
The following is a brief review of the papers (a list of 
which is given at the end) presented. 

Hoelscher [1] discussed the assumptions both explicit 
and implicit made in the derivation of the heat and mass 
diffusion and/or dispersion equation, using the classical 
model of a rectangular parallellopiped, and its limitations 
in physical situations. Two alternate models were pre- 
sented by him which may be more nearly correct for 
certain classes of physical problems. Analytical solutions 
and experimental data are not available to check these. 

Jain and Subramanian [2] presented a method of 
obtaining approximate solutions for many cases of 
unsteady state heat conduction in finite solids in terms of 
those applicable to semi-infinite solids. They applied 
this method to problems of heat conduction in finite rods 
(a) with radiation boundary condition (for instance thin 
films of non-conducting material at the end of the rod 
give rise to radiation boundary condition), and (b) when 
the end temperature is an arbitrarily plotted function of 
time. When thermal parameters are temperature depen- 
dent, it was indicated by them that a straightforward 
application of the simple method is not possible since the 
problem reduced to one with constant thermal parameters 
but with moving boundary. 

The thermal conductivity of various mould materials 
{3] were determined using the line heat source method. 
In this method, the temperature rise of the line heat 
source embedded in the material was recorded against 
time and the thermal conductivity computed. 

Two papers [4, 5] were presented on the use of electrical 
analogues. Maheshwari [4] indicated that the adverse 
influence of anisotropy and non-uniformity of com- 
mercially available conductive sheets can be considerably 
reduced by using the sheet in the transverse and longi- 
tudinal directions and then taking the arithmetic mean. 
For the different categories of problems investigated by 
him the error in temperature distribution was not greater 
than 2-5 per cent. In the second paper was described a 
short time analogue computer comprising 32 resistance 
and 16 capacitance units. Its use and accuracy in solving 
heat transfer and fluid flow problems was discussed with 
examples. 
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Bergelin [6] discussed heat transfer and pressure drop 
during flow at right angles to tube banks, during flow 
through a well-baffled tubular heat exchanger, and during 
flow through poorly baffled heat exchangers. The effect 
of fluid leakages around baffles and around tube bank was 
also indicated. The effect of high Dp/D, (diameter of 
packed particle to diameter of packed tube) ratio and the 
thermal conductivity of packing materials on heat transfer 
in packed tube exchangers was discussed by Raghavan 
and Laddha [7]. 

Spalding and Muralidharan [8] made a critical com- 
parison of the methods available for calculating laminar 
heat transfer of arbitrary two dimensional or axi- 
symmetrical bodies. Heat transfer from a turbine blade, 
calculated by three different methods, were compared 
with experimental data while heat transfer from a partially 
heated ellipse was determined by two methods. No 
general conclusions could be drawn about the relative 
validity of the methods. Further lines of work were 
indicated in their paper. Smith and Shah [9] extended the 
method of Smith and Spalding for calculation of heat 
transfer in a laminar boundary layer with constant fluid 
properties and constant wall temperature to cover a 
range of Prandtl numbers up to 10. 

The effect of pulsations and vapour agitation on heat 
transfer was the subject matter of two papers. Singh er al. 
[10] indicated that heat transfer to pulsating medium is 
considerably modified by the frequency of pulsations 
imposed on the medium. The peak values of the rate of 
heat transfer obtained could be attributed to resonance 
phenomena occurring in the system. Srinivasan and 
Ramachandran [11] discussed the effect of vapour 
agitation on heat transfer from an electrically heated 
platinum wire submerged in water. With vapour agitation, 
the heat transfer coefficients increased by as much as 
five times the free convection value. The effect of the 
parameters viz. air hole diameter, distance between the 
platinum wire and the perforated tube, and air flow rate 
on heat transfer were found to be interdependent. 

Two papers on Heat Transfer in circular and non- 
circular ducts were presented. Ede [12] reported experi- 
mental data on heat transfer for turbulent flow of air and 
water in pipes. The test data were compared with the 
familiar Dittus-Boelter equation. He recommended a 
different value of the coefficient for air and water, sug- 
gested figures being 0-018 and 0-026 respectively. 

Eckert and Irvine [13] reported measurements of 
friction factors and heat transfer for flow of air through a 
duct with a triangular cross-section having a side ratio of 
5 to 1. Friction factors for laminar flow were in good 
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agreement with calculated values. For turbulent flow, they 
were 20 per cent lower than the Blasius expression. 
Average Nusselt numbers obtained in the triangular duct, 
when based on the hydraulic diameter, was found to be 
only one half as large as the Nusselt numbers for turbu- 
lent pipe flow. Duct length in excess of 100 diameters 
were required to obtain an established temperature 
field. 

Two papers on combustion were presented at the 
Symposium. DeSa [14] dealt with an investigation of fuel 
droplet combustion. With larger droplets, vaporization 
was observed to begin at 300 C followed by a preflame 
reaction which erupted into a lifted flame burning at 
some distance in the vapour trail. After this, the boundary 
vapour also ignited and the two flames coalesced with 
growth of a carbon tube in the vapour. With small gas 
oil droplets, no carbon formation was observed and 
ignition took place in a single flame. Krishna Prasad er al. 
[15] reported that increased flame speeds could be 
obtained by imposing oscillations on a gas column in a 
tube open at one end, at all mixture strengths of an 
acetylene air mixture and at several frequencies and 
amplitudes of oscillations. 

The influence of thermal properties of mould materials 
on the casting characteristics of aluminium and _ its 
alloys was presented by Seshadri and Ramachandran [16]. 
The freezing time of a given metal or alloy decreased with 
increase in heat diffusivity of mould material. Chilling 
power usually increased with increase in heat diffusivity 
of mould material. The process of solidification of pure 
metals, eutectics and solid solution types of alloys as also 
the mechanical properties of the metal or alloy cast were 
very much influenced by the thermal properties of mould 
materials. Attri [17] presented results of a study on the 
possibilities of augmenting the thrust obtained from 
heated jets by placing cylindrical cores of different 
geometries in front of the outlets. As core diameter 
increased, the measured thrust increased while flow 
decreased. The effect of cores was to decrease angle of 
spread near the outlet but the jet angle was almost con- 
stant about eight lengths downstream. Seshadri and Ray 
Chaudhuri [18] discussed heat transfer problems in 
building research. 

Sinha [19] analysed the superheat properties of 
liquids. Pushilal [20] presented a method of computing 
heat absorption in slag tap furnaces for steam generation. 
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section. (Courtesy A.S.M.E.) 
VALENTINE G. DeSa, On spontaneous ignition of 
liquid fuel droplets. 
K. KRISHNA PRASAD, K. MAHADEVAN and H. A. 
HAVEMANN, Flame speeds in oscillating gases in a 
tube. 
M. R. SesHADRI and A. RAMACHANDRAN, Influence 
of thermal properties of mould materials on casting 
characteristics of aluminium and its alloys. 
N.S. Atrri, Effect of core shapes on the flow of jets 
from unit heater outlets. 
T. N. SesHapri and B. C. Ray CHAUDHURI, Heat 
transfer problems in building research. 
D. B. StnHa, Superheat properties of liquids. 
S. N. PUSHILAL, Heat transfer and heat absorption in 
the design of slag tap furnaces for steam generation. 
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ANNOUNCEMENTS 


JOURNEES INTERNATIONALES DE LA TRANSMISSION DE LA CHALEUR 


L*INstiruT Frangais des Combustibles et de l’Energie* 
organise a nouveau des Journées internationales d’études, 
sous la Présidence du Professeur Marcel Veron. 

Consacrée a la transmission de la chaleur, cette mani- 
festation se tiendra a Paris, 7 rue La Pérouse, du 19 au 
24 Juin 1961. 

Préparée avec le concours de personnalités éminem- 
ment qualifiées, elle vise a faire le point de connaissances 
scientifiques nouvelles concernant les divers modes de 
transmission de la chaleur, puis a dégager des tendances 
et possibilités techniques actuelles, concernant la con- 
ception, la construction et les essais des échangeurs 
thermiques. 

Le programme général comporte les grands chapitres 
suivants: 

Rayonnement. Gaz, flammes, plasmas, réfractaires. 
Foyers et fours. Insolation. 

Conduction. Thermocinétique. Résistances de contact. 
Lits poreux. Influence de lhumidité. 

Convection. Régime turbulent, rugosité, régime mixte, 
régime pulsatoire. Ecoulements supersoniques. Gaz 
raréfiés. Changement d’état chimique (convection vive) 
ou physique (évaporation, condensation). Lits fluidisés. 
Convection naturelle; mixte. 

Champs thermiques. Représentation analogique et 
homologique des champs thermiques stationnaires, ou 
variables. Contraintes thermiques et vibrations. 


* 3 Rue Henri Heine a Paris (16). 


Meétrologie. Températures, flux, conductivités, co- 
efficients de convection et de rayonnement. 

Echangeurs de chaleur. Conception, construction, essais, 
simulation des échangeurs. Matériaux spéciaux (fluage, 
corrosion). 

Le programme détaillé sera précisé ultérieurement. 

Ces Journées font suite a celles déja organisées sur: 

(1) le dépoussiérage des fumées et gaz industriels 
(1954). 

(2) Tutilisation thermique rationelle de la vapeur 
d’eau (1955). 

(3) la combustion des combustibles solides et pul- 
verisés (1957). 

(4°) les gaz et matériaux humides (1959). 


COMITE D’ORGANISATION DES JOURNEES 
SUR LA TRANSMISSION DE LA CHALEUR 


M. le Professeur Veron, Président. 
M. le Professeur Bory. 

M. le Professeur Brun. 

M. le Professeur Cordier. 

M. le Professeur Liebaut. 

M. I’Ingénieur Général Legendre. 
M. IIngénieur Général Marchal. 
M. Dupuy. 

M. Gouffe. 

M. Riviére. 


1961 HEAT TRANSFER AND FLUID MECHANICS INSTITUTE 


THe 1961 Heat Transfer and Fluid Mechanics Institute 
will be held June 19-21 at the University of Southern 
California in Los Angeles. The Institute has held annual 
meetings for thirteen years, and is concerned with 
technical and scientific advances in fluid mechanics, heat 
transfer, and related fields. In the 1961 meeting, emphasis 
is being given to such topics as boundary-layer flow, 
stability and turbulence, two-phase flow, internal 
ballistics of rockets, non-equilibrium gasdynamics, and 
magnetofluidmechanics. The papers will be published 
prior to the meeting in the form of a Proceedings. 

The Heat Transfer and Fluid Mechanics Institute is 
sponsored by the California Institute of Technology, 


Stanfoid University, University of California at Berkeley, 
University of California at Los Angeles, University of 
Santa Clara, University of Southern California, American 
Institute of Chemical Engineers, American Rocket 
Society, American Society of Refrigerating Engineers, 
Institute of the Aerospace Sciences, and Society of Auto- 
motive Engineers. The General Chairman of the 1961 
Institute is Raymond C. Binder of the University of 
Southern California. Chairmen of the Papers Com- 
mittee are Robert L. Mannes, H. T. Yang, and Melvin 
all of the University of Southern California. 


CaRL GAZLEY, Jr. 
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ANNOUNCEMENTS 


MODERN DEVELOPMENTS IN HEAT TRANSFER 


THE University of Minnesota announces a special summer 
course in Modern Developments in Heat Transfer to be 
held on the campus of the University of Minnesota, 
Duluth from Monday, August 14 through Tuesday, 
August 22. The course has been organized by the Heat 
Transfer Laboratory in the Mechanical Engineering 
Department at the University of Minnesota and will be 
conducted by the Center for Continuation Study of 
the General Extension Division. Enquiries should be sent 
to the Center for Continuation Study, University of 
Minnesota, Minneapolis 14, U.S.A. 


The Course will be Directed by Dr. E. R. G. Eckert, 
Professor of Mechanical Engineering, Director of the 
Heat Transfer Laboratory, University of Minnesota. 


Outline of the Program 

The following outline is preliminary but indicates the 
scope and philosophy of the program. Final details will 
be announced at a later date. 


General review and exposition of the current status 
and problems on heat and mass transfer. 
Interrelations between heat, momentum and mass 
transfer. 

(3) Radiation. 

(4) Plasma physics. 

(5) Heat transfer with phase change (boiling and 
condensation). 

(6) Mass transfer cooling. 

(7) High-speed heat transfer. 

(8) Properties for heat transfer calculations. 

(9) Numerical methods in heat transfer. 


Lecturers from Abroad Tentatively Include 

Dr. U. Grigull, Lehrstuhl und Institut fiir Technische 
Thermodynamik, Miinchen, Germany. 

Dr. O. A. Saunders, Professor and Dean, Imperial 
College, University of London. 

Dr. D. B. Spalding, Professor of Heat Transfer, Imperial 
College, London. 


Eligibility and Fees 

It is expected that all registrants will have a Bachelor 
of Science degree or equivalent. Registrants who may be 
doubtful of their eligibility may write direct to Dr. 
E. R. G. Eckert, director of the course. 

Since enrollment is restricted, it is suggested that ex- 
pression of interest or an application for registration 
be submitted as soon as possible. Registration is personal, 
non-transferable and must be made for the entire period 
of the course (alternate or substitute may replace above 
registrant at any time up to opening day of the course). 

Fees for the course are as follows: 

Room and Meals (does not include meals on 


Sunday, August 20) $90 


$290 


Total 


A fee of $10 should accompany the application form 
and the balance of $280 must be paid on or before the 
course opens. 


Accommodations 

The University of Minnesota, Duluth campus is 
located in the northern part of the city of Duluth. This 
new complex of buildings is located on a large hill 
which commands a picturesque and sweeping view of 
Lake Superior. Registrants will be provided with their 
own dining room, classroom, and will be housed in a 
section of the recently built “cottage-type’’ dormitory. 
The rooms are twin bedded, tastefully decorated and 
have easy access to recreational activities. Registrants 
will share the spacious twin bedded rooms and are 
expected to live on the campus in the facilities provided. 
They will find them most convenient as well as reasonable 
in price. 

There are excellent rail, plane, and bus connections to 
Duluth from the Twin Cities and other points of the 
midwest. On completion of the course, registrants may 
want to plan a vacation in Minnesota. The scenic North 
Shore of Lake Superior and the north central lake region 
are easily accessible from Duluth, 


SECOND SYMPOSIUM ON THERMOPHYSICAL PROPERTIES 
to be held at PRINCETON UNIVERSITY, 24-26 JANUARY 1962 


Sponsored by the American Society of Mechanical Engineers, Committee on Thermophysical Properties 


THE Heat Transfer Division of the ASME, througk 
the above named committee, is now organizing its 
Second Symposium on Thermophysical Properties. The 


first symposium was held in February 1959 at Purdue 
University, where forty-two papers were presented; they 
were published, prior to the meeting, in a separate volume 
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“Thermodynamic and Transport Properties of Gases, 
Liquids and Solids’ which is still available from the 
American Society of Mechanical Engineers. 

Though there was already some participation by Euro- 
pean authors in 1959, the committee endeavours to 
obtain a strong participation of foreign research for its 
second symposium in order to provide for all contri- 
butors a desirable forum for presenting the results of their 
work. For this reason, Princeton University was chosen 
as the meeting place, which is only one hour distant 
from New York and offers an attractive academic 
atmosphere. 

The committee is now inviting all colleagues active in 
the field of thermophysical properties to participate in 
this symposium by submitting papers on any of the 
subjects listed below. It is planned to again publish the 
Proceedings prior to the symposium. 

Processing of papers will follow the established pro- 
cedure of the American Society of Mechanical Engineers, 
which includes the following provisions: 


(1) Manuscripts must be original papers, written in 
English. 

(2) Papers previously published in a foreign country 
must be amended by additional material in order to 
be acceptable. 

(3) Papers may be re-published after the symposium 
in a foreign journal, giving credit to the ASME 

(4) All papers are subject to review by the Papers 
Chairman of the Heat Transfer Div. 


Additional information regarding this symposium may 
be obtained from the undersigned or from committee 
members. The committee hopes to welcome many of you 
at its Second Symposium. 

The program will include papers of the following 
nature: 


I. Review papers on current status of theory, experi- 
mental techniques, and available data. 
II. Original papers reporting new theoretical work. 


ANNOUNCEMENTS 


III. Original papers reporting new experimental work. 
IV. Documentation methods. 


These papers will cover the following thermal proper- 
ties: 


I. Thermodynamic properties and equation of state. 
(1) P, V, T data and compressibility. 
(2) Specific heats, enthalpy, entropy. 
(3) Joule-Thompson coefficient. 
(4) Phase equilibria of single- and multicomponent 
systems. 
(5) Ionization equilibrium. 


II. Molecular properties. 
(1) Spectroscopic data, Debye temperatures. 
(2) Ionization potentials. 
(3) Collision cross sections. 
(4) Intermolecular potentials. 


III. Transport properties. 
(1) Thermal conductivity and electrical conduc- 
tivity. 
(2) Shear viscosity and bulk viscosity. 
(3) Regular diffusion and thermal diffusion. 
(4) Heat of transfer. 


IV. Radiation properties (heat and sound). 
(1) Emissivity and absorptivity. 


(2) Sound absorption. 


These properties will cover the following substances: 


I. Gases, normal and ionized, plasma. 

II. Liquids, Newtonian and non-Newtonian. 
III. Solids, crystalline and amorphous, alloys. 
IV. Plastics, elastomers. 


Eric F. Lype, Chairman 
Committee on Thermophysical Properties 
c/o Thompson Ramo Wooldridge, Inc. 
23555 Euclid Avenue, Cleveland 17, Ohio 


U.S.S.R. CONFERENCE ON HEAT AND MASS TRANSFER 


THE Academy of Science of the Byelorussian S.S.R., 
the Academy of Civil Engineering and Architecture of 
the U.S.S.R. and the Ministry of High and Secondary 
Special Education of the U.S.S.R. organize the Con- 
ference on Heat and Mass Transfer at phase and chemical 
conversions which is to be held in Minsk, B.S.S.R., 
June 5-9, 1961. 


Preliminary Information 

One of the major purposes of the Conference is to 
provide for careful discussion of theoretical and experi- 
mental researches on heat and mass transfer at chemical 


and phase conversions. A list of some topical areas of 
interest is given below but the Conference will not be 
restricted to these: 


(1) Heat and mass transfer with phase conversion 
including boiling, melting and evaporation. 

(2) Heat and mass transfer with chemical reactions. 

(3) Heat and mass transfer in vacuum. 

(4) High temperature heat and mass transfer. 

(5) Heat conduction problems and methods of solution. 


Broad discussion is to be held on heat and mass 


al 
Ba 
4 

Vol. 
: 


ANNOUNCEMENTS 


transfer in application to practical engineering problems 
at various technological processes such as: drying, 
kilning, combustion, gasification, power technological 
utilization of fuels, production of building materials, 
construction etc. 


Sectional Work 
(1) Computation and mathematical methods. 


(2) 
(3) 
(4) 


(5) 


Boundary layer methods. 

Heat and mass transfer with phase conversions. 
Heat and mass transfer at production of building 
materials and constructions. 

Heat and mass transfer in combustion and gasifica- 
tion. 

Thermophysical characteristics of various materials, 
heat agents and methods of their determination. 
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BOOK REVIEWS 


High-speed Aerodynamics and Jet Propulsion: Vol. V: 
Turbulent fiows and heat transfer data. Edited by 
C. C. Lin, Princeton University Press; London, Oxford 
University Press. 1959, 105s. 


Tuts book, like the others in the series, is by a panel of 
distinguished Americans. Its scope and authority are 
sufficiently indicated by the following contents list: 
Transition from laminar to turbulent flow by Dryden; 
Turbulent flow by Schubauer and Tchen; Statistical 
theories of turbulence by Lin; Conduction of heat by 
Yachter and Mayer; Turbulent heat transfer and friction 
in smooth passages by Deissler; Survey of problems in 
boiling heat transfer by Sabersky; Convective heat 
transfer in gases by van Driest; Cooling by protective 
fluid films by Yuan; Physical basis of thermal radiation 
by Penner; and Engineering calculations of radiant heat 
exchange by Hottel. 

The book is presumably intended, among other aims, 
to help engineers to predict frictional and heat transfer 
phenomena arising in jet propulsion. The reviewer has 
therefore attempted to judge the quality of the book from 
the point of view of an engineer wishing to solve a com- 
mon engineering problem; that of calculating friction and 
heat transfer on the gas side of the wall of a rocket nozzle. 
The results of this study will now be reported briefly. 

The problem is not discussed directly in the book, 
which does not set out to be a handbook for designers. 
However, the section by Schubauer and Tchen deals with 
the turbulent boundary layer of a compressible fluid. 
Here we find theoretical and experimental data on the 
recovery factor in Perfect Gases and on the relation 
between skin friction and heat transfer. The latter section 
is short, and rather confused by the fact that Stanton 
number is defined in the text (but not, it seems, in the 
accompanying figure) by dividing the heat flux by the 
temperature difference between the wall and the free 
stream (rather than the adiabatic wall temperature); 
however, readers who have read more elementary text- 
books will soon surmount this obstacle. 

Since our problem involves a flow with pressure 
gradient, we need the von Karman momentum equation 
in its general form. This equation is found on page 134 of 
the Schubauer—Tchen section, by which time the authors 
have restricted further discussion to incompressible flow; 
the fact that the shape factor H depends upon Mach 
number and temperature ratio appears not to be men- 
tioned, either here or anywhere else in the book. Our 
engineer is therefore forced to ignore the influence of the 
pressure gradients in the rocket nozzle on H and on the 
local shear law, and to use flat-plate relations. These may 
be found in the section in question, which gives a brief 
review of procedures for calculating the turbulent 
velocity profiles starting from the alternative Prandtl and 


von Karman differential shear hypotheses; solutions of 
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the equations are not given and the reader is referred to 
(a great many) original papers for further study. (Inci- 
dentally, why do so many authors, these included, make 
discouraging noises about the difficulty, tediousness, 
elaborateness, and approximate character of the solution 
of an equation simply requiring numerical quadratures ? 
One would think that digital computers had never been 
developed.) However, experimental data are presented 
concerning the relation between drag coefficient, Mach 
number and Reynolds number; these are shown to agree 
fairly well with an empirical formula which indicates that 
“incompressible” formulae can safely be used if the 
density and viscosity are inserted with values appro- 
priate to the arithmetic mean of the stream and the wall 
temperatures. However, before the design engineer puts 
this formula down in his notebook, two remarks should 
be made—firstly, although the authors do not say so, 
it appears that all the cited experimental data are for 
adiabatic surfaces; secondly, van Driest in a later section 
discusses the whole matter at greater length and specifi- 
cally warns the reader against using calculation pro- 
cedures which, like that of Schubauer and Tchen, would 
indicate no effect of Mach number on skin friction 
coefficient at fixed Reynolds number, when the wall 
temperature is held constant. The alert reader may at 
least notice the first of these two points and will then look 
further for aid. 

The next chapter having relevance to the rocket-nozzle 
problem is that of Deissler, who uses the von Karman 
hypothesis as a starting point for his velocity and tem- 
perature profiles. This rather laconic author is certainly 
not cowed by numerical quadratures; indeed the reviewer 
was sorry not to find a more complete set of graphs or 
tables representing the calculations which have been 
performed. However, although Deissler presents Nusselt— 
Reynolds relations for variable-property air in tubes, 
these are in any case inapplicable to our problem; for this 
we need momentum thicknesses rather than pipe diameters, 
and there appears to be no way of extracting these from 
the data presented by Deissler. 

Balked once again, we move on to van Driest’s section, 
where perhaps we should have started in the first place. 
Once more we find theory and experimental data for 
recovery factor and for the relation between drag coeffi- 
cient and Stanton number, which is here defined in a 
more sophisticated way than by Schubauer and Tchen, 
i.e. by reference to the adiabatic-wall enthalpy. Van 
Driest gives pride of place to the Prandtl hypothesis in 
deriving the velocity profiles in turbulent compressible 
boundary layers with heat transfer, and achieves analyti- 
cal integration. However, because he is solely interested 
in the ubiquitous flat plate, he omits to present relations 
between drag coefficient and momentum-thickness 
Reynolds number, and jumps straight to (an approximate) 
one between this coefficient and length Reynolds number. 
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Our last hope of calculating the wall-friction and heat 
transfer in a rocket nozzle has now vanished. Though 
this hope may revive when, in Yuan’s chapter, we find 
once more the differential equation based on the Prandtl 
hypothesis, the temperature—velocity relationship for a 
compressible fluid, and the appropriate integral expres- 
sions, it is soon dashed; for these expressions are only 
evaluated for the case of zero Mach number and iso- 
thermal flow. 

This account of an unsuccessful journey through the 
book should not be read as a complaint: perhaps the 
problem which the reviewer chose was not one to which 
the authors attach importance; and probably other 
engineering problems could have been chosen which the 
book would have been more helpful in solving. However 
it seems fair to draw certain incidental conclusions about 
the nature of the book. Thus, it will have been remarked 
that there is considerable overlapping between the contri- 
butions of the various authors. This is to be expected; 
indeed it is to be desired. However anyone who has 
never tackled such a job will be tempted to say that the 
editor might have arranged for more cross-referencing 
and greater uniformity of treatment. 

It will also be apparent that notable gaps remain: 
in particular, the book fails to present the important 
advances which have been made in recent years in the 
study of compressible boundary layers with pressure 
gradients, diffusion and chemical reaction. Even in those 
areas which are treated, the value of the book would have 
been greatly increased if reasonably extensive tables had 
been included of the more important and useful functions 
[(e.g. c(Reg, M, T,,/T., wl pelte))- 

Finally, the very length of this review will have indi- 
cated that this volume contains plenty to get one’s teeth 
into. It will be indispensable for several years to everyone 
concerned with aeronautical heat transfer problems. This 
reviewer welcomes its appearance heartily. 

D. B. SPALDING 


Evaporation and Droplet Growth in Gaseous Media. 
N. A. Fucus. Pergamon Press, London, 1959, 67 pp. 
30s. 


THIs short book (67 pages) is a translation from the 
Russian of a scholarly and thorough literature review 
by an author who himself has made early and notable 
contributions to the field. Apart from a brief and non- 
theoretical mention of the work of Godsave, processes 
involving chemical reaction are excluded. Vaporization 
is given the greater attention and the author presents the 
quasi-steady theory for spherical and ellipsoidal droplets 
in stagnant media and media in relative motion, with 
discussion of the effects of surface tension and large mean 
free path; unsteady effects are dealt with in a short final 
chapter. Wherever possible the author adduces experi- 
mental data, describes the experimental method and 
critically examines their accuracy; he is not afraid to 
state on occasions that the experimenters must have made 
a mistake of measurement or calculation. 

The English translation by J. M. Pratt is excellent, and 
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the setting, though non-letterpress, admirably clear. 
Though the price is high, research workers concerned 
with the subject will find it entirely worth while. 

D. B. SPALDING 


Tables of Thermodynamic and Transport Properties of Air, 
Argon, Carbon Dioxide, Carbon Monoxide, Hydrogen, 
Nitrogen, Oxygen and Steam. Pergamon Press, Oxford, 
1960. pp. 478 xiii, 140s. 


THIS book contains a collection of tables which was 
first published in 1955 by the United States Department 
of Commerce as National Bureau of Standards Circular 
No. 564, under the title: ““Tables of Thermal Properties 
of Gases’. The tables give values of gas constant, com- 
pressibility factor, density, specific heat, specific enthalpy, 
specific entropy, specific-heat ratio, sound velocity, 
viscosity, thermal conductivity, Prandtl number, ideal- 
gas thermodynamic functions and coefficients for the 
equation of state for the gases listed; in addition vapour- 
pressure data for the pure substances are included. 
Broadly the range of pressure covered is 0-01 atm to 
100 atm and the range of temperature 50 to 5000°K. 
Each group of tables is preceded by discussions on the 
sources, the correlation and the reliability of the data; 
the bibliography is extensive. 

The present edition appears to have been produced from 
the original by a photo-copying process. In general 
reproduction is good; the only defect worthy of mention 
is the rather poor definition of the grid on a few of the 
graphs. 

This book is published as a revised edition. The revi- 
sions noted are some minor typographical corrections 
and the omission of ten pages of unit conversion tables 
from the appendix. The latter change is not a serious one 
since the conversion factors relevant to each group of 
tables have been retained in the main text. 

The tables represent an important contribution to the 
property data required in the fields of heat transfer and 
mass transfer. The publication of revised editions of 
data books, outside the country of origin, increases the 
the availability of the data and is to be welcomed in 
general. In the case of this British edition, however, this 
advantage is somewhat offset by its very high price. 

E. H. CoLe 


Conduction de la Chaleur en Régime Variable. G. Rrpaup, 
Gauthier-Villars, Paris, 1960, 90 pp. $3.78. 


THIS monograph is intended for young physicists and 
engineers who are studying the problems of conduction 
of heat in the unsteady state for the first time. 

The first chapter deals with steady-state conduction, 
as an introduction to the main body of the work, develop- 
ing the equations from Fourier’s law in the usual fashion. 
Several unfortunate features mar the treatment. When 
dealing with variable thermal conductivity a mean con- 
ductivity is defined rather than allowing the mean value 
to define itself by straightforward integration of the 
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Fourier equation. Also, when dealing with heat transfer 
between two slabs with a gas layer between, the radiation 
term is given incorrectly. 

In chapter 2 the general differential equation for con- 
duction in the unsteady state is derived in Cartesian, 
cylindrical and spherical co-ordinates. 

The third chapter deals with solutions of the general 
equation (in one space dimension) of the form 
d(t) f [xu(t)]. Illustrations of this form of solution are 
derived for the infinite and semi-infinite solid. The more 
difficult solutions are, quite reasonably, quoted and not 
derived. 

Cases where surface temperature varies sinusoidally 
are treated in chapter 4, and solutions which can be 
represented in the general form ¢(t) . ¥(x) are covered in 
the fifth chapter. 

Chapters 6, 7 and 8 deal briefly with solutions in 
cylindrical and spherical co-ordinates, allowances for 


internal heat sources, and the Laplace transform method 
of solution. 

The ninth and final chapter constitutes a rather sad 
ending to an otherwise reasonable development. It deals 
with numerical solutions of the conduction equation by 
the finite difference technique but unfortunately undue 
stress is laid on graphical methods of solution. Only the 
simplest ‘Schmidt-type’”’ replacement is used for all 
problems and no mention is made of more accurate 
replacements with their attendant difficulties of instability. 
The extension of the method to the case where thermal 
properties vary is also omitted, a problem which is a 
striking example of the power of the numerical technique, 
as no analytical solutions are possible. The reviewer 
shudders to think of the poor young physicists and 
engineers attempting to apply graphical solutions to 
problems involving variable thermal properties and 
three space dimensions. 

R. G. SIDDALL 
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Papers accepted for publication in future issues 


H. ZIEBLAND: The thermal conductivity of toluene. New determinations and an appraisal of recent experimental work. 


G. F. SHAIpUROV: Convective heat transfer in horizontal cylinder. 

D. B. SPALDING: The prediction of mass transfer rates when equilibrium does not prevail at the phase interface. 

D. B. SPALDING and H. L. Evans: Mass transfer through laminar boundary layers—3. Similar solutions of the 
b-equation. 

G. Poots: Laminar natural convection in magnetohydrodyanmics. 

H. L. Evans: Mass transfer through laminar boundary layers—3a. Similar solutions of the b-equation when B = 0 
and > 0°5. 

E. R. G. Eckert and E. M. Sparrow: Radiative heat exchange between surfaces with specular reflection. 

D. B. SPALDING and R. G. CRuDDACE: Theory of the steady laminar buoyant flow above a line heat source in a fluid 
of large Prandtl number and temperature-dependent viscosity. 

K. SREENIVASAN and A. RAMACHANDRAN: Effect of vibration on heat transfer from a horizontal cylinder to a normal 
air stream. 

N. Z. Azer and B. T. CHAo: Turbulent heat transfer in liquid metals—fully developed pipe flow with constant wall 
temperature. 

A. V. LuiKov: Application of methods of thermodynamics of irreversible processes to investigation of heat and mass 
transfer in a boundary layer. 

G. N. ABRAMOVICH, I. S. MAKAROV and B. G. KHUDENKO: Turbulence intensity, temperature and concentration of 
admixtures in a turbulent trace immediately behind a plate placed across a flow. 

KENNETH F, GorRDON, T. SINGH and E. Y. WEISSMAN: Boiling heat transfer between immiscible liquids. 

Morris PERLMUTTER and ROBERT SIEGEL: Two-dimensional unsteady incompressible laminar duct flow with a step 
change in wall temperature. 

RALPH A. ALPHER: Heat transfer in magnetohydrodynamic flow between parallel plates. 

M. J. BALCERZAK and S. RAyNor: Steady state temperature distribution and heat flow in prismatic bars with isothermal 
boundary conditions. 

B. GEBHART: Surface temperature calculations in radiant surroundings of arbitrary complexity—for gray, diffuse 
radiation. 

A. G. SmitH and V. L. SHAH: Approximate calculation method for heat transfer in laminar boundary layers with 
constant surface temperature. 
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THE THERMAL CONDUCTIVITY OF TOLUENE. 


NEW DETERMINATIONS AND AN APPRAISAL OF RECENT 


EXPERIMENTAL WORK 


H. ZIEBLAND 
Explosives Research and Development Establishment, Waltham Abbey, Essex 


(Received 9 December 1960) 


Abstract—New, absolute determinations of the thermal conductivity of toluene in the temperature 
range —20 to -112 C are reported. These results were compared with the best data published 
during the last 10 years, and as a result of a subsequent analysis a linear relation between the thermal 
conductivity and temperature is proposed, which predicts the thermal conductivity of toluene within 
better than | per cent between —20° and 112°C. In the absence of comprehensive experimental 
evidence from —20 C to the f.p. at —95 C, it is tentatively suggested to use this equation for extra- 
polations which will probably fall within 2-3 per cent of the real values. 

The accuracy and consistency of the results of the various investigations from which the above 
relation was derived, and the favourable physical and chemical properties of toluene justify making a 
strong recommendation for using this substance for calibration purposes in relative determinations, 

or for control measurements in absolute measurements of the thermal conductivity of fluids. 


Résumé—Les nouvelles determinations absolues de la conductivité thermique du toluéne (entre —20 
et - 112 C), sont données ici. Ces résultats sont comparés avec les meilleures données publiées au 
cours de ces dix derniéres années, une étude consécutive a permis de proposer une relation linéaire 
entre la conductivité thermique et la température qui donne la conductivité du toluéne a mieux de 1 °% 
entre —20 et — 112°C. En l’absence de données expérimentales de —20°C au point de congélation a 

95 C, il est suggéré d’essayer d’extrapoler cette équation qui permettra probablement dobtenir 
des valeurs a 2-3 °, prés. 

La précision des résultats des nombreuses recherches a partir desquelles la relation ci-dessus a été 
établie, et les propriétés chimiques et physiques favorables du toluene justifient la recommandation 
utiliser cette substance pour les étalonnages relatifs ou pour des mesures de contréle dans les 

mesures absolues de la conductivité thermique de fluides. 


Zusammenfassung—Durch neue Absolutmessungen wurden die Warmeleitfahigkeiten fiir Toluol im 
Temperaturbereich —20° bis 112°C bestimmt. Ein Vergleich mit den besten anderen wahrend der 
vergangenen zehn Jahre ver6ffentlichen Werten fiihrte analytisch zu einer linearen Beziehung zwischen 
Warmeleitfahigkeit und Temperaturen. 

Die vorgeschlagene Gleichung erméglicht es, die Warmeleitfahigkeit von Toluol im Bereich von 
—20° bis — 112°C mit weniger als 1 °%4 Unsicherheit zu berechnen. Solange umfassende Versuchswerte 
zwischen —20°C und dem Gefrierpunkt bei —95°C fehlen, kann die Gleichung fiir diesen Bereich 
extrapoliert werden. Die Unsicherheit diirfte dabei 2-3 °, betragen. 

Die Genauigkeit und innere Konsistenz der der oben erwahnten Gleichung zugrundegelegten For- 
schungsergebnisse und die giinstigen physikalischen und chemischen Eigenschaften von Toluol lassen 
es als Eichsubstanz bei der relativen Bestimmung und als Kontrollsubstanz bei der Absolutbestimmung 

der Warmeleitfahigkeit von Fliissigkeiten sehr geeignet erscheinen. 


B MHTepBade TeMMepatyp oT —20° qo 112°C. Orn 
Haft 3aBUCUMOCTH OT TEMMepaTy Phi (pOpMyvta, 
C TOUHOCTbIO 1% BbIYHCIATL Xapak- 
TepHCTHKH B HHTepBase or —20° yo +4112°C. B crasn 
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TemMiepatyp —%5 —20°C B 2-3%. 

TOUHOCTh pesyabTaTOB Ha OCHOBAHILN KOTO- 

(B KOHTPOJIbHBIX OMbITaX) MeTO{aMIL. 


INTRODUCTION 

EXPERIMENTAL determinations of the thermal 
conductivity of fluids can be made with the aid 
of relative or absolute methods. Common pre- 
requisites for all absolute determinations are 
the accurate knowledge of certain characteristic 
dimensions of the conductivity cell and the 
absence of noteworthy heat losses or gains from, 
or to, the cell. 

High precision is required in the manufacture 
and in the assembly of conductivity cells for 
absolute determinations and in many instances 
the resulting high cost of the equipment cannot 
be justified for determinations of a routine 
character requiring less accuracy. Apparatus of 
simpler design, and greater ease and higher speed 
of operation have often been used in the past, 
in which determinations were made relative to 
another fluid of established thermal conductivity. 
The accuracy of such measurements depends 
therefore in the first place on the reliability of 
the values of the calibration fluid. 

With the exception of several substances whose 
thermal conductivity has been well established 
in the gaseous state (nitrogen, air, hydrogen etc.), 
there is, liquid water excluded, no other sub- 
stance whose thermal! conductivity is sufficiently 
accurately known over a wide range of tempera- 
ture in order to recommend it as a calibration, 
or control fluid. 

Until a few years ago reliable measurements of 
the thermal conductivity of liquids were very 
scarce and a study of the relevant literature 
showed that discrepancies of up to 30 per cent 
between different observers’ values for a certain 
substance are by no means a rarity. In principle, 
any liquid whose thermal conductivity has been 
sufficiently well established could be considered 
as a calibration fluid. A substance recommended 
for general use should possess in addition the 
following physical and chemical properties: 

(a) the temperature interval between the 

freezing point and the normal boiling 
point, i.e. the extent of the liquid range, 


should be large and should preferably 
include the ice point and/or some other 
thermometric fixed point, 

(b) the liquid should be non-toxic and non- 
corrosive with respect to the usual 
engineering materials, and 

(c) it should be obtainable at reasonably low 
cost and guaranteed high purity. 


A substance that adequately meets these 
requirements is toluene. It has a low f.p. of 
—95°C and an atmospheric b.p. of 110-8°C; 
the liquid phase extends therefore over a 
temperature interval of about 206 C and includes 
the ice point and the b.p. of water as thermo- 
metric fixed points. It is also non-corrosive, 
non-toxic and inexpensive. 

The use of toluene as a calibration fluid in 
thermal conductivity determinations was first 
suggested by Riedel [1] in 1951 who also made 
a plea to other workers for further studies of 
the thermal conductivity of this liquid to 
complement and substantiate his own observa- 
tions, and thus to arrive at an internationally 
agreed set of values. Since then several other 
observers have published values of the thermal 
conductivity of toluene [2-4]. 

It is the purpose of the present paper to discuss 
and analyse some of the earlier work on the 
thermal conductivity of toluene, to compare it 
critically with measurements carried out during 
the past two years at the Explosives Research 
and Development Establishment, Waltham 
Abbey, and to propose on the basis of this 
analysis new values of adequate accuracy to 
justify the use of toluene as a calibration or 
control liquid in determinations of the thermal 
conductivity of fluids. 


EXPERIMENTAL 
For several years absolute determinations of 
the thermal conductivity have been carried out 
at the Explosives Research and Development 
Establishment (E.R.D.E.), Waltham Abbey, on a 
variety of fluids. These experiments often ex- 
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tended over considerable periods of time during of these measurements was simply to demon- 
which the conductivity cell was exposed to the _ strate the reproducibility of the results on the 
effects of high temperature and elevated reference fluid, from which in turn the absence 
pressures. To ascertain that no changes of the of permanent changes of the cell or other dis- 
alignment of the cell, or of its absolute dimen- _turbing effects was inferred. In course of time 
sions had taken place during the period of many individual results were thus obtained 
experimentation, it had become established which, however, in view of their purpose, were 
practice to carry out control measurements on a_ rather non-uniformly distributed over the tem- 
reference substance at a fixed temperature at the perature range of interest. When the need for 
beginning, and at selected intervals during a_ reliable and internationally acceptable data on 
series of tests. For convenience, toluene was the thermal conductivity of a standard sub- 
chosen as this reference fluid. The primary object stance was realized, the available data on toluene 


Table 1. Experimental determinations of the thermal conductivity of toluene (this research) 


Number of Temperature 
difference Cell type Thermostat 


(C) 


Temperature *Pressure, Thermal conductivity 
(atm) (10-4 . cal/em “C sec) determinations 


3-46 
3-43 
3-44 
3°45 
3-47 
3-47 
3-34 
3:24 
3-21 


| 

| 
| 

| 


3 
l 
2 
4 
3 
7 
3 
4 
4 
3 
5 
5 
4 
4 
l 
a 


4 


| 
} 
| 


* Atmospheric Pressure, except where stated otherwise. 
Cell Types: 1 : silver emitting cylinder, Hidural 5 receiving cylinder; annulus width 0-0755 cm. 


2 : all-silver conductivity cell; annulus width 0-0755 cm. 

3 : all-Hidural 5 conductivity cell, gold plated; annulus width 0:0258 cm, 
A, B, C and D—various combinations of air cooled heat sinks. 
E—thermostatically controlled water bath. 

F—mains water bath. 

G—electrically heated tubular thermostat. 

H—Freon refrigerator. 


Thermostats: 


a 
q 
14-9 7 
14-7 ) 
12-0 5 
11-3 ) 
l. -10-0 
—9-7 ) 
61 31 
15-2 
17:3 | 
33-9 3-12 | 
34:3 3-14 | 
34-9 3-09 
38:1 3-10 1:89 | 
44-4 3-08 2-40 | 
49-7 3-06 3-74 
55-2 2-95 208 a 
57-4 2-94 4:27 } 
57-7 3 2-93 313 
66:1 2:87 2:32 
71-9 2-85 2-43 
77-5 2-80 3-12 | a 
81-6 2-79 2-75 
90-7 2-80 410 | 
111-8 4 2-62 2-90 1 4 
111-8 2-58 2-90 
a 
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from previous studies at this Establishment were 
complemented by new measurements in the 
temperature range —15°— +-110°C. 

A compilation of all experimental data ob- 
tained at different times at E.R.D.E. can be 
found in Table 1. The same basic type of 
apparatus, viz. a coaxial cylinder cell with 
independently heated guard rings, was used in 
all experiments. Naturally, bearing in mind the 
purpose of these determinations, changes in 
detail were made from time to time to the 
apparatus and those which appeared to be 
significant were recorded in columns 6 and 7 of 
Table |. A detailed description of the apparatus 
and the experimental technique can be found in a 
previous publication [5] by the same author. 

The substance studied in the present research 
was sulphur-free toluene of A.R. quality supplied 
under the standard specifications of the manu- 
facturers, the General Chemical and Pharma- 
ceutical Company Ltd. 

The data obtained in this research were 
correlated by the following equation 


10? x k =k, — (dk/dt) . t = 3-35 — 0-0068 
cal/cm °C sec 


where & and ky are the thermal conductivities 
at 7°C and O°C, respectively, (dk/dr) the tem- 
perature coefficient of the thermal conductivity 
and rf the temperature in °C. 

The constants in this equation, k, and (dk /dr), 
were found from a least square analysis. This 
relation is represented by the thin solid line in 
Fig. | 


DISCUSSION 


A comparison of this research with earlier 
work was confined to data given in four papers 
published since 1950 [l-4] but also the 
results of two earlier studies [6, 7] which have 
been frequently quoted in the relevant literature 
will be briefly discussed, although they were not 
included in the final analysis. It was indeed a 
fortunate coincidence that most of the later 
determinations were absolute ones and were 
made with different types of conductivity cells 
employing different methods of temperature 
measurement. Greater confidence can obviously 
be put into average values which were derived 
from an analysis of data obtained by different 
methods, as the possibility of propagating 
inherent errors due to the use of only one experi- 
mental method is eliminated. 

Each group of experimental values taken from 
one of the above references was subjected to a 
least square analysis. The constants of the 
resulting different linear equations (ky and 
dk/dt) were compiled in Table 2, where also a 
brief description of some significant details of 
the experimental method employed by the 
various authors can be found. 

Excluding for the time being the results 
obtained by Bridgman [6] and those by Abas- 
Zade [7] which will be discussed later, the 
generally good agreement between the four 
previous observers, both with regard to their 
k,-values, as well as to their temperature 
coefficients of the thermal conductivity is a 
noteworthy fact. However. on closer examination 


Temperature, °C 


2) 

= — 

sProposed equotion, iOxk= 3:36 - 0.0067 t 

3 

~ 

- 
3 

x Vargoftik, 1957 

29 OD Riedel, 195 = 

> + Schmidt and Leidenfrost, 1954 

= 4 Challoner and Powell, i956 
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Fic. 1. The thermal conductivity of toluene. 
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Table 2. A compilation of some significant details of apparatus used for experimental studies of the thermal 
conductivity of toluene and the results of least square analysis of previous and present experimental work 


Method of 
temperature 


Type of measurement of 


apparatus 


Observer 


covered 


Number 


and range points 


Standard 
deviation Thermal 

from conductivity 
proposed at O'C (ky) 
equation, 10-4 . cal/em °C sec 


Temperature 
coefficient, 
10* dk/dr 


Bridgman  Coaxialcylinders, Copper-—constantan 
[6] 0-04 cm annulus thermocouples; 
30° and 75°C 


Abas-Zade Hot-wire Pt-resistance 18 


thermometer; (liquid 
0-320 C, phase) 


1 to 50 atm 


Coaxial cylinders Thermocouples; ) 


Riedel [1] 


Flat plate Thermocouples; 
0-1 cm gap -80°, + 20° and } 
+ 80°C 


Concentric Pt-resistance 
spheres thermometer: 
0-1 cm gap 20°C 


0-1 
(for points 
above 0°C) 


1:3 
(including point 


Schmidt and Coaxial cylinders, Thermocouples; 
Leidenfrost 0-1-0-4 cm 20°-80°C 
(3) annulus 


Challoner Flat plate, 
and Powell 0-2 and 
[4] 0-3 cm gap 


Copper-constantan 
thermocouples; 
0°-80°C 


Vargaftik [2] Pt-resistance 
thermometer; 


25°-85°C 


Hot-wire 


This Coaxial cylinders, Copper—constantan 
research 0-026 cm and thermocouples; 
0-076 cm annulus —15°-+112°C 


it is seen that excellent agreement exists between 
the results of Schmidt and Leidenfrost [3], of 
Riedel [1], and those of the present work. To 
establish a basis for a further analysis of all data, 
including those given in [2] and [4], the present 
results were combined with those of Schmidt and 
Leidenfrost, and of Riedel, and a second linear 
expression was established which differed only 
slightly from the one based solely on the present 


work. For the sake of clarity it has been omitted 
in the figure. 

From the available evidence no justification 
could be found for assuming that any set or 
sets of experimental results were, as far as their 
absolute values are concerned, more accurate 
than the others, and in the final analysis they 
were all regarded as equivalent. To allow, 
however, for the random deviation of individual 


(%) 
2 168 3-81 0-0056 
80°, +20° and | 
+80°C 
| 
7 0-7 3:36 0-0062 
8 1-8 3-44 0:0075 
= 
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experimental points from the line of best fit 
based on [1], [3] and this work, the following 
system of weighting was introduced. 

The area on either side of the straight line 
representing the reference equation was divided 
into 5 zones comprising points of the following 
respective percentage deviation: 0-0-5, 0-5-1, 
1-2, 2-3 and 3-4. The weight attached to any 
individual point was the reciprocal of the upper 
limiting value of the deviation zone in which this 
particular point was located; e.g. all points 
located within the 0-0-5 per cent deviation zone 
were assigned a weighting factor of 1/0-5, those 
within the zone 0-5-1 a weighting factor of 1/1, 
etc. By using this method individual points 
farther removed from the reference relation 
were given a lower weight without, however, 
overweighting those very close to it. 

With the aid of this weighting method and by 
applying again a least square analysis to the 
individual points of all observers, the following 
final equation for the dependence of the thermal 
conductivity of toluene on temperature was 
established 


10° x k 3-36 — 0:0067. t cal/em ~C sec. 


This equation is represented by the thick solid 
line in Fig. 1. To enable a numerical com- 
parison of the results of the various authors with 
the proposed equation, the standard deviations 
from this relation were computed and can be 
found in column 5 of Table 2. A fact worth 
pointing out is the excellent agreement of 
Riedel’s two values at 20° and 80°C with the 
proposed equation, the standard deviations for 
these points being about 0-1 per cent. Also for 
the results of Schmidt and Liedenfrost and those 
of this research, comparatively small standard 
deviations of 0-71 and 1-1 per cent, respectively, 
were found. Somewhat higher deviations resulted 
for the data of Challoner and Powell and for 
those of Vargaftik. These two last mentioned 
studies exhibit a temperature coefficient some- 
what different from the one derived for the 
proposed equation, that from the work of Chal- 
loner and Powell being higher, and the one from 
Vargaftik’s study lower than the proposed one. 
The somewhat higher temperature coefficient 
derived from the work by Challoner and Powell 
appears to be at variance with those of the other 


observers, and also indirectly, with one single 
value at —80°C due to Riedel. At this tempera- 
ture the extrapolation of the linear relation 
correlating the data by Challoner and Powell 
yielded a value about 6 per cent higher than 
Riedel’s experimental point. Although the pro- 
posed new equation does not reproduce the 
experimental value at — 80°C within the limits of 
accuracy claimed by Riedel (1 per cent), the 
discrepancy is not excessive, the computed value 
being only about 2 per cent higher than the 
experimental one. 

Differences of this order of magnitude are 
difficult to explain and two facts have to be 
considered here. 


(a) The new equation was entirely based on 
experimental data obtained within the 
temperature interval —20°—-+112°C anda 
simple linear expression between tempera- 
ture and thermal conductivity was found 
to correlate them with adequate accuracy. 
It does not seem improbable, however, that 
deviations from linearity, so far perhaps 
masked by experimental scatter, could 
become more prominent at lower 
temperatures. 

(b) The comparison to —80°C rests essenti- 
ally on one single point obtained by one 
observer and until this value has been 
verified by further experiments there 
remains in theory the possibility of experi- 
mental error, although this explanation 
seems to be rather less likely than the first 
one in view of the excellent agreement of 
Riedel’s values at higher temperatures. 
Work is in hand at E.R.D.E. to check 
the value near —80°C (carbon dioxide 
point) and at two other thermometric 
fixed points viz. at 0° and at 100°C. 


Two more authors, Bridgman [6] and Abas- 
Zade [7], have reported data on the thermal 
conductivity of toluene which were also sub- 
jected to the usual analysis, the results of which 
can be found in the first two columns of Table 2. 
It is seen that the ky-values of both authors lie 
considerably above those of all later workers, 
the corresponding temperature coefficients, how- 
ever, are in fair agreement with those from the 
later studies. The causes which may have led 
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to the relatively large discrepancies between 
Bridgman’s determinations and those of later 
workers on toluene have been thoroughly 
discussed by Riedel [1] and need not be repeated 
here. The experimental evidence provided for 
toluene, and also for kerosene which was the 
subject of a recent study by the author of this 
paper, seems to confirm Riedel’s criticism. 

From the close agreement between the work 
by Abas-Zade and by Bridgman one could almost 
gain the impression that the former author’s 
apparatus, a hot wire cell with a small annular 
gap, was calibrated with the aid of Bridgman’s 
results. Although the hot wire cell permits in 
principle absolute determinations, — several 
authors have remarked on their difficulties in 
centring the heated wire with the required 
precision in the surrounding glass tube, eventu- 
ally forcing them to resort to some form of 
calibration with a liquid of known thermal 
conductivity for determining the true geometric 
constant of their apparatus. In view of the lack 
of confirmation and the consistency of later 
determinations, the results of these two authors 
were not considered in the final analysis. 

Further references on the thermal conductivity 
of toluene dating back to 1911 can be found in 
the paper by Challoner and Powell [4] but much 
of the earlier work must now be regarded as 
superseded by the work carried out during the 
last ten years. 

Considering all relevant circumstances it 
seems certain that the thermal conductivity of 
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toluene is predicted by the proposed equation 
with an accuracy of better than 1 per cent 
between — 20° and +-110°C, and probably within 
better than 2 to 3 per cent between —80° and 
+20°C. The 1-5 per cent dispersion band with 
respect to the above equation includes 85 per 
cent, the 3 per cent band 100 per cent of all ex- 
perimental points from five independent investi- 
gations. This is an excellent result when it is 
considered that these results were obtained by 
different observers using various types of 
apparatus. 
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CONVECTIVE HEAT TRANSFER IN HORIZONTAL CYLINDER 


G. F. SHAIDUROV 
U.S.S.R., Perm, State University 


(Received 11 October 1960) 


Abstract—A stationary heat crossflow through a horizontal cylindrical cavity filled with water has 
been investigated depending on the flow direction in a gravity field in the interval of Grashof’s numbers 
ranging from 15 to 5 x 108. 


Résumé—Le flux de chaleur, en régime permanent, dans une cavité cylindrique horizontale remplie 
d'eau a été étudié, en fonction de la direction de l’écoulement, dans un champ de gravité correspondant 
a des nombres de Grashof variant de 15 a 5-10®. 


Zusammenfassung—Die Abhangigkeit des stationdren Warmestroms von seiner Richtung im Schwere- 
feld wurde an einem waagrechten, zylindrischen und mit Wasser gefiillten Hohlraum untersucht. 
Der Bereich der Grashofzahlen erstreckte sich dabei von 15 bis 5 10°. 


Tpaccxoia or 15 go 5,106 
IML OT HallpaB.1leHHA B TAARECTIL. 


THE study of convective heat transfer through 
cavities filled either with a liquid or a gas under 
various heating conditions is of a special interest 
for numerous practical and geophysical prob- 
lems. In spite of the fact that there are some 
indications in the literature [1-4], the problem 
as a whole has not yet been worked out suffici- 
ently. Especially we have little data about the 
dependence of heat conduction on the orienta- 
tion of heat delivery surfaces in a gravity field. 
This refers however not only to convective heat 
transfer in cavities but also to heat transfer 
through interlayers, as well as to a number of 
external problems of convection [5, 6]. A 
stationary heat crossflow through a horizontal 
cylindrical cavity filled with water was investi- 
gated experimentally depending on the flow 
direction towards the vector of gravity accelera- 
tion. The results of the investigation are 
presented in this paper. 

The experiments were carried out on two 
models, one large and one small. The hollow 
cylinder made of polymethyl metacrilate AK P-7 
of 70-3 and 100-2 mm in diameter and 210 mm in 
length was the essential part of the larger model. 
The wires of thin differential copper-constantan 


thermocouples were bricked up in the cylinder 
along its generating lines. Eight hot junctions of 
thermocouples were soldered to small brass 
plates pressed at the same level with the internal 
surface at the centre of the cylinder and at equal 
distances from each other along the perimeter. 
Eight thermocouples were mounted in the same 
way on its external surface. The cylinder was 
tightly fixed in a round channel drilled along 
the longer axis ofa steel rectangular parallelepiped 
of 210 « 135 x 135 mm in size and then the 
cylinder was hermetically covered from its 
front surfaces by glass and filled with distilled 
water. An electrical heater and a jet cooler were 
attached totwooppositeedges of the parallelepiped 
producing a heat flow normal to the axis of the 
cylinder. The model could turn round the 
horizontal axis, coinciding with the longitudinal 
axis of a cavity. 

The small model cavity of 9-11 mm in diameter 
and 80 mm in length was drilled in a Plexiglas 
block of 30 x 80 = 80 mm in size. The wires of 
eight copper-constantan thermocouples (the 
wires were of 0-03 mm in diameter) were pasted 
into thin longitudinal grooves of the cavity wal! 
in such a way that thermocouple junctions were 
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located at equal distances along the perimeter 
in the centre of the cavity. The uneveness of the 
wall was carefully abraded. The other eight hot 
junctions were established equidistantly in thin 
channels, drilled 40 mm deep parallel to the 
axis of the cavity and 11-7 mm from it. The total 
cold junction of all thermocouples was 
established on the cavity wall, and its tempera- 
ture was controlled by a special thermocouple. 
In other respects the smaller model is analogous 
to the larger one. 

The supply of both the heater and cooler of 
the installation was stable. The beginning of a 
stationary temperature régime (time of establish- 
ment was equal to 8-16 hr) was controlled 
at the end of each experiment by records of all 
the thermocouples taken three times in 30 min. 

Photo-registration of the character of motion 
of liquid by the method of optical lattice as 
well as by visual observations was carried out in 
addition to the temperature measurements, as 
was done in [7]. 

The treatment of data was made by the method 
of harmonic analysis. It was found that the 
temperature distribution on the cavity surface 
and on the cylindrical surface coaxial to the 
cavity inside the mass in any direction of the 
heat flow is described by equations (1) and (1’) 


T = dy + a, COS (1) 


T’ = dy + a, (1’) 
with an accuracy of up to 3-8 per cent. 

a is the coefficient of the Fourier series: dy is 
identical with the temperature, averaged 
according to the volume of the cavity; a, and 
a; are the temperatures of the hottest part of 
the cavity surface, and of the cylindrica! surface 
inside the mass respectively (heat poles), which 
were measured from the temperature ay: gy and 
q are the angles measured from the heat poles. 
Equations (1) and (1’) were used as boundary 
conditions for the evaluation of heat flows by 
the solution of the stationary heat conduction 
equation. for the cylindrical layer involving the 
cavity. 

The relations of molecular heat conductivities 
of both the water and the wall of the cavity, 
calculated on the basis of the experimental 
results at such a position of a model (upper 
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heating) when no convection exists—approxi- 
mately at the room temperatures—appeared 
to be equal to 3-7 + 0-2 and 3-1 + 0-2 respec- 
tively for the larger model polymer of (CH, 
CH—COOH)n, and the smaller one (Plexiglas). 
It should be noted here, that the ratio of water 
and Plexiglas heat conductivities at 20°C is 
equal to 3-26 [8]. 

The local Nusselt number was evaluated 
according to the formula 


a 


— (2) 
2 a, A \ Or 


Nu 

where R is the radius of the cavity, A,/A is the 
ratio of molecular heat conductivities of the mass 
and liquid obtained experimentally, (¢7,/Cr)e 
is the radial gradient of temperature in a mass 
at the boundary of a cavity, which can be calcu- 
lated by solution of the heat conduction equation 
for the wall of the cavity. It was found that the 
field of the Nusselt number on the surface of a 
cavity might be determined by 


Nu = Nuy cos & 


where Nu, is a maximum value of the Nusselt 
number (the pole situated against the heater), 
ys is an angle, which may be measured from this 
pole. It should be noted that an angular diver- 
gence approaching 60° at the side heating arises 
between identical poles of the Nusselt number 
and temperature, as a result of the convective 
heat transfer directed upwards. 

The experimental data on heat transfer were 
generalized in the form of the dependence 
suggested by Zhukhovitskii [9]. It appeared, that 

— Gr .Pr?\*4 
2 
Nu CKk** (3) 
where Nu = (2/7) Nu, is the Nusselt number 
averaged over the hot (cold) wall of the cavity. 
The coefficients in equation (2) were choosen in 
such a way that Nu coincides in number with the 
ratio of effective (convective plus molecular), 
and pure molecular heat conductivities of the 
cavity. At the evaluation of the Grashof (Gr) 
and Prandtl (Pr) numbers the parameters of 
liquid were taken for the temperature averaged 
over the cavity volume; both the radius of a 
cavity and temperature a, of the heat pole of the 
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Fic. 1. The variation of C with angle. 
-strict laminar motion. 
—the boundary layer is unstable. 


boundary layer will be formed at the cavity 
walls at K > Kmin: while at K < Kmin 
boundary layers at hot and cold walls of the 
cavity are closing and convection is going on 
without formation of a boundary layer. More- 
over the appearance of a stronger heat transfer 
law is outlined, which is apparently quadratic 
about K [4, 10]. Therefore the minimum values 
of K (Table 1), determine the lower limit of the 
application of (3). For the angles of a > 65° at 
the maximum values of K the instability of a 
boundary layer [7] was observed though it never 
transferred into the developed turbulence. For 
such a régime of motion equation (3) appeared 
to be valid as well. Thus, equation (3) describes 
the heat transfer both by a strict laminar layer 
and by a hardly disturbed boundary layer. Since 
the stability of a boundary layer sharply in- 


Table 1. The range of investigated values of K 


Kmax Zo x 


cavity taken from the mean temperature of the 
liquid, were taken for the characteristic dimen- 
sion and characteristic temperature difference. 
The Prandtl number in the experiments varied 
from 3-9 to 9-5. The coefficient C depends 
on the orientation of a model in the gravity 
field. 

Figure | represents the values of C = Nu/K!4 
as a function of an angular distance a between 
the vector of gravity acceleration and the heat 
pole on the surface of the cavity (a = 180° at 
the upper heating). Fig. 1 shows that at 
a < 90° the values of C vary non-uniformly 
with the angle and reach the maximum at 
a = 90°. The drop of C for a > 90° may be 
explained by the rapid decrease of the intensity 
of the convective liquid motion which vanishes 
at a = 180°. 

Table 1 gives the range of the investigated 
values of K for various angles. It was found 
by the optical method of investigation that a 


creases with the angle [7], then at a > 65° one 
may expect the same sharp increase of the upper 
limits of K up to the values essentially exceeding 
the investigated ones. 
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THE PREDICTION OF MASS TRANSFER RATES WHEN 
EQUILIBRIUM DOES NOT PREVAIL AT THE PHASE INTERFACE* 
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Abstract—It is shown that departures from thermodynamic equilibrium at the interface call for only 
small modifications in standard procedures for calculating mass transfer rates. If enthalpy-composition 
diagrams are used for representing thermodynamic properties and evaluating mass transfer driving 
forces, the modifications comprise the replacement of the single curve, valid for equilibrium mixtures 
in contact with the neighbouring phase, by a family of curves; the parameter of this family is the 
ratio of the mass transfer conductance to a molecular flux. 

These and other aspects of mass transfer theory are illustrated by reference to: the vaporization of 
water into air; the combustion of carbon in air; the pyrolysis of a solid or liquid without chemical 
reaction; and the combustion of a pellet of ammonium perchlorate in a stream of fuel gas. The 
examples discussed numerically relate to axi-symmetrical stagnation point flows with laminar boundary 
layers. 


Résumé—Quand on s‘éloigne de l’équilibre thermodynamique qui régne dans la zone de séparation 
de deux phases les modifications 4 apporter au calcul classique du transport de matiére sont peu 
importantes. Si les diagrammes enthalpiques sont utilisés pour la représentation des propriétés 
thermodynamiques et l’évaluation des forces provoquant le transport de masse, les corrections 
consistent a remplacer la courbe unique valable pour les mélanges en équilibre au voisinage de la 
phase, par une famille de courbes; le paramétre de cette famille est la rapport du transport de masse 
au flux moléculaire. 

Ces aspects de la théorie du transport de masse sont illustrés par: la vaporisation de l'eau dans lair, la 
combustion du carbone dans lair, la pyrolyse dun solide ou d°un liquide sans réaction chimique et la 
combustion dun grain de perchlorate d’ammonium dans un courant de gaz combustible. 

Les exemples numériques étudiés sont relatifs a des écoulements de révolution avec couches limites 
laminaires. 


Zusammenfassung—Es wird gezeigt, dass Abweichungen vom thermodynamischen Gleichgewicht an 
der Zwischenflache nur geringe Anderungen der iiblichen Berechnungsmethoden der Stoffiiber- 
tragung verlangen. Soweit die thermodynamischen Eigenschaften in Enthalpie-Diagrammen 
dargestellt sind und danach die treibenden Krafte des Stoffaustausches beurteilt werden, geniigt es, 
die fiir Gleichgewichtsmischungen in Beriihrung mit der benachbarten Phase giltige Einzelkurve 
durch eine Kurvenschar zu ersetzen. Der Parameter dieser Schar ist das Verhaltnis von Mengen- 
stromdichte zu einem Molekularfluss. 

Diese und andere Gesichtspunkte der Theorie der Stoffiibertragung werden an folgenden Beispielen 
erlautert: der Verdampfung von Wasser in Luft; der Verbrennung von Kohlenstoff in Luft; der 
thermischen Zersetzung eines Festk6rpers oder einer Fliissigkeit ohne chemische Reaktion und der 
Verbrennung eines Kiigelchens aus Ammoniumperchlorat in einem Brenngasstrom. Die numerisch 
ausgewerteten Beispiele beziehen sich auf achs-symmetrische Staupunktsstr6mungen mit laminarer 
Grenzschicht. 


Meer mecto HapyilleHiie PaBHOBeCHA Ha TOBEPX- 
HOCTH pa3yeda (pas, TO IA pacuéTa MOTOKOB MaCChl MOAKHO 
4YeCKHX XapaKTePpNCTHK WIA MaCCOOOMeHa, TIpit 
XapakTepHaA PaBHOBeCHbIX CMeCell, KOTOPble HAXOWATCA B 
KOHTakTe € coceyqHell (pasoii, 3aMeHHETCA Ha CeMelCTBO KPUBbIX; IapaMeTpoOM 9TOrO CeMell- 
CTBa ABIAeTCH OTHOMEHHE MaccOOOMeHAa K MOJeKYIAPHOMY MOTOKY. 


~* This work was performed in the author’s capacity as consultant to the Lockheed Missiles and Space Division, 
Palo Alto, California. The work was financed by AFOSR Contract. 
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NOTATION 
; . m: = Mass rate of flow of molecules from 

a - Velocity of sound in gas / (ft/h), condensed phase into gas phase 
(equation 23); (Ibm/ft?h), (equation 24); 

h Dimensionless conserved property Pr Prandtl number ( — ), (equation 10): 
(— ) (equation 5); ” Heat flux (Btu/ft®h), (equation 17): 

B = Driving force for mass _ transfer r = Stoichiometric ratio (— ), (equation 
(—), (equation 13); 31): 

D = Diameter of nozzle (ft),(equation la): ye — Universal gas constant, — 1-98 

E = Activation energy (Btu/lb mole), (Btu/lb mole), (equation 31): 
(equation 31); R, = Radius of nose-cone (ft), (equation 

f - Mass fraction of one of two parent 1): 
substances in a mixture (lbm/lbm). , = Temperature (°F): 

(equation 2a): T - Absolute temperature (°F  abs.), 

g - Mass-transfer conductance (Ibm/ft?h), (equation 31); 

(equation 9): se u - Gas velocity (ft/h), (equation 1): 

© * Reference ‘mass velocity” (f0m/ft*h), x = Distance along surface in direction 
(equation 10); ' of main stream flow (ft), (equation 

G = Mass-flux vector (lbm/ft®h), (equation 1): 

2); y Distance from interface towards 

h * Specific enthalpy of mixture (Btu fluid under consideration (ft), 196 
Ibm), (equation 2): (equation 3): 96 | 

k Specific heat ratio of gas j (—), Zpyr A constant in the pyrolysis (lbm/ft*h), 
(equation 23): (equation 35). 

Kox = Parameter measuring relative magni- 
tude of mass-transfer conductance Greek symbols 
and oxygen collision rate (—), a = Fraction of “sticky” collisions on 
(equation 33); a surface (— ), (equation 24): 

Kpyr Parameter measuring relative magni- a = Exchange coefficient (thermal con- 
tude of mass-transfer conductance ductivity divided by specific heat or 
and surface-pyrolysis rate (—), diffusion coefficient multiplied by 
(equation 37): density (lbm/ft h), (equation 2); 

Kyap Parameter measuring relative magni- 7 = Dimensionless enthalpy gradient 
tude of mass-transfer conductance (—), (equation 39): 
and vacuum vaporization rate (— ), 7 - Absolute viscosity of fluid (lb/ft h), 
(equation 26). (equation 28); 

m = Mass fraction of component j/ in p = Density of fluid (lbm/ft*®), (equation 
mixture (lbm/lbm), (equation 24): 1): 

mi’ - Mass flux across phase interface o == Stefan’s Constant, = 0-1713 « 10-° 
into fluid under consideration (Btu/ft?h (CF abs.)*), (equation 42). 
(Ibm/ft?h), (equation 3); 

Subscripts 

Mm,’ - Mass rate of impingement of mole- G = Main stream state: 
cules of j from gas phase on L = Fluid state in neighbouring phase 


condensed phase (lbm/ft?h), (equation 
23); 


adjacent interface: 
O = Supply state: 


? 
& 


S = Fluid state in considered phase 
adjacent interface; 

T = Transferred-substance state; 

Gi, Gs, TL, Ts = See text, Section 2.2; 

20 == Far upstream; 

rad = Radiation; 

eq - Equilibrium; 

ox = Oxidant: 

ad Adiabatic. 


1. INTRODUCTION 

1.1. Problem considered 

THERE are many important practical processes 
in which mass transfer between two phases is 
accompanied by a chemical reaction between the 
transferred substance and the fluid stream into 
which it passes. Of these, several have been 
subjected to fairly complete study, for example— 
the combusion of liquid fuels [1]; the combustion 
of solid fuels [2]; burning of a transpiration- 


coolant [3]. 
The processes which have been most 
thoroughly studied heretofore are those in 


which the fluid adjacent to the phase interface 
can be assumed to be in a state of thermodynamic 
equilibrium: this assumption provides one 
boundary condition for the mathematical prob- 
lem. In the present paper, therefore, attention is 
concentrated on those processes for which 
equilibrium does nor prevail at the interface. 
Examples of the latter type include—vaporiza- 
tion at very high rates but at low pressures; 
burning of a solid fuel (e.g. carbon) under 
conditions such that the chemical reaction 
rate is not “very fast”; the pyrolysis of the 
material of the “heat-shield’”’ of a missile re- 
entering the earth’s atmosphere; and the burning 
of an oxidant (e.g. ammonium perchlorate) 
pellet exposed to a stream of hydrocarbon gas. 
All these examples will be discussed in the 


present paper. 


1.2. Purpose of the paper 

Problems of the present type have been dis- 
cussed on many earlier occasions. To choose 
but one example, Tu ef al. [4] made an experi- 
mental and theoretical study of the burning of a 
carbon surface in an air stream; this study 
spanned the whole range of conditions from 
those in which the diffusion boundary layer 
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controlled the rate of burning (hot carbon 
surface) to those in which the chemical reaction— 
rate constants exerted a decisive control (colder 
carbon surface). Reviews of the relevant litera- 
ture have been made by Spalding [5], Wicke [6], 
Khitrin [7] and others. 

The purpose of the present work is not there- 
fore to break fundamentally new ground, 
although perhaps it does so in the case of the 
ammonium perchlorate problem discussed 
below. Rather the purpose is to aid under- 
standing of the processes in question, and 
simplify the theoretical prediction of the mass 
transfer rate in any particular case. This purpose 
is achieved by discussing the processes in 
question within the framework of a standard 
formulation of mass transfer processes in general 
[8]. In particular, it is desired to make clear that 
enthalpy—-composition charts are as useful for 
the present class of processes as they have 
proved to be for processes in which thermo- 
dynamic equilibrium prevails at the interface, 
([2, 9, 10, 11, 12, 13, 14, 15]. 

An additional purpose of the paper is to 
apply the methods in question to laminar 
axi-symmetrical stagnation-point flows. There 
are two reasons: the first is that these flows are 
of great practical importance (for example at 
the nose of a missile); the second is that such 
flows are easily contrived in the laboratory, 
where they may provide the means by which 
reaction-kinetic constants can be deduced 
from measurements of mass transfer rates. 


1.3. The stagnation-point flow 

description of two. particular axi- 
symmetrical stagnation-point flows now follows, 
in order that a concrete physical situation and a 
definite theoretical question may be held in mind 
during the subsequent analysis. The majority of 
the analysis however (specifically, the calculation 
of the mass transfer driving force), is valid for 
any flow pattern adjacent the surface. 

(i) The nose-cone problem. Fig. 1 illustrates 
the flow adjacent the nose-cone of a high-speed 
missile flying at supersonic speed. A shock wave 
is formed a short distance ahead of the solid 
surface; upstream of this wave the reactive gas 
velocity is axial, with value vu»; downstream of 
the wave, the velocity has a predominantly 
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—Nose-cone 


Shock wave surface 


Fic. 1. Illustrating the laminar axi-symmetrical 
stagnation-point flow at the nose of a missile in 
high-speed flight. 


radial direction and a magnitude (except within 
the boundary layer) of ug. The latter quantity 
increases with distance x from the axis of 
symmetry in obedience (according to Li and 
Geiger [16]) to the relation: 


dug Ux px Poo (1) 
x dx Rk, 


where: R,, = radius of nose cone 
p gas density, 
subscripts « and « refer to conditions res- 
pectively upstream and downstream of the 
shock. 


The central question to be considered is: 
What is the rate at which material is transferred 
into the gas phase by mass transfer? The symbol 
for the mass transfer rate is m’’; this quantity is 
also known as the “ablation rate” in missile 
engineering. The question will be seen to have 
three parts, namely: What are the influences 
on m’’ of the aerodynamic variables, i.e. ux, 
R,,, viscosity, density, etc.? What are the 
influences of the thermodynamic properties of 
the fluid stream and of the transferred material? 
And what are the influences of the reaction— 
kinetic constants of the chemical transformations 
which occur? 

(ii) The perpendicular-jet problem. Fig. 2 
illustrates a flow which may be used for the 


laboratory testing of materials. A jet of fluid, 
for example, oxygen at velocity wx, flows 
towards a perpendicular surface, which deflects 
the stream radially outward. The velocity field 
is somewhat more complex than that of Fig. 1: 


Nozzle 


| 
Fic. 2. Illustrating the axi-symmetrical stagnation- 
point flow resulting from the impingement of a jet 
on a perpendicular surface. 


however, if ug is again defined as the radial 
component of the velocity just outside the 
boundary layer which forms on the surface, 
we may write, [17], 


Ux 
= (la) 
x dx D 
Here x = distance from symmetry axis as 
before, and 
D = jet diameter. 


In some of the situations to which the present 
paper is relevant, at least the central portion of 
the solid surface will be composed of a material 
which reacts chemically, partially as a result of 
contact with the fluid stream. If steady conditions 
prevail, the reactive material must be supplied 
steadily so as to maintain its reacting surface at 
a fixed position. The question to which we 
address ourselves is this; at what rate must the 
material be supplied in order to maintain the 
steady state in given conditions, i.e. with fixed 
ux, D, materials, temperature and pressure? 


1.4. Outline of the present paper 
Section 2 describes the standard framework 
of convective mass transfer theory into which 
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it is desired to fit the processes under discussion. 
It is shown that, with certain restrictions, all 
mass transfer problems can be resolved into the 
determination of a conductance and_ the 
determination of a driving force. 

Section 3 contains the description of methods 
for determining the values of the driving force, 
both in general and with particular examples. 
It is shown that problems of the present kind 
differ from those in which equilibrium prevails 
at the surface primarily in the location of a 
curve (the S-curve) on the relevant enthalpy— 
composition diagram. It is hoped that, although 
the substances mentioned by name are necessarily 
few in number, examination of the examples will 
make clear how other substances are to be 
handled theoretically. 

Section 4 contains a résumé of methods for 
the calculation of the conductance for axi- 
symmetrical stagnation point flows. Together 
with the material of Section 3, this permits the 
discussion of particular processes in Section 5. 


2. THE STANDARD FORMULATION 
2.1. Mathematics 

Equations. It has been shown by the present 
author* [8], that, provided that all “‘exchange 
coefficients” (thermal conductivity of the 
mixture divided by specific heat of the 
mixture at constant pressure: diffusion co- 
efficient of each mixture component multiplied 
by mixture density) are numerically equal at 
each point in the mixing field, the enthalpy / 
and mass fraction f obey respectively the 
differential equations: 


=90 (2) 
f)} =0 (2a) 


where: G = mass flux vector (lbm/ft®h); 
h = specific enthalpy of mixture (Btu 
Ibm): 
f =mass of material in unit mass of 
mixture which derives from one 
(“father”) of the two (“parent”) 


*The paper referred to gives a literature survey, 
indicating the contributions of other authors, as well as 
giving the derivation of the equations and their limits of 
validity. 
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streams of fluid entering the mixing 
field, regardless of whether chemical 
transformations have occurred 
(Ibm Ibm). 

I’ = exchange coefficientt as defined 
above (Ibm/ft h). 


Equations (2) and (2a) hold for steady flow at 
low Mach number. 

Boundary conditions. The reference 
shows that important boundary conditions for 
equations (2) and (2a) are as follows: 

At a control surface S (Fig. 3), within the 
fluid under consideration and immediately 


Phase under 
consideration 


Main 
stream x 


Fic. 3 Illustrating notation used in describing heat 
and mass transfer through a phase interface. 


adjacent the interface across which mass 
transfer occurs: 
[I°(ch 


3 
hs — hy 
(ef/ey)]s (4) 
Is —Jr 

where: m’’ = net mass flux through the surface 
towards the fluid under con- 

sideration (lb»,/ft*h); 
y = distance normal to the interface 


(ft): 

Suffix S indicates evaluation at the S 
control surface: 

Suffix T indicates evaluation for the 
“transferred substance state’, so 
defined that: 

hy hr, 

= hy, — 
+ I’ can be regarded as dynamic viscosity y divided by 
Prandtl or Schmidt number. It may vary with position. 
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enthalpy of transferred material 
as it crosses the S control surface 
(Btu/lbm): 
enthalpy of transferred material as 
it crosses the L control surface 
(Fig. 3) (Btu/lbm): 
heat flux across S control surface 
(sign convention as indicated in 
Fig. 3) (Btu/ft?h); 
heat flux across L control surface 
(sign convention as indicated in 
Fig. 3) (Btu/ft?h); 
= 

-mass flux of “father material 

crossing the control surfaces. 


Form suitable for case in which hs, hy, fs and 
fy are uniform over the surface considered. \n the 
case described by the sub-title, it is convenient to 
reduce equations (1) and (2) to the form 


G.(v 5b) — b)} = 0 


and equations (3) and (4) to the form: 


where: 


either (7) 


(8) 


Variable 5 is dimensionless and has the 
significance of a potential, the variation of which 
over the field has to be determined. Equations 
(5) and (6) form the centre-piece of the standard 
formulation of the convective mass transfer 
problem. 

Solutions of the mathematical problem. It is 
usually convenient to express the solution of 
equation (5) together with the solution of the 
relevant equations of motion, in the form 


g/G = F(Re, Pr, B) 


- Mass-transfer conductance, usually 
varying with location on the surface 
(Ibm/ft?h); 


(I [eb/ey])s 
B 


he — bs 


he hs 
hs hy 


NG fs 
fs — fr 


“driving force’ for mass transfer, 
containing only thermodynamic 
properties (dimensionless): 

a reference mass flux (e.g. reference 
stream velocity times  corres- 
ponding density) (Ibm/ft®h), so that 
Stanton number (dimensionless): 
reference Reynolds number 
(dimensionless); 

Prandtl number (dimension- 
less) (N.B. We could equally well 
write Sc, Schmidt number, in 
place of Pr since these quantities 
are equal in the problems con- 
sidered here); 

a function, the form of which 
depends on the fluid~dynamic 
boundary conditions, shape of the 
body, etc. 


Equation (9) has a form similar to that of 
Ohm’s Law, albeit for a “*non-linear” resistance: 
for the conductance g depends somewhat on the 
value of the driving force B, as indicated by 
equation (10). Of course, if preferred g can be 
eliminated between equations (9) and (10) 
without difficulty; or rather it need never be 
introduced. 
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Procedure for calculating mass transfer rates. 
Inspection of the foregoing paragraphs reveals 
that the problem of predicting a mass transfer 
rate may be split into two parts: 


(i) Aerodynamic. Solution of the differential 
equations, yielding the function F(. . .) of 
equation (10). In some circumstances it is more 
convenient to determine this function by 
experiment than by mathematical analysis. In 
either case it is necessary to obtain values of the 
conductance, g. 

(ii) Thermodynamic. Evaluation of the 
driving force B from knowledge of the thermo- 
dynamic properties in the G-, S-, and T-states. 


It is this separability into aerodynamic and 
thermodynamic aspects which is brought into 


emphasis by the use of equation (9). Admittedly, 
separation is rarely complete; for the particular 
materials in question exert some influence on 
g by way of transport—property variations. 


2.2. Graphical representation of thermodynamic 
properties 

The enthalpy—composition diagram. Bosnjakovic 
[2, 10, 11, 12], Busemann [20] and Spalding 
(9, 13, 14] have shown how enthalpy- 
composition diagrams can be used for aiding 
mass transfer calculations. Although many 
forms of these diagrams are possible (see [18] 
for a discussion of the relations between these 
forms), it is convenient here to consider only the 
variety in which the ordinate is /; and the abscissa 
is f. Fig. 4 contains a simple example of this 
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Fic. 4. h-f diagram for H,O-air mixtures at 1 atm H,O pressure [9]. 
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kind, valid for equilibrium air—steam—water 
mixtures at | atm pressure. Fig. 4 (a) shows 
which phases prevail in which regions; because 
no chemical reaction occurs in this case, all 
constant-temperature lines (isotherms) in the 
gas-phase region are straight: examples in 
which these conditions do not obtain will be 
found below. Because the solubility of air in 
liquid water is negligible on this scale, the whole 
liquid region consists of a short portion of the 
right-hand boundary. 

The phase-boundary line. The statements that 
Fig. 4 is valid for equilibrium and for | atm 
pressure were necessary to explain the position 
of the curve separating the gas from the gas + 
liquid regions (marked S-line). In the absence 


of these statements, all that could be drawn of 
the h-f chart is shown in Fig. 5: the gas-phase 
isotherms, and the liquid (L) line: but we should 
not know for how far to the right the gas-phase 
isotherms were valid. It is possible to draw the 
gas-phase isotherms and the liquid line without 
knowing the pressure, since the enthalpies are 
not appreciably affected by pressure. 

Once the position of the S-line is decided for 
the substances in question, for example by 
specification of the total pressure and of the 
existence of equilibrium which together deter- 
mine fs for each temperature, the completion 
of the diagram is easy: the S-line is drawn: the 
parts of the gas-phase isotherms lying below 
and to the right of the S-line are erased: and the 
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. h-f diagram for gaseous H,O-air mixtures and for liquid H,O. 
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'FiG. 6. h-f diagram for H,O-air, showing equilibrium S-lines for three different total pressures. 


gas + liquid isotherms are drawn in as straight 
lines between the corresponding point-pairs of 
the S- and the L-lines. Fig. 6, which contains 
for the air-H,O system the gas-phase isotherms, 
the L-line, and equilibrium lines for various 
pressures, thus embodies all the information 
necessary to provide /A-f charts for many 
pressures; for, if a given pressure is selected, 
the gas-phase isotherms to the right of the 
appropriate S-line are simply ignored, and the 
appropriate mixed-phase isotherms are drawn 
in as just indicated. 

However, the S-line need not be a line 
representing equilibrium states; any statement 
concerning the relation between fs and tempera- 
ture (or /As) will suffice to define the S-line on the 


h-f plane. Once this S-line is drawn, the diagram 
can be completed in the manner explained. 
Examples of S-lines which do not correspond 
to equilibrium will be encountered below; they 
represent the main focus of attention in the 
present paper. 

Graphical representation of the driving force, B. 
Fig. 7 is a sketch of part of an /-f chart 
showing the S-line and a few isotherms; we need 
not at present enquire as to whether the gas- 
states corresponding to points on the S-line are 
equilibrium states. Points G, S and T are 
marked on the diagram, corresponding res- 
pectively to the states of the main fluid stream, 
the material in contact with the surface, and the 
transferred substance, in the standard mass 
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transfer situation illustrated by Fig. 3: for this 
to be possible, the A-f chart must of course be 
that for the two parent materials out of which 
the main-stream and the transferred substance 
are composed. 

Although in all the examples to be considered 
below the main-stream will be composed entirely 
of one of the parent substances (fe = 0), 
Fig. 7 illustrates a rather more general situation 
(fe > 0), the physical significance of which 


: 


Fic. 7. Representations of states and fluxes on the 
h-f diagram. 


should be obvious. The situation represented 
in Fig. 7 is however non-general in that T is 
placed on the right-hand boundary ( fr = 1): all 
the examples to be dealt with in the present 
paper will exhibit this feature, since the trans- 
ferred substance will always be wholly composed 
of one of the parent substances in our problems. 
In general, however, fr can be either greater or 
less than unity [8]. 

G, S and T lie on a straight line. This 
important result, together with quantitative 
information concerning the ratio into which 
S divides GT, follows from consideration of the 
geometrical significance of equations (13), (14), 
and (15). We deduce: 


B =GS/S (16) 
where: 
GS stands for the length of the line GS, and 


ST stands for the length of the line ST. 


Graphical representation of the heat fluxes. In 
all the problems to be discussed in the present 
paper, the transferred substance is the only 
material present at the control surface L just 
below the interface. It follows that the L state 
and the Ty state (defined in Section 2.1) are 
identical; so the point L can also be marked 
Ty. We deduce from the definition of Ay that 
the heat flux through the L control surface is 
given by: 

it, — hr (17) 

m 
and is therefore measured by the vertical 
distance TT, on Fig. 7. 

The state Ts (transferred substance at tempera- 
ture, phase and state of chemical aggregation at 
which it crosses the control surface S) can be 
found on the h/-f chart by prolonging the pure- 
phase isotherm through S until it cuts the 
vertical through T, i.e. the line f = 1 in our 
case. It then follows from the alternative defini- 
tion of Ay that the heat flux through the S 
control surface is given by: 


(18) 
m 


and so is measured by the vertical distance 
TTs on Fig. 7. 

Also plotted in Fig. 7 are the points Gs and 
G_, determined by producing the lines Ts S and 
Tx S respectively to intersect the vertical through 
G. The point Gs represents the state of material 
having the composition (in terms of f) of the 
main-streaam (G) reduced without change of 
phase to the temperature and state of chemical 
aggregation prevailing in the fluid adjacent the 
surface (S-state). The point Gry has a less easily 
explained physical significance. 

These two points are drawn because, by 
reason of (17), (16). (9), and the geometry of 
similar triangles, we have: 


- =hg — he, (19) 


which quantity is measured by the vertical 
height Gi G; and further, by reason of (18), 
(16), (9) and the geometry of similar triangles, 
we have: 
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which quantity is measured by the vertical 


height Gs G. 

The supply state O, and the radiative heat flux. 
In all the problems to be dealt with in the present 
paper, the direction of mass transfer is into the 
fluid (m'’ = positive), the material flux through 
the L surface is wholly convective (composition 
gradients are absent in the neighbouring phase), 
and the transferred substance is supplied steadily 
from a source. Let us designate the state of the 
transferred substance at the source: “state O”’. 
Let us further consider the case in which trans- 
verse heat conduction within the neighbouring 
phase is negligible but in which a radiative heat 
flux occurs at the surface. 

Figure 8 illustrates the situation. The radiant 
heat flux. graa (Btu/ft?h). has been darwn as 
emanating from a region somewhat below the 


Fic. 8. Control surfaces for derivation of equations 
(21) and (22). 


L-surface rather than from the interface itself; 
this is a mathematical artifice without physical 
importance. There are no relevant heat or mass 
fluxes other than those shown on the diagram. 

Application of the steady-flow energy equation 
to the control volume bounded by the O and L 
planes in Fig. 8 yields the result: 


hy, ho (21) 


Grad 
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where of course to denotes the enthalpy of the 
transferred substance in its supply state. 

Combination of equations (17) and (21) now 
yields a relation which should make clear the 
distinction between the transferred-substance 
state and the supply state. It is: 


q ar 
ho — hry (22) 
m 


This equation signifies that the enthalpy of 
the transferred substance differs from that of the 
supplied material by an amount which accounts 
for the heat loss by radiation (or, in general, by 
other means), suffered by the transferred material 
before it enters the fluid phase. The difference is 
measured by the length TO on Fig. 7. 

Determination of the transferred-substance 
state. In the problems to be considered in the 
present paper, it will be usual for the supply 
state O to be specified; for example, in a missile 
re-entry problem it is the state of the bulk of the 
heat-shield material before re-entry begins. 
However the transferred-substance state, T, 
enters more directly into the calculations. How 
is the enthalpy of this state determined ? 

Normally trial and error will be necessary. 
An assumption must be made about the T- 
state, for example that it is identical with the 
O-state. Then the mass transfer rate, m’’, and 
the surface temperature, fs, can be calculated. 
But, once fs is known, g),, can be calculated. 
This leads via equation (22) to the enthalpy of 
the T-state, in general one which conflicts with 
the original assumption. Use of this new T-state 
as the starting-point for a new cycle of calcula- 
tion, together with further iteration if needed, 
normally leads quickly to the value of /Ay, and 
the location of T, which satisfies all the data of 
the problem. This procedure is so straightforward 
that we shall act below as though the T-state is 
as easily available as the O-state. 


2.3. The problem of S-state determination 

The majority of writers on mass transfer use 
wholly analytical methods, i.e. they are 
concerned to find and use algebraic relations 
between the mass transfer rate, m’’, and other 
relevant quantities. Section 2.1 of the present 
paper is typical in this regard, equations (9), 
(10), et seg. being the relations in question. 
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There are however advantages in coupling 
the analytical methods with graphical representa- 
tions of thermodynamic properties, specifically 
with the aid of the enthalpy-composition 
diagram. The advantages are: 


(i) The diagram enables trends to be detected 
and relative magnitudes of different effects 
to be compared with an ease which is otherwise 
scarcely attainable. 

(ii) Graphical representation permits 
“irregular” thermodynamic properties (e.g. 
variable specific heats, dissociating mixtures) 
to be handled as easily as more regular ones, 
in contrast to analytical formulations which 
become unwieldy in such circumstances. 

(iii) In most practical mass transfer prob- 
lems, the condition of the fluid adjacent the 
interface (S-state) is not completely specified 
in the data: so two conserved properties have 
to be considered (e.g. A and f), and their 
relation in the S-state taken into account. 
Since the relation is usually non-linear, this is 
difficult to do analytically: the graphical 
solution of the problem by contrast presents 
no difficulty. 


It is advantage (iii) which is most relevant to 
the theme of the present paper. In the present 
section, therefore, we describe the graphical 
procedure of the determination of the S-state 
and subsequent determination of the mass 
transfer rate. 

Procedure for determining the S-state. Let us 
suppose that we have to determine the rate of 
mass transfer in a situation in which we have as 
data; the conductance g, the main-stream state G, 
the transferred-substance state T, and the 
thermodynamic properties of the relevant sub- 
stances, but mot the temperature of the surface 
nor the composition of the fluid phase adjacent 
to it. How do we establish the position of S, and 
hence the values of the driving force B (via 
equation (16)) and of the mass transfer rate 
m’’ (via equation (9))? 

The data of the problem determine the 


positions of the points G and T on the hA-f 


diagram. Presuming that this diagram is 
equipped, like that of Fig. 7, with an S-line, 
representing the locus of possible S-states, all 
that is necessary is to draw the join of G and T 


to intersect the S-line: the intersection is the 
point S. The ratio GS/ST is now obtained from 
a simple measurement, and the problem is as 
good as solved. 

Discussion. Three points should be noted in 
connexion with the above procedure. Firstly, 
the procedure is much simpler than its analytical 
equivalent which involves the solution of two 
non-linear simultaneous equations, perhaps by 
the construction of a graph the use of which is 
restricted to the particular problem. Secondly, 
the procedure is unaffected by the nature of the 
considerations which govern the position of the 
S-line; the line may represent thermodynamic 
equilibrium, or its position may embody 
chemical-kinetic constants. Finally, the pro- 
cedure is only valid in general when the thermal 
and material exchange coefficients are equal at all 
points in the fluid (Lewis numbers equal to 
unity); graphical procedures valid for more 
general situations remain to be worked out, 
although a start has been made [9]. 


2.4. Problems soluble by use of an equilibrium 
S-/ine 

As already mentioned, the problems which 
have been chiefly discussed in the literature are 
those in which the S-states can be regarded as in 
thermodynamic equilibrium. Here we shall 
merely list some of them and note the conditions 
under which equilibrium can be held to prevail. 

The H,O-air system. This system, which is of 
great importance in heating and ventilating, 
drying, steam power plant design, etc., has been 
considered by many authors [9, 11, 12, 20], 
always with the assumption that gas states 
adjacent to the interface were in equilibrium 
with the liquid phase. This assumption of 
equilibrium is almost invariably justified in 
terrestrial problems; the reason will become 
clear in Section 3.1. 

The _liquid-hydrocarbon-air system. An 
enthalpy-composition diagram for this system, 
which differs in character from the H,O~-air 
one primarily in the fact that a gas-phase 
chemical reaction occurs, has been presented 
by Spalding and Tyler [15]. Once again the 
assumption was made that the gases adjacent to 
the liquid surface were in equilibrium with the 
liquid. It is not likely that this assumption is 
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appreciably in error under the combustion 
chamber circumstances for which it is usually 
desired to make calculations. 

An enthalpy-composition chart for the rocket 
fuels, liquid oxygen and kerosene, has been 
presented by Spalding [14]. Once again the 
equilibrium assumption was made. 

The carbon-air system. Enthalpy-composition 
charts for this system have been published by 
Spalding and Tyler [15], and more extensively by 
Bosnjakovic [2] who has considered also 
mixtures with steam as third component. A 
Spalding—Tyler diagram is reproduced in Fig. 9; 
it is valid for a pressure of one atmosphere. 

In all these diagrams the S-line has been drawn 
through points corresponding to equilibrium 
mixtures. However it is quite clear that the 
assumption that state-point S lies on such a 
line is only valid when the surface temperature is 
high (say above 2500°F abs.); for otherwise 
the chemical reaction rate is insufficient to cope 
with the oxygen diffusing to the surface. This 
fact, which has been appreciated at least since the 


investigations of Tu ef al. [4], will be subjected 
to quantitative examination in Section 3.2. 

The problem of melting ablation. The rate of 
material disappearance from the surface of a 
*“heat-shield” which melts as well as vaporizes 
has been considered by Bethe and Adams [21]. 
on the assumption that equilibrium prevails 
between the liquid material on one side of the 
interface and the gaseous material on the other. 
The way in which such calculations can be 
aided by means of enthalpy-composition charts 
has been indicated by the present author [14]. 
However, it appears likely that many of the 
materials which come in question for “heat- 
shields” do not exhibit a true equilibrium at the 
interface: instead there occurs a_ so-called 
“pyrolysis reaction” in which the chemical 
structure of the material is changed in an 
irreversible manner. No analyses of this situation 
appear to be available in the literature; one is 
provided in Section 3.3 below. 

A problem to which the equilibrium assumption 
is totally inapplicable. In the present section we 
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Fic. 9. A-f diagram for carbon-air mixtures [15], total pressure = | atm. 
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have listed some of the mixture systems to 
which the S-equilibrium assumption has been 
applied, rightly or wrongly, in the past. We 
conclude this review of past work by mentioning 
a system for which the equilibrium assumption 
cannot be applied at all. This is the system in 
which the condensed phase consists of a solid 
propellant, for example ammonium perchlorate, 
which reacts exothermically and irreversibly on 
heating to form a gaseous material of different 
composition. Since the condensed phase is 
itself not in thermodynamic equilibrium, no 
question of equilibrium in the S-state arises. 
This problem, to which approaches have been 
made [9, 22], is tackled in Section 3.4 below. 


3. MASS TRANSFER PROCESSES IN WHICH THE 
S-STATE IS NOT IN EQUILIBRIUM 
3.1. Vaporization* and sublimation 

A review of modern knowledge of the kinetics 
of the phase-changing process in vaporization 
and sublimation has recently been made by 
Scala and Vidale [23]. In view of this publication 
it will suffice here merely to consider the simplest 
form of this phase change, i.e. that without 
chemical transformations, and to concentrate 
on the graphical implications. More concretely. 
we ask ourselves what changes must be made to 
the /-f diagram of Fig. 4 if the assumption that 
the S-state is in equilibrium is abandoned. 

The kinetics of simple phase change. The net 
rate at which material changes phase per unit 
area is the difference between a flux of molecules 
from the gas phase, which strike the condensed- 
phase surface and are held on to it, and a flux 
of molecules from the condensed phase which, 
because of their above-average energy. break 
the bonds which hold them and escape. In 
equilibrium these two fluxes are equal. 

The rate of collision of gas molecules with a 
containing wall is easily calculated from the 
kinetic theory of gases: it is 

psa;,smMm;,s 


(23) 


* The necessity for consideration of the kinetics of the 
phase-change in vaporization was first brought to the 
author's attention some ten years ago by Dr. S. Traustel 
of Berlin-Charlottenburg. 


where mm’ = mass rate of collision of molecules 
of material / with the wall (Iby/ 
ft?h): 
ps -density of gas mixture in S- 


state (lbm/ft*): 

a;,s = velocity of sound in a medium of 
pure j at the temperature of the 
S-state (ft/h): 

m;,s = mass fraction of component / for 
the S-state ( — ): 

k;,s = specific heat ratio of material / at 
the temperature of the S-state 
(—). 


Equation (23) is more usually expressed in 
terms of molecular weights, the absolute 
temperature, the pressure, etc.; the above form 
has been chosen since it is easy to give quantita- 
tive significance to the terms in the expression. 
Thus, if m,;,s were unity for example, the 
numerator of the r.h.s. of equation (23) would 
be equal to the mass flow rate per unit area of a 
stream of material j flowing through the throat 
of a convergent—divergent nozzle at the prevailing 
pressure and temperature: the denominator is a 
numerical factor of the order of 3. It is clear that 
collision rates are rather high. 


If we assume that the flux of material from 
the condensed phase to the gaseous phase, #1;’, 


depends only on the surface temperature, and 
note that at equilibrium it is equal to the 
fraction a of the colliding molecules which are 
retained at the surface, we may deduce that the 
net mass flux of /, 7:" is given by 

mi,’ = m;' — am; 


(m;, eq — Mj, s) (24) 
where m;, s, eq is the mass fraction of material / 
which is found in an equilibrium mixture 
of gas in contact with a condensed-phase 
surface at the temperature and pressure 

of the S-state, 
a is the proportion of “sticky collisions”, 
assumed to depend only on temperature. 


Equation (24) is equivalent of Scala and Vidale’s 
equation (6). 
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Values of a are only known with accuracy for 
relatively few substances; Scala and Vidale give 
a review of present knowledge. According to 
their tabulation, a is approximately equal to 
unity for water, ice and several solid and liquid 
materials, but may fall to as low as 10~® for 
other materials. 

Determination of the S-state. Equation (24) 
is not the only relation between the mass transfer 
rate and the conditions adjacent the interface: 
we also have that which is implicit in equations 
(9) and (16). Simultaneous satisfaction of these 
two relations fixes S and m’’. 

We first consider systems in which no chemical 
reaction occurs in either phase and in which the 
transferred substance consists entirely of the 
parent material. Let this material be /. Then fand 
m, are identical. Consequently (9) and (15) 
lead to: 


Eliminating m’’ between (24) and (25), we 
obtain a relation from which the departure of 
the S-state from equilibrium can be determined, 
namely: 

(26) 


m;,8,eq — = Kyap 


where: 
Kyap = (2/ps a;,s) (2 ak; a). (27) 


Clearly Kyap is a dimensionless parameter 
measuring the “strain” which is placed on the 
mechanism maintaining equilibrium by _ the 
convective phenomena adjacent the surface. 

Now equation (26) is a relation between 
m,,s and fs, i.e. between fs and hs; for m,; and 
f are identical, 4 depends only on f and f, and 
M,;,s, eq iS Supposed to be a known function of 
temperature. Equation (26) therefore defines a 
curve on the /-f diagram for a fixed value of 
Kyap and of 

The H,O-air example. Fig. 10 shows S-lines 
drawn on the /-f chart for H,O-air at one 
atmosphere pressure. They are valid for various 
values of Kyap, but for a single value of m,, a, 
namely zero. 


The line marked Kyapy = 0 is of course that 
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for equilibrium which has already been en- 
countered in Fig. 4. The lines for positive Kyap 
lie to the left of this line. Negative values of 
Kyap have no physical significance and have been 
neglected. Although all the lines are somewhat 
similar in shape to the equilibrium line, those for 
Kyap > 0 turn upwards at the right-hand 
boundary. 

Practical values of Kyap. A little reflection 
concerning the use to which the S-line is put in 
practical calculations of mass transfer rates 
(see Section 2.3 above), coupled with inspection 
of Fig. 10, reveals that departures from 
equilibrium only assume importance when 
Kyap exceeds the value of 0-1, say. When is this 
likely to occur in practice? 

To answer this question, we first anticipate the 
result given in Section 4 for the laminar axi- 
symmetric stagnation-point flow. There it is 
shown that, for small values of B and for a 
Prandtl number of 0-7, we have: 


geo — 0-957 [ua pa (dug/dx)]'*. (28) 
Thus, in this case we may write: 


Kyap . [uc = (dua (29) 
Ja ps as 
where the omitted suffix to ag implies that this 
quantity is evaluated for the _ transferred 
substance. 

Combining this relation with that of equation 
(2) for the perpendicular-jet flow, considering 
the rather extreme case in which the gas emerges 
from the nozzle at sonic velocity, and noting that 
4p IS approximately independent of temperature 
for gases, we find that the condition for Kyap > 0:1 
is: 


approximately: <-. (30) 
bs a= 
Now at | atm and 32°F in air, ps = 0-0807 


Ilby,/ft®, as 3-9 x 10° ft/h, and ps 0-042 
lbm/ft h; therefore ps as/us = 7°5 107 ft-1. It 
follows that the jet diameter must be less than 
1-3 x 10~-° ft if a is of the order of unity and the 
vaporization kinetics are to be significant. Even 
if the pressure is reduced to 10-* atm, an 
extremely low value, the required jet diameter is 
very much smaller than normally encountered. 
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Fic. 10. h-f diagram for H,O-air mixtures at 1 atm, showing S-lines for various Kya». 


On looking into this situation somewhat more 
closely, it appears that, if the coefficient a is of 
the order of unity, the vaporization kinetics 
only become important when the apparatus 
dimensions approach those of the molecular 
mean free path in the gaseous medium. This 
situation is rare; indeed, when it does occur, the 
conventional means of calculating mass-transfer 
conductances have to be reviewed in any case. 

More general cases. \f the vaporizing material 
reacts chemically with the surroundings, we can 
no longer equate m; and f. Nevertheless there 
does exist a relation between these quantities, 
determined by the stoichiometry of the chemical 
reaction. By its aid one can proceed as in the 
above simple example and calculate a relation 


between fs and /s for prescribed G-state and 
Kyap Values, and so plot a family of S-lines on the 
h-f chart. 

However, the conclusion reached in the H,O 
air example applies to these more general cases 
also; it is only when a is very much less than 
unity, or when the molecular mean free path is 
not small compared with the apparatus 
dimension, that there is ever any need in practice 
to consider any S-line but that for Kyay = 0. 


3.2. The combustion of a solid fuel in an oxidant 
stream 
The main conclusion which may be derived 
from Section 3.1 is that departures of the S-state 
from the equilibrium line can seldom be 
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important; this will not be true of the situation 
now to be discussed however. 

Kinetics of the heterogeneous reaction. For 
simplicity, we shall first imagine that the fuel 
is wholly non-volatile and that the gaseous 
oxidant reacts with it at the surface to form a 
unique product by way of a chemical reaction 
which can be represented as: 


Fuel (solid) + oxidant (gas) -» product (gas) 
] Ibm r Ibm Ibm. 


The simplest law which we can expect the rate 
of chemical reaction to obey is then as follows: 


Mox 


= - exp (— E/# Ts) 


(31) 


= rate of collision of oxidant mole- 
cules with the surface (lb»/ft®h) 
to be calculated from equation 
(23): 
E =activation energy of the chemical 
reaction (Btu/Ilb mole): 
R universal gas constant = 1-98 
(Btu/lb mole °F abs.): 
Ts = absolute temperature prevailing at 
the surface (°F abs.): 
r = stoichiometric ratio (Ibm oxidant/ 
Ibm fuel). 


Here the “Arrhenius factor”, exp (— E/.# Ts), 
accounts for the fact that only collisions with a 
sufficient energy of impact will suffice to loose a 
fuel molecule from its bonds and cause it to 
enter a chemical reaction. 

More general relations than (31) may involve 
a multiplying constant which accounts for the 
small-scale texture of the surface and which 
possibly shows secondary dependences on 
temperature, pressure and oxidant concentration. 

Determination of the S-state. It has been shown 
elsewhere [1, 5, 8], that the mass transfer driving 
force appropriate to the present situation is: 


Mox, — Mox, 


B=— (32) 


Mox, s/r 


Combining (32), (9), (23) and (31) therefore, we 
obtain an equation from which the oxygen 
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It is: 


Mox, 


r 


Mox, G — Mox,s 


= Kee . . exp (+-E/# Ts) (33) 


r Mox,s 


4 g Kox, s) 
Kox = (34) 


PS Gox, 


Now equation (33) defines a family of lines 
on the enthalpy-composition chart for fuel and 
oxidant mixtures, with Kox and mox,q as 
parameters; for to every pair of values of 
Mox, s and Ts there corresponds a point on the 
diagram.* Thus a family of S-lines can be drawn 
on the diagram with Kox as parameter if Mox, G 
is held fixed; clearly, if Kox is very small, the 
S-line coincides with that for thermodynamic 
equilibrium; finite values of Kox lead to finite 
values ox, s and so to reduced values of the 
driving force. 

S-lines on the h-f chart. The value of the 
quantity E is such that exp (—E/.# Ts) varies 
steeply with temperature in the range of practical 
interest. For example, if E = 30,000 Btu/Ib 
mole, and Ts = 1500°F abs., a | per cent increase 
in Ts brings about a 10 per cent increase in 
exp (— E/.# Ts). As a consequence, the constant- 
Kox lines on an enthalpy-composition chart 
may look like those sketched in Fig. I1: at 
high-to-moderate temperatures they hug the 
line Kox = 0; at lower temperatures they move 
rapidly across to the left-hand boundary. 

In passing, it may be noted that the shape of 
the S-lines ensures that, with the main-stream and 
transferred-substance states as indicated by 
G and T in the diagram, there are in general 
three possible S-points for each value of Kox. 
If Kox increases above a limiting value, however, 
two of the intersections become imaginary, 
leaving only the one close to the point G. These 

* For example m, x is uniquely related to f by the 
stoichiometric relation: 


Mox, G Mox, G Mox 


(34a) 


f= 


Mox,G r 


Mox, G 


q 
q 
= 
| 
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» 
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q 
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Fic. 11. Sketch of h-f diagram for hypothetical non- 
volatile solid fuel forming single oxide, showing a 
family of S-lines with K,, as parameter. 


facts correspond to the well-known phenomenon 
of the extinction of a solid-fuel combustion 
resulting from excessive mass transfer; the 
phenomenon has been discussed by many 
authors (see [24] for a literature review). 

_ Relevance to the combustion of carbon in air. 
The process of the combustion of carbon in 
air is somewhat more complicated than the one 
just discussed, a fact which is evidenced by 
comparison of the shapes of the equilibrium 
S-lines in Fig. 9 on the one hand and Fig. 11 
on the other. The differences between carbon 
and our model are of two kinds: 


(i) carbon can form two different oxides, 
CO and CO,, the first being the equilibrium 
product at high temperatures, the second that 
at low temperatures; 

(ii) carbon sublimes if the temperature is 
raised to a high enough value (> 7000°F 
abs. at 1 atm pressure). 


Both these differences introduce complications 
of the same kind: chemical reaction now has to 
be considered in the gas phase. Thus if the surface 
temperature is low, composition distributions in 
the boundary layer may be as shown in Fig. 
12 (a), with gas-phase combustion of carbon 
monoxide and with the heterogeneous reaction 
occurring between carbon and carbon dioxide; 
whereas if the surface temperature is very high, 


as illustrated in Fig. 12 (b), possibly on 
heterogeneous reaction occurs at all. 
Order-of-magnitude considerations. A rigorous 
treatment of the situation just indicated is 
possible, but requires a paper all to itself. Here 
we shall be content to show (i) that at the high 
temperatures at which sublimation is important 
it is probably sufficient to assume that 
equilibrium prevails; (ii) that if radiation is 
absent it suffices to regard carbon monoxide as 
the main combustion product at the surface. 


Fic. 12. Possible gas-composition distributions 
adjacent burning carbon surface: (a) moderate 
surface temperature, (b) very high surface temperature. 


Values of the activation energy FE of carbon 
reacting heterogeneously with oxygen and with 
carbon dioxide can be found in the combustion 
literature. Papers which might form the starting 
points for a thorough survey are referenced 
[6. 7, 25]. Quoted values of E range from 
36.000 to 125,000 Btu/lb mole, the lower 
values being more common for the reaction with 
oxygen. Let us take E = 45,000 Btu/lb mole 
as a representative value. 

Now in practice Kox may have values around 
10-*, as may be seen by noting that Stanton 
numbers are commonly around 3 x 10~°, 
Mach numbers around 0:1 and 4/(2 7 Kox, s) 
around 3. For departures from equilibrium to be 
appreciable therefore, exp (E/.4 Ts) must exceed 
10?. But at Ts = 7000°F abs. with E = 45,000 
Btu/lb mole; exp (£/# Ts) is no more than 25. 
It follows that by the time that the surface has 
reached the temperature at which sublimation 
occurs (at 1 atm), the chemical reaction rate is 
sufficiently fast practically to ensure equilibrium 
at the surface. We conclude that the upper 
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sloping portion of the equilibrium S-line shown 
in Fig. 9 can usually be safely used. 

Further inspection of Fig. 9 reveals that, in 
the absence of radiation loss (states T and O 
identical) the equilibrium surface temperature 
is above 2000°F abs. and the equilibrium 
composition corresponds to combustion to 
carbon monoxide (fs = 0-148). Indeed, if this 
were not so, exp (E/4 Ts) would be so far in 
excess of 10 that combustion could hardly 
take place at an appreciable rate. It therefore 
appears as though the burning of a carbon 
heat-shield, for example, can be fitted into the 
framework constructed for the model which was 
introduced at the beginning of Section 3.2, at 
least provided that information is available about 
the diffusion flame which forms. 

Although it is not intended to deal fully in this 
paper with the diffusion flame shown in Fig. 
12 (a), the following remarks should be made: 


(i) If the rate of the gas-phase reaction 
between carbon monoxide and oxygen is 
sufficiently high, the flame will exist and will 
prevent direct access of oxygen to the carbon 
surface. 


(ii) If the rate of this reaction is insufficiently 
high, the diffusion flame will not exist; oxygen 
then reaches the carbon surface. 


(iii) At least when the gas-stream tempera- 
ture is low, the transition from the first state 
to the second is a sudden one, occurring at a 
critical value of a dimensionless quantity 
composed of a volumetric reaction rate 
constant times I" divided by the square of the 
mass transfer rate through the flame region. 
This extinction phenomenon has been con- 
sidered theoretically by Zeldovich [26] and 
by Spalding [27]. 


(iv) The presence or absence of the diffusion 
flame makes no difference to the equilibrium 
S-line, but it does affect the positions of the 
S-lines for finite K-values; for the activation 
energy, for example, is different according to 
whether the carbon reacts with carbon dioxide 
or with oxygen. 


(v) If the diffusion flame is present, so that 
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carbon dioxide is the oxidant, the relation of 
mco, to f is as follows: 


MO,, G G 


(32/12) + < 6/12) + mo, 


f- MO,, G ~ (16/44) (34b) 
mo,, G + (10/12) 

Concluding remarks on carbon combustion. The 
foregoing study of the model solid fuel should 
have made clear how the kinetic constants of 
the heterogeneous reaction(s) influence the 
position of the S-line which must be drawn on the 
enthalpy-composition diagram. It should also 
by now be apparent that the more complex 
kinetics of the carbon—air system will lead to a 
corresponding family of S-lines by a path which 
is somewhat more tedious to compute, since 
gas-phase kinetics demand consideration, but 
which is not essentially different. Are we in a 
position to carry out the latter task? 

While a complete survey of the literature is 
necessary before a negative answer can be given 
with certainty, it appears to the present author 
that the published kinetic constants have been 
determined under circumstances which are 
sufficiently different from those of the laminar 
stagnation-point flow, for example, to render 
reliance on the data unwise; for example the 
actual surface area of the carbon, taking into 
account internal pores, has often been uncertain 
in past investigations. In these circumstances it 
appears likely that an experimental determination 
of the location of the S-lines on the h-f diagram 
is desirable for each new sort of carbon which 
comes in question, for example, as a heat-shield 
material. 

A suitable experimental arrangement is that 
shown in Fig. 2. Suitable measurements are: 
burning rate, surface temperature, and extinc- 
tion condition. The existence of the theoretical 
framework of the present paper renders un- 
necessary provision in the experiment of the 
precise conditions of the “heat-shield” operation. 
Thus one may use pure oxygen in the gas stream 
instead of air, and supply heat to the carbon 
electrically instead of letting it be extracted by 
radiation. In this way it may well be possible to 
make simple but relevant laboratory studies of a 


ang 
1. 2 
61 = 
‘Sag 


> 


302 D. B. SPALDING 


material which is ultimately to be used in the 
outer layers of the earth’s atmosphere. 


3.3. Surface pyrolysis 

In Section 3.2, one of the components of the 
gas stream reacts chemically with the material 
of the condensed phase. There are however 
important processes in which the effect of the 
gas stream is simply to raise the temperature 
of the surface, the material of which then 
decomposes. either exothermically or endo- 
thermically. Although only a few materials of 
this type have been studied, for example 
ammonium chloride and Plexiglas 1A [28], there 
seems to be little doubt that the class of materials 
which pyrolyse is a large one. It is probable that 
materials used for heat-shields of the “‘melting- 
ablation” type fall into this class. 

The kinetics of pyrolysis. The studies of 
Schultz and Dekker [28], as well as theoretical 
considerations, lead to the conclusion that the 
pyrolysis reaction obeys the relation: 


= Zpyr exp (— E/# Ts) (35) 


where Zpyr iS a constant for the condensed 
phase material depending slightly on 
surface temperature but almost inde- 
pendent of pressure and of gas-phase 
composition (lbm/ft?h). 


We see that this equation fits into the same 
family as that to which the kinetic equations 
for simple phase-change and solid-fuel- 
combustion belong, namely: 


m'’ = F(fs, hs) (36) 


although it has a particularly simple form. 


Determination of the S-lines. Eliminating m’’ 
between equations (35), (9) and, say, (15), we 
obtain a relation which defines a family of 
S-lines. It is: 

: fs = Kpyr exp (E/# Ts) (37) 
fs—fe 


where 
Kpyr = 8/Zpyr. (38) 


Here fr has been placed equal to unity for 
reasons explained earlier. 


Figure 13(a) is a sketch of the h-f diagram for 
mixtures of a pyrolysing solid material with a 
gas with which it does not react chemically. 
Pure-phase isotherms are shown, together with 
S-lines drawn for a single value of fe (namely 


S-lines 


Kpyr increasing 


Temperature 
scale for ~ | 
(a) solid fuel 
1-0 


Fic. 13(a). Sketch of h-f diagram for a pyrolysing 

solid which does not react chemically with the 

material of the gas stream, showing S-lines for 
various Kpyr. 


zero) and various values of Kpyr. It is seen that 
as Kpyr increases, the S-line moves up and to the 
left, signifying that the mass transfer driving 
force, for fixed G- and T-states, must decrease. 

Figure 13(b) sketches the complete /-/ 
diagram, derived from Fig. 13(a), for a particular 
value of Kpyr. The diagram has been drawn for a 
substance which exhibits a liquid phase for 
comparison with the equilibrium treatment of 
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Fic. 13(b). Sketch of h-f diagram for a pyrolysing 

material exhibiting both solid and liquid phases. 

Diagram is drawn for a particular value of Kyy-. 
No gas-phase reaction is supposed to occur. 
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melting ablation given by Spalding [8, 14, 18]. 
As explained in the latter reference, the actual 
position of the state-point S in any particular 
problem is governed by the liquid viscosity— 
temperature relation as well as by the G-state; 
it is hoped to return to this subject in a later 
publication. 

Discussion. It is clear that the phase-changing 
mechanism considered in the present section 
has not introduced any essential novelty: it 
can be handled by the same procedures as the 
other mechanisms, merely requiring somewhat 
differently shaped curves. 

It should also be apparent that we can deal 
in the same way with materials for which the 
pyrolysis products themselves react with the 
gases in the main-stream; this situation has 
elements in common with the carbon-air system 
where the oxide produced at the surface (CO) 
can react elsewhere in the boundary layer to 
form carbon dioxide. Provided that the chemical 
reaction-rate constants in the gas phase can be 
taken as very large, no new problem arises. 

Another generalization of the situation which 
it would be easy to handle is that in which the 
phase-changing reaction was reversible. Such a 
reaction would exhibit an equilibrium condition 
at values of fless than unity; correspondingly an 
equilibrium (Kpyr = 0) line would appear in 
the family of S-lines sketched in Fig. 13(a). 


3.4. Combustion of a solid oxidant in a stream of 


fuel gas 
Nature of the problem. We now consider a 


Surface pyrolysis (/) 


Oxidant 
particle 
Defiagration(2) ->( 3) 


Diffusion flame 
(a) 
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more complex class of materials: the solid 
propellants. Those of the composite variety 
consist of crystals of solid oxidant, for example 
ammonium perchlorate, embedded in a matrix 
of solid hydrocarbon material. It is probable 
that in an important part of the combustion 
process the oxidant crystals are suspended in a 
stream of fuel vapour and that chemical reactions 
occur at the oxidant surface and in the gas 
regions around it (Fig. 14a). 

Often the oxidant is capable of sustaining a 
steady combustion in the complete absence of a 
fuel; this is true of ammonium perchlorate, for 
example. Even then it is believed that at least 
two chemical reactions occur, corresponding to 
three possible states of chemical aggregation 
of the oxidant. The latter are: 


(1) Initial state, solid phase (e.g. NH, ClO,) 
(2) Intermediate state, gaseous phase (e.g. 
NH, + HCIO,) 
(3) Reacted state, gaseous phase 
(e.g. NO + HCl + 3 H,O + } O,). 


We shall refer to the states as: oxidant,, oxidant,, 
and oxidants. 
The reactions are therefore: 


(1) — (2); this causes a phase change and is a 
surface pyrolysis reaction of the type 
discussed in Section 3.3. 

(2) + (3); this is a gas-phase reaction and 
occurs in a deflagration wave. 


The reaction (2) (3) is always exothermic, 
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and the reaction (2) is sometimes exo- 
thermic, though not, as it happens, for 
ammonium perchlorate. The theory of the 
combustion of propellants of this kind in the 
absence of fuel has been treated by Spalding [19] 
and by Rosen [29]. When the above reactions 
occur in the neighbourhood of a source of fuel 
gas. at least one further chemical reaction occurs: 
that between oxidant, and fuel to form a final 
product. The possibility of this is revealed by 
inspection of the composition of the third stage 
of ammonium perchlorate above.* 

Figure 14 (a) sketches the situation which may 
arise when an oxidant particle is suspended in a 
fuel-gas stream. Three regions of chemical 
reaction may be discerned: the particle surface 
when the (1) + (2) pyrolysis occurs; a deflagra- 
tion region where the (2) — (3) reaction occurs; 
and a diffusion flame region where oxidant, 
combines with fuel gas. Fig. 14 (b) sketches 
corresponding temperature and composition 
profiles along the broken line shown in 
Fig. 14 (a). 

The enthalpy—composition diagram. In earlier 
diagrams for mixtures in which gas-phase 
reaction occurs, e.g. Fig. 9, we have tacitly 
drawn the gas-phase isotherms which are valid 
for gas-phase equilibrium. In this way we have 
deferred to another place the investigation of the 
influence of the kinetics of the diffusion flame 
and its interaction with the mass _ transfer 
process. 

If we continue this practice in the present 
problem, the gas-phase isotherms will appear as 
in Fig. 15, with the oxidant as the “father- 
substance”. Here the lines which slope upward 
on the left represent mixtures of fuel and final- 
product gases, while those sloping upward to the 
right represent mixtures of final-product with 
oxidant,; the condensed-phase is represented by 
the temperature scale marked “‘oxidant,” on the 
right-hand border. What has happended to 
oxidant,? The answer is that if gas-phase 
kinetics are very fast, as will always occur at 
high pressures, oxidant, does not appear any- 
where in finite concentration. 


* That composition is given as an example of how the 
atoms might re-arrange themselves; in reality more com- 
pounds will be found in the third stage. 


Fuel Oxidant 


Fic. 15. h-f diagram for fuel-oxidant gas-phase 
mixtures if all gas-phase reactions are very fast. 


Alternative diagrams. We could however 
make the assumption that the kinetics of the 
diffusion flame are very fast, while those of the 
(2) > (3) reaction are very slow. In this case 
material (3) will not appear in finite concentra- 
tion, the diffusion-flame reaction takes place 
between oxidant (2) and fuel, and the /-f chart 
will look like Fig. 16. Alternatively we could 


Oxidant 


Fuel 


Fic. 16. h-f diagram for fuel-oxidant gas-phase 

mixtures if the diffusion flame reaction is fast but 

the (2)— (3) deflagration is slow. The (1) — (2) 
reaction is exothermic in the case shown. 


consider the situation in which the kinetics of 
the (2) — (3) flame are fast, whereas those of the 
diffusion flame are very slow. This would lead 
to an hA-f chart such as is shown in Fig. 17. 

Yet another extreme assumption is that a/l/ 
gas-phase kinetics are slow. Then neither 
oxidant, nor final products appear in finite 
concentration, neither deflagration nor diffusion 
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Fic. 17. h-f diagram for fuel—oxidant gas mixtures if 
diffusion-flame reactions are slow but deflagration 
reactions fast. 


flame occurs, and the enthalpy-composition 
diagram takes the form shown in Fig. 18. 

The first of these four diagrams (Fig. 15) can 
be expected to be valid for high gas pressures, 
for then chemical reaction rates per unit volume 
are fast. The last of the diagrams (Fig. 18) 
correspondingly can be expected to hold for 
low gas pressures. The charts of Figs. 16 and 
17 represent other extreme situations which may 
sometimes be encountered. 


Fic. 18. h-f diagram for fuel-oxidant gas mixtures if 
all gas-phase reactions are slow. 


Calculation of mass transfer rate under extreme 
circumstances. If any of the above extreme 
situations is known to hold, the calculation of 
the mass transfer (burning) rate can be easily 
carried out in a manner similar to that of the 
above sections. In each case a pyrolysis law is 
required such as that of equation (35); if 
Zpyr depends upon the composition of the 


x 


material adjacent the surface (S-state), this 
dependence must be known. Then S-lines are 
plotted on the appropriate h-f chart in the same 
way as before, with Kpyr as parameter. The 
driving force B, and thereafter the mass transfer 
rate m’’, can then be found for a given pair of 
G- and T-states by the graphical technique 
described in Section 2. 

Calculation of the mass transfer rate with 
finite (2) > (3) kinetics. We shall now consider 
how the mass transfer rate can be calculated 
when none of the above extreme situations 
prevails. This is a more difficult problem than 
any that have been tackled above, and requires 
an excursion into the theory of flame propaga- 
tion. Fortunately a recent paper by Adler and 
Spalding [22] has dealt with the flame-theoretical 
aspects of the problem: it will suffice here to 
cite and interpret their result. Attention will be 
focussed on the (2) — (3) flame; as in the case of 
carbon combustion, we shall simply suppose that 
knowledge is available about the existence or 
otherwise of the diffusion flame. 

Let us suppose that the G- and T-states are 
fixed. This means that the line GT on the 
h-f diagram is fixed on which the point S, and 
indeed all other gas-phase state-points appropri- 
ate to the mixing field, must lie. Of course, 
since none of the extreme situations prevails, we 
are uncertain as to the location of all the iso- 
therms on the /-f diagram. 

Nevertheless let us consider the gas states 
lying on the line GT, and sketch the expected 
temperature distribution using f as the abscissa; 
this is shown in Fig. 19. (N.B. If an h-f diagram 


Deflagration 


Diffusion flame 


Fic. 19. Temperature near solid—oxidant surface, 
plotted against f. 
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is regarded as a contour map with temperature 
corresponding to altitude, Fig. 19 can be re- 
garded as a “section” through the “hill” repre- 
sented on the /A-f diagram). The temperature 
distribution exhibits the following features: 


(i) An approximately straight* portion 
rising from the point corresponding to the 
G-state (f = 0, t = fg) to the region marked 
“diffusion flame”. 

(ii) A second approximately straight portion 
between the “diffusion-flame” and ‘*(2) — (3) 
flame” regions. Along this line the gases are 
approximately in equilibrium: no oxidant, is 
present. 

(iii) A third approximately straight line 
running from the region of the (2) — (3) flame 
towards a point of termination corresponding 
to the S-state. In this region the gases are not 
in equilibrium, but the temperature is too 
low for oxidant, to decompose at an 
appreciable rate. 

(iv) Along the right-hand boundary, points 
marked fr,,, fv, 2, tv, 3 corresponding to the 
temperatures of the transferred substance T 
measured on the scales appropriate to Oxi- 
dant,, oxidant, and oxidant, respectively. 


Figure 19 is a sketch: most of it could however 
be drawn to scale from thermodynamic informa- 
tion alone. The two main features which require 
extra-thermodynamic knowledge are: the slope 
of the line passing (after extrapolation) through 
f = 1, t = fty,, which is mentioned in (iii) above; 


and the point at which this line terminates, 


i.e. the S-state. We now consider how these 
features may be determined. 

Facts about flame propagation in an enthalpy 
gradient. It is evident from Fig. 19 that the 
(2) — (3) deflagration differs from that considered 
in most flame-propagation studies through being 
embedded in a region of varying enthalpy; 
thus, downstream of the reaction zone the 
temperature has a rising trend instead of be- 
coming uniform. It is precisely the effect of this 
non-uniformity which has been studied by 
Adler and Spalding [22]. These authors find 


* If specific heats were temperature independent, the 
curve would be straight in all regions where chemical 
reaction was not occurring. 


that the effect can be characterized, for a given 
kinetic scheme, by a relation between a 
dimensionless burning rate: 


T, ad 


and a dimensionless gradient parameter 7 which, 
in terms appropriate to the present problem, 
equals the slope of the line marked (ii) in Fig. 19 
divided by that of the line marked (iii).* Fig. 
20 shows an example of such a relation valid 


Fic. 20. Influence of enthalpy gradient and surface 
condition on the (2) (3) deflagration rate for 
fixed T-state. 


for a first-order reaction and a particular activa- 
tion energy. Of course the quantity #1" ()_.3) 7, aa 
is the mass flow rate in an adiabatic deflagration 
in which gaseous oxidant, with enthalpy /r 
turns into gaseous oxidant; with the same 
enthalpy; this mass flux depends upon pressure 
as well as upon /r. 

Adler and Spalding were primarily concerned 
with gaseous flames and therefore paid no 
attention to the fact that, in solid-propellant 
combustion, the gaseous deflagration rate is 
reduced, for fixed enthalpy, by increasing surface 
temperature; this effect is explained quantita- 
tively and in some detail, by Spalding [19]. 
If the two effects are taken into account, the 
relation of Fig. 20 becomes a family of curves, 


+ Adler and Spalding considered constant specific 
heats; we shall have to do the same here. They used the 
symbol £ for the quantity denoted by » in the present 


paper. 


| / 
| / 
tal | / 
/ 
/ / 
| 
ae 4 
/ 
| ¥ / 
m 
943.9 
“Mox. S 
Vol. 
2 
a 
r 
—_ 


the parameter being sox, 3, s/Mox,s, the ratio 
of the concentration of oxidant at the surface 
to the total concentration of oxidant. When this 
ratio is small, the Adler-Spalding relation holds; 
when the ratio is large, the burning rate is 
reduced, falling finally to zero as the ratio 
tends to unity. 

The quantities appearing in Fig. 20 are highly 
relevant to the two unknown features of Fig. 19: 
for » is a gradient ratio, knowledge of which 
enables the line (iii) to be drawn; while the ratio 
Mox, 3, s/Mox, s Varies linearly between zero at 


jf = 1 and unity at the join of lines (11) and (iii). 


The three simultaneous requirements. It is now 
evident that the steady-state condition which 
prevails at the surface and in the boundary-layer 
must be such as to satisfy three separate and 
simultaneous requirements. The first accounts 
for the happenings within the gaseous deflagra- 
tion, and is portrayed in Fig. 20; it can be 
written as: 


mM” (5) Mox.<« 8 
(2)-+(3) F 3, (39) 


T, ad Mox, , 


The second accounts for the surface pyrolysis 
law and can be written: 
Zpyr 


F(ts). (40) 


m (2).(3), T, ad m (2)—(g), T, ad 


The third accounts for the transport processes 
in the boundary layer, and can be written: 


m (2)—>(3), T,ad 


£B—-O fs 
+(3), T,ad 1 — ( ) 


Here F(. . .) in each case stands for ‘a known 
function of .. .”’, although of course the function 
is different for each equation. It will be noted 
that the mass flux appearing in the denominator 
of the left hand side has been made the same 
for each equation 

The problem of determining the mass transfer 
rate is the same as that of solving equations 
(39), (40) and (41) simultaneously. Firstly 
however we need to consider the relationships 
between the quantities and 
mM’ (9)-+(3). The first two of these quantities are 
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equal; for they both refer to the mass rate of 
material entering the gas phase per unit surface 
area. The last quantity may however be different; 
for it refers to the mass flux across a different 
plane. We shall however restrict consideration 
to the simplest case, namely that in which all 
three mass fluxes are equal; this occurs in 
practice if the deflagration (2)—(3) is very 
close to the surface, i.e. if the deflagration thick- 
ness is much less than the boundary-layer 
thickness. Although it is possible to deal with 
the case of unequal mass fluxes, calculation of the 
ratio between them requires a closer look at a 
particular flow pattern than is appropriate to 
the present paper. 

Determination of the mass transfer rate. We 
Shall describe the operations which must be 
performed in order to determine m’’ when the 
following data are available: values of 
_.(3), T, aa, Zpyr, thermodynamic 
properties permitting Fig. 19 to be drawn: 
kinetic information enabling the F(.. .) 
functions of equations (39) and (40) to be plotted 
out; and information about the aerodynamics 
permitting the F(...) function of equation 
(41) to be computed. Sketches will be used to 
illustrate the steps. 

The first point to note is that specification of 
the quantities » and mox, 3,s/Mox,s in this 
situation will specify ¢s and fs; this follows from 
the geometry of Fig. 19. It follows that, just as 
equation (39) determines a family of curves on 
Fig. 20, so do equations (40) and (41); in the 
latter cases, the parameters 7, aa 
and T, The latter families 
are sketched in Fig. 21. 

Now the values of the last two parameters 
can be deduced from the data of our problem. 
It follows that, as soon as Fig. 21 has been 
constructed, the quantity m’’ can be deduced 
from the ordinate value appropriate to the 
network point corresponding to the data. The 
problem is thus solved. 

Discussion. Inspection of Fig. 21 shows that, 
at small values of gp--o, the solution point is 
near the left hand border: we then have a process 
which is not controlled by mass transfer at all, 
but by those discussed in conventional works on 
solid-propellant combustion [19]. When the 
mass-transfer conductance is large however, 
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Fic. 21. Graph for determining actual burning rate, given values of the parameters governing surface pyrolysis, 
mass-transfer conductance and (2) — (3) deflagration. 
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Fic. 22. Curves permitting the calculation of conductance and mass transfer rate at an axi-symmetrical laminar 
stagnation point, for u/I”’ = 0-7. 
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rate for the pressure and T-state in question, 
the burning rate increases. At very high values 
of this dimensionless quantity, the deflagration 
flame will coalesce with the diffusion flame; in 
this case the suppositions underlying the above 
theory. for example Fig. 20, cease to hold, and 
the situation becomes too complex to be dealt 
with by the methods of the present paper. 

It should be clear that a very similar procedure 
can be used if it is supposed that the diffusion 
flame is absent. The procedure is valid also 
when the gas stream is at such a low temperature 
as to diminish rather than increase the deflagra- 
tion velocity negative). 


4. BOUNDARY-LAYER THEORY FOR LAMINAR 
AXI-SYMMETRICAL STAGNATION-POINT FLOW 

In this section we shall merely present sufficient 
information about the laminar boundary-layer 
at an axi-symmetrical stagnation point to 
permit exemplary mass transfer calculations to 
be carried out. It suffices therefore to present 
Fig. 22 which is valid when the Prandtl or 
Schmidt number, ,./I” is equal to 0-7. 

In Fig. 22, the curve for m’’/[ug pq dug/dx]?, 
is taken from Spalding [14] and is based on 
exact solutions of Howe and Mersman [30] and 
other authors. It relates the mass transfer rate 
m’’ to the stream-wise velocity gradient dug/dx, 
the driving force B and other quantities. As far 
as is known, variations in the properties p, 
p and I through the boundary layer do not 
greatly affect the position of the curve. 

The curve for g/[ug pq dug/dx]'? is obtained 
by dividing the ordinate of Fig. 22 by B; its 
ordinate is thus a dimensionless form of the 
conductance g. It will be noted that, as B tends 
to zero. g tendsto the value0-9574/(ug pa dug/dx), 
but falls below this value as B increases. 

It should be clearly understood that, apart 
from secondary influences brought about by the 
variations of «, p and J’ with temperature and 
composition, about which usually only in- 
adequate information is available, the curves of 
Fig. 22 can be used regardless of whether the 
process in question is water-vaporization, 
carbon-combustion, hydrogen-transpiration, 
silica-pyrolysis, ammonium  perchlorate-com- 
bustion, or any other mass transfer process. 
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5. SOME APPLICATIONS OF THE METHOD 

In the present section some specific numerical 
problems will be considered, primarily to remove 
any doubt about the applicability and usefulness 
of the methods presented. Of course, absence 
of kinetic data, and to a lesser extent thermo- 
dynamic data, prevent immediate solution of 
every problem which comes to mind. A sub- 
sidiary purpose of the present paper has been 
to stimulate the search for the missing data, by 
showing how useful they can be. Incidentally 
one of the following problems (Section 5.2) 
concerns the experimental determination of 
such data. 


5.1. Comparison of water and carbon as nose-cone 
protectors 

The problem. A nose-cone re-enters the earth’s 
atmosphere. The air between the shock wave and 
the surface has an enthalpy of 8000 Btu/lbm 
(corresponding to a flight speed of 20,000 ft/s) 
and a pressure of 1 atm. In one possible design, 
water is supplied, from a reservoir at 60°F, 
continuously to the surface where it vaporizes. 
In another possible design, the nose-cone is 
made of graphite the bulk of which is at 60°F; 
the graphite burns away steadily. 

In which design is the greater weight of 
protective material consumed ? 

Solution (a). When radiation is neglected. If 
radiation is negligible, the O- and T-states are 
identical (Section 2.2). The problem can then be 
solved without information concerning the 
conductance. Referring to the /A-f chart for 
H,O-air at 1 atm pressure (Fig. 4), we see that, 
with G at: f=0, A 8000 Btu/lbm, and 
T at: f = 1, t = 60°F, and with the assumption 
that S lies on the equilibrium line, we have: 

S lies at: f = 0-876, Ah = 1018 Btu/lbm» and 
the driving force, B = 7-05. 

Referring in the same way to the /-f chart for 
carbon-air at 1 atm pressure (Fig. 9), and 
assuming that the S-state is an equilibrium one, 
we find: 

S lies at f = 0-28, h = 7000 Btu/lbm and 
the driving force, B = 0-39. 

Clearly the rate of water consumption will be 
greater than the rate of carbon consumption, 
because its driving force is so much greater. To 
determine the ratio of the rates we turn to Fig. 22, 
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which shows that this is approximately equal to 
1-5/0-29, i.e. to 5-18. We conclude that more than 
five times as much water is required as carbon. 

Comments. Of course it must be recognized 
that the water keeps the surface temperature 
down to about 212°F whereas the carbon 
surface temperature exceeds 7500°F; the high 
internal energy of the heated layer of carbon may 
lead to difficulties due to “heat soakage” at 
the termination of flight. 

Alternatively one might envisage allowing the 
surface temperature to rise above the boiling 
point of water by reducing the water supply 
rate so that vaporization occurs within the 
porous material below the surface. In this way 
it might be permissible to allow fs to rise to 
2000°F. Inspection of the /A-f chart of Fig. 4 
shows that the driving force B would fall to 
3-62. However this would still not enable the 
water system to compete with carbon; moreover 
the system envisaged would be almost impossible 
to control. 

Solution (b). When radiation is accounted for. 
Radiation from a water surface at 212°F is 
probably negligible; not however that from 
carbon at more than 7500°F abs. We shall now 
consider the effect of radiation from the carbon, 
supposing it to be at the black-body rate given 
by: 


(42) 


— 


Stefan’s Constant = 0-1713 
(Btu/ft#h (°F abs.)*): 


Ts = absolute temperature of surface 
(°F abs.). 


where o 


To proceed further, we have to be able to 
calculate absolute values of the mass transfer 
rate. Let us suppose that dug/dx in the vicinity 
of the stagnation point has the reasonable 
value of 1-8 10% and that the product 
pa has the value 1-5 x 1b3,/ft*h. Then 
pq dug/dx) is equal to: 164 Ib,,/ft®h. 
Thus if the driving force B were 0-39, the mass 
transfer rate would, according to Fig. 22, be 
0-29 « 164 = 47-6 lbp/ft?h. 

Now at a temperature of 7500°F abs., evalua- 
tion of equation (42) shows that the radiative 
heat flux is 5-28 10° Btu/ft?h. Therefore the 
reduction in the enthalpy of the transferred 
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substance due to radiation is 5-28 x 10°—47-6= 
1-11 x 10° Btu/Ibm. Evidently our assumption 
that states O and T are identical was unjustified. 
The surface temperature now has to be found 
by the trial and error procedure outlined in 
Section 2.2. A quick calculation of this character 
shows that it must be about 5500°F abs., and 
that the corresponding driving force, B, is 0-174. 

We conclude that in this case the radiation 
from the carbon surface results in a lowering of 
the surface temperature of more than 2000°F, 
and a reduction of B from 0-39 to 0-174. The 
latter effect is the more important, for it means 
that the weight of the heat-shield material is 
approximately halved: carbon is now about ten 
times as good as water in protecting the missile. 
Incidentally, it should be noted that B = 0-174 
corresponds to a location of S on the upper 
vertical portion of the S-line of Fig. 9: carbon 
vapour is absent from the S-state, and carbon 
monoxide is the only oxide. 

Reaction-kinetic effects. The calculations just 
made have assumed equilibrium to prevail at 
the surface, in concluding the discussion of this 
problem, let us examine whether the assumption 
is reasonable. 

Reference to the conclusions of Section 3.1 
above confirms that the assumption is reasonable 
in the case of water vaporization. Reference to 
Section 3.2 shows that the assumption is also 
reasonable for carbon combustion if the 
following quantity is considerably less than 
unity: 

« 
(27 Kox, s) exp Ts). 


PS Gox, 
Now in our problem we have: 
g ~~ 160 lbm ft?h; 
kox, s 1:25; 
0-008 Ib», ft’: 
as ~9 x 10° ft/h; 
5500°F abs. 


Taking also E = 45.000 Btu/lb mole, we thus 
determine that the above expression has the 
value 0-056. 

We conclude that the rough kinetic data 
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currently available indicate that the rate of 
chemical reaction at the surface will indeed be 
fast enough for the S-state to be substantially 
in equilibrium in our example. It should be 
noted that, if more precise knowledge of the 
kinetic constants should indicate that this is not 
the case, the effect will be to reduce the driving 
force, and so the burning rate, still farther below 
the values calculated above. Anything that can 
be done to render the carbon unreactive is 
advantageous as far as reducing the heat-shield 
weight is concerned. 


5.2. Determination of the reaction-rate constants 
for carbon in air 

Problem. It is desired to establish whether the 
reaction-rate constants of a given sample of 
graphite are such as to reduce the burning rate 
below that calculated in the last example. How 
can a simple experiment be devised to determine 
this? 

This problem may be re-phrased as follows: 

Determine experimentally the value of 
{ psdox, s/\/ (2 7 kox, s)}. exp (— E/# Ts) for the 
graphite in question where 7s is around 5500°F 
abs. and the pressure is atmospheric. Then 
compare the value of this quantity with the 
expected value of the mass-transfer conductance 
g, namely 160 Ib,,/ft*h. 

Solution. The following experiment would 
suffice: 


(1) Set up an apparatus such as is shown in 
Fig. 2, with the graphite in question as the 
specimen of reactive material. The gas 
emerging from the nozzle should contain 
oxygen. 

(ii) Adjust the temperature and oxygen 
content of the gas stream, the temperature 
of the surroundings with which the re- 
active surface is in radiative communica- 
tion, and the supply temperature of the 
graphite, so that the surface temperature 
is in the neighbourhood of 5500°F abs. 
(measured optically, or calculated using 
the techniques of the present paper). 

(iii) Vary the conductance g by changes to the 

flow velocity of the gas and the diameter 

of the nozzle, and measure the corres- 

ponding variations of burning rate. g 
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should be increased to well above the 

value to be encountered in the full-scale 

operation, viz. about 160 lb,,/ft*h. 
(iv) Qualitative interpretation. If the burning 
rate m’’ remains proportional to g 
within the whole range of measurement, 
the chemical reaction rate can be regarded 
as sufficiently fast to impose no limita- 
tion on the burning rate, the S-state is in 
equilibrium as postulated in Section 5.1. If 
m’’ increases less rapidly than g, on the 
other hand, reaction-kinetic limitations 
are present. 
Quantitative interpretation. Knowledge of 
m''/g, i.e. of the driving force B signifies 
knowledge of the point at which the 
S-line crosses the isotherm in question 
on the A-f diagram, and hence, mox, s. 
Insertion of this quantity in equation (33), 
or a modification thereof, leads to a 
solution of the problem. 


(Vv 


Discussion. The ways in which the suggested 
procedure can be modified and extended are too 
numerous and obvious to be worth enumerating 
in detail. However the following remarks might 
be noted: 


(i) If it is not possible to detect reaction— 
kinetic effects at the temperature specified, 
it may be desirable to lower the surface 
temperature until such effects are measur- 
able. Indeed it will normally be 
advantageous to pursue the investigation 
to the point at which it is possible to 
specify the activation energy and the 
dependence of the burning rate on 
Mox, s. The relation between 71’, mMox, s. 
and 7s may fit the framework of equation 
(31) or it may not; only experiment can 
decide. 

(ii) However, provided that a satisfactory 
theoretical framework exists, it is nor 
necessary to duplicate full-scale (i.e. heat- 
shield) conditions in order to obtain 
the desired information. This is perhaps 
the most useful lesson which can be 
learned from consideration of the present 
example. 

(iii) It is important to ensure that, if the 
diffusion flame burning carbon monoxide 
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and oxygen exists in the full-scale, it 
should also exist in the laboratory test. 
This can be ensured by having a 
sufficiently hot gas supply. The presence 
of a small amount of water vapour in the 
supply stream will probably also be 
helpful. 


5.3. Analysis of an experiment with ammonium 
perchlorate and methane 

Problem. In an apparatus such as that shown 
in Fig. 2, the reactive solid material is ammonium 
perchlorate and the gas stream consists of 
methane at atmospheric pressure and tempera- 
ture. In a particular experiment,* the following 
measurements are made: 


Ux 1093 cm/s: 
D 0-95 cm: 
= 0-1 g/cm* s. 


Determine the mass transfer driving force B, 
and comment on whether the burning rate is 
primarily controlled by the  deflagration 
characteristics of the solid propellant or by the 
properties of the methane stream. 

Solution. Tables of gas properties show: 
g?/cm# s. 


— 


pps 2:1 
Hence, and from equation (2) and the data: 


(up dug/dx) = 1-55 g/cm? s. 


and 
(yp dug/dx) 6°45. 


Inspection of Fig. 22 shows that this ordinate 
occurs at a value of the abscissa lying right off 
the scale. We can merely conclude that the 
driving force B is greater than, say, 30. 

As to whether the deflagration or the 
boundary-layer processes are dominant in this 
situation, we can make the following deductions: 


(i) Since B is large, fs is close to unity. 

(ii) Therefore, since fs must be considerably 
in excess of fy, for a finite surface 
pyrolysis rate with an _ endothermic 


* Performed by Dr. R. Friedman, Atlantic Research 
Corporation Alexandria, Va. (Private communication.) 
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(1) + (2) reaction, the line marked (iil) in 
Fig. 19 must be steep. 

(iii) Consequently the quantity 7», which 
measures the effect of the boundary- 
layer-induced enthalpy gradient on the 
(2) +(3) deflagration, and which is 
equal to the ratio of the slope of the 
line marked (ii) in Fig. 19 to that marked 
(iii), must be very small. 

(iv) We conclude that the boundary-layer 
phenomena are not greatly influencing 
the burning rate.* 


6. CONCLUSIONS 
(a) Mass transfer processes in which thermo- 
dynamic equilibrium does not prevail 
adjacent to the phase interface can be 
analysed by the same methods as those 
processes for which equilibrium does 
prevail; any differences in the situations 
are accounted for by a shift of the location 
of the line on the enthalpy-composition 
diagram which represents the mixture 
states adjacent the interface (S-line). 
(b) Whereas a single S-line represents the 
equilibrium situation (for a given pressure), 
a family of S-lines has to be considered for 
the non-equilibrium situation; the para- 
meter is a dimensionless quantity (Kyap, 
Kox. Kpyr. etc.) measuring the ratio of the 
magnitude of the mass-transfer conduct- 
ance to a molecular flux. 
When the phase change is a_ physical 
process, without chemical transformations, 
it appears that departures from equilibrium 
are only likely to occur under conditions 
such that the molecular mean free path 
is of the same order of magnitude as the 
apparatus dimension. 
(d) When the phase change involves a chemical 
reaction, as in carbon combustion or 
ammonium chloride pyrolysis, deviations 


— 


(c 


+ Friedman’s data indeed show that increases of 
methane blowing rate scarcely affect the burning rate. 
However reductions of methane rate do reduce m”; 
indeed the ammonium perchlorate will not burn at all 
at 1 atm in the absence of methane. The explanation 
is probably that, at low pressure, radiation loss becomes 
important; specifically, radiation makes the T-state 
depend on m”’ and so makes the interactions morecomplex 
than would appear from the discussion of Section 3.4. 
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from equilibrium can be large at low 
temperatures. 

The methods of analysis can be extended 
to situations such as the burning of 
ammonium perchlorate in a fuel gas 
stream, where a gaseous deflagration takes 
place in addition to the surface pyrolysis 
and a_ gaseous diffusion flame, by 
incorporation of some results of the 
theory of flame propagation in the presence 
of an enthalpy gradient. 

f) The prediction of the mass transfer be- 
haviour of materials under conditions of 
re-entry of the earth’s atmosphere can be 
easily made provided that the appropriate 
thermodynamic and kinetic data are 
known. The latter can be determined 
from measurements made in laboratory- 
scale apparatus and interpreted through 
mass transfer theory. 
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MASS TRANSFER THROUGH LAMINAR BOUNDARY 
LAYERS—3. SIMILAR SOLUTIONS OF THE 
b-EQUATION 


D. B. SPALDING and H. L. EVANS 
Imperial College of Science and Technology, London, S.W.7 


(Received May, 1960) 


Abstract—As a preliminary to the presentation of general methods of mass transfer rate prediction, 

to follow in later papers, a study is made of the “similar” solutions of the differential equations 

governing the distribution of an arbitrary conserved property. The solutions available in the literature 

are collected. New solutions are presented valid for a two-parameter family of velocity distributions. 

It is shown that these suffice for the approximate prediction of the dimensionless conductance for a 
wide range of the variables: Prandtl/Schmidt number, Euler number, and driving force. 


Résumé—A titre d'introduction a la présentation des méthodes générales d’évaluation du transport 

de matiére qui doit suivre dans les prochains articles, on a fait ici l'étude des solutions “‘similaires” 

des équations différentielles régissant la distribution d°’une propriété arbitraire qui se conserve. Les 

solutions fournies par la littérature ont été réunies. De nouvelles solutions, valables pour une famille 

de distributions de vitesses 4 deux parameétres sont présentées. On montre qu’elles suffisent pour une 

prévision approximative de |’évolution d’un grand nombre de variables: nombres de Prandtl, Schmidt, 
Euler et force dynamique. 
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Zusammenfassung—Als vorlaufiges Ergebnis spater folgender Arbeiten Uber allgemeine Methoden 1961 
zur Bestimmung des ubertragenen Stoffanteils, wird von ,,ahnlichen* Losungen der Differential- 
gleichungen berichtet, die massgebend sind fiir die Verteilung einer beliebigen Erhaltungseigenschaft. 
Aus der Literatur verfiigbare Losungen sind zusammengestellt. Die Giltigkeit neuer Lésungen wird 


; fur eine zweiparamentrige Gruppe der Geschwindigkeitsverteilungen gezeigt. Diese Lésungen reichen 
” aus, das dimensionslose Verhalten fiir einen grossen Bereich der Veranderlichen: Prandtizahl, 
Schmidtzahl, Eulerzahl und der treibenden Kraft angenahert vorauszusagen. 

paccMoTpeHie OONUIX pacuéTa CKOPOCTH MaccoOOMeHa, OCHOBAHHBIX Ha «10 00HbIX» 


Tpit CemeiicTRa CKOpocTH B 

norpaHHyHom coe. 4YTO OHM Gespas- 

MepHoro ToTOKa IA NepeMeHHHIX: Ipanyran, WiMugra, Jiinepa 


NOTATION f Dimensionless stream function 
b = Dimensionless conserved property (equation 8), (—); 
(equation 23), (—):; fo = Value of f at interface (equation 12). 
Gradient of adjacent to the interface (—); 
(equation 26), (—): = Dimensionless velocity gradient at 
a B = Driving force for mass transfer (equation interface (equation 48), (— ): 
24), (—); = Dimensionless measure of at 
C = A constant (equation 6), (various); interface (equation 48), (—): 
Fs c, = Drag coefficient (section 5.2), (—); G =Total mass flux vector (equation 1), 
a Eu = Euler number (equation 44), (—); (lb»,/ft?h); 
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g = Mass-transfer conductance (equation 
31); (bm/ft?h); 

g* = Value of g for B = 0 (equation. 57), 
(Ibm/ft?h) ; 

] = Integral expression (equation 51), (— ); 

J =A coefficient (equation 52), (— ); 

K =A coefficient (equation 53), (—); 

k = A constant, taken equal to zero in bulk 
of paper (equation 20), (— ); 

m’’ = Mass transfer rate per unit interface 
area (equation 4), (Iby,/ft*h); 

n == Exponent (equation 6), (—); 

Nu = Nusselt number (equation 46), (— ); 
P = Any conserved property of the second 
class [1] (equation 1), (various); 

Re = Reynolds number (equation 46), (— ); 


u = Velocity component parallel to interface 
(equation 5), (ft/h); 
v == Velocity component normal to inter- 


face (equation 5), (ft/h):; 
W = Curvature parameter containing 4, 
(equation 63), (—): 


X = Curvature parameter containing 4, 
(equation 60), (—): 

Y = Parameter measuring rate of growth of 
4, (equation 61), (— ): 

Z = Parameter measuring rate of growth of 
A, (equation 62), (— ): 

x = Distance along interface in main-stream 


direction from start of boundary layer 
(equation 5), (ft); 

y = Perpendicular distance from interface 

(equation 4), (ft); 

A constant (equation 9), (— ); 

y = Exchange coefficient (= diffusion co- 
efficient = fluid density, or thermal 
conductivity — specific heat at constant 
pressure) (equation 1), (lbm/ft h); 

- “A” thickness of the velocity boundary 


= 
layer (section 5.1), (ft); 

6, = Momentum thickness (ft): 

4, = Convection thickness (equation 38), (ft); 

4, = Conduction thickness (equation 33), (ft); 

» = Dimensionless space co-ordinate 
(equation 8), (—): 

y = Dynamic viscosity of fluid (equation 
32), (lbm/ft h); 

v == Kinematic viscosity of fluid (equation 


46), (ft?/h); 
== Density of fluid (equation 5), (Ibm/ft*); 
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o = Prandtl or Schmidt number (equation 
17), (—); 

é =A function of 7 (equation 18), (— ); 

w = Variable proportional to » (equation 
(—); 

Subscripts 

G = denotes fluid state in main-stream: 

S = denotes fluid state adjacent interface; 

T =denotes fluid state in_ transferred 
substance; 

0 = denotes interface. 


Also prime ’ denotes differentiation with 
respect to 7. 


1. INTRODUCTION 

1.1. The standard problem of mass transfer theory 
THIS paper is the third in a series devoted to 
methods of predicting mass transfer rates 
through laminar boundary layers. The first two 
papers have been concerned with how the mass 
transfer through the phase interface affects the 
velocity distribution in the boundary layer; 
in these papers the rate of mass transfer was 
supposed known. We now turn to the main 
question: How is the mass transfer rate to be 
calculated ? 

A fairly general answer to the question has 
been given in a recent paper in this journal [1]: 
it is that the prediction of a steady mass transfer 
rate involves the solution of the equation: 


G .(VP)—Viy(V P)} =0 (1) 

with boundary conditions: 
in main-stream: P = Pg (2) 
in fluid at interface: P = Ps (3) 


and 
ly 


Ps — Py (4) 


Here P is any conserved property, e.g. enthalpy 

(Btu/lbm) or mass fraction of a 
chemically inert mixture component; 

G is the local total mass flux vector 

y is the local exchange coefficient 
(diffusion coefficient times mixture den- 


a 
1. 
. 
: 
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sity, or thermal conductivity divided 
by specific heat at constant pressure) 
(lbm/ft h); 

mm” is the mass transfer rate, i.e. the compo- 
nent of G normal to the interface and 
directed towards the bulk of the fluid 
ft"h); 

’ is the distance co-ordinate normal to the 
interface which is zero at the interface 
and positive within the fluid (ft); 

P. is the value of P within the main-stream 

(outside the boundary layer): 

Ps is the value of P in the fluid immediately 

at the interface; 

Py is the value of P in the transferred 

substance, a concept which is discussed 


in [1]. 


Equation (1) does not stand alone, but must 
be solved simultaneously with the equations of 
momentum and continuity which govern the 
motion of the fluid; for G must be known as a 
function of position if (1) is to be solved for P. 
It is the latter equations which formed the 
subject of Papers | and 2 of the series [2, 3]. 

The present paper begins the discussion of 
equation (1) for the particular circumstances 
of the laminar boundary layer. 


1.2. An appreciation of the mathematical problem 

Equation (1) is a partial differential equation, 
the exact solution of which will ordinarily 
require extensive numerical work. Coupled with 
the fact that the momentum equation is of the 
same nature, this difficulty renders the obtaining 
of exact solutions an uneconomic task in most 
circumstances. 

In Paper 1 it was shown how the difficulty 
with the momentum equation has been resolved 
for laminar boundary layers by the introduction 
of approximate methods which greatly reduce 
the labour of computation but still give accept- 
able accuracy in most circumstances. Corres- 
ponding approximate methods exist for equation 
(1) also. 

The approximate method of Paper | involved 
the use of auxiliary functions, which were 
derived from a family of exact solutions of the 
equation of the velocity boundary layer: the 
latter are the so-called “similar” solutions, 
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which were discussed in Paper 2 of the present 
series. It will therefore not be surprising to 
find that “similar” solutions of equation (1) 
perform an equally important role in the approxi- 
mate methods of solving this equation. 

The mathematical problem therefore has at 
least two important aspects; one of them 
concerns the obtaining of the family of similar 
solutions; the other concerns the use of the 
resulting functions in a general method of mass 
transfer prediction. 


1.3. Purpose and outline of present paper 

In Paper 1 we presented the approximate 
method for calculating the velocity boundary 
layer, and deferred until Paper 2 the detailed 
discussion of the functions derived from the 
similar solutions. In dealing with equation (1) 
however, the reverse procedure is more con- 
venient. The present paper is therefore devoted 
to the similar solutions of equation (1) under 
laminar boundary layer conditions, and to the 
presentation of the important functional 
relationships. The use of these functions in the 
solution of the general problem of mass 
transfer prediction will be dealt with in 
subsequent papers. 

It follows that the present paper is only of 
background interest to those readers who merely 
want to know /ow to calculate mass transfer 
rates. The paper is chiefly valuable to those who 
wish to know wiry and under what circumstances 
the procedures which are recommended in 
subsequent papers may be expected to work 
well. 

In discussing the “similar solutions”, we shall 
present a compilation of all the relevant data 
which we could find in previously published 
exact solutions. We shall then augment these 
data by Tables calculated by us. 

In Section 2, we have presented the 
mathematics of the similar solutions at some 
length. Although the treatment is novel only in 
detail, we feel that the extended treatment is 
justified by the absence of any single appropriate 
publication to which we could refer. We have 
paid particular attention to the provision of 
formulae permitting transformation from one 
type of notation to another. 

Section 3 contains the compilation of already 
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published data, while Section 4 contains our own 
contributions. We provide graphs, e.g. Figs. 5, 
6 and 7, which display some of the new data 
and permit comparison with the old. 

Finally, Section 5 contains two re-presentations 
of the new solutions which will serve as the 
auxiliary functions in general approximate 
methods to be presented in later papers in the 
series. 


2. THE MATHEMATICS OF THE 
SIMILAR SOLUTIONS 
2.1. The laminar-boundary-layer equation and 
boundary conditions 
We restrict consideration to two-dimensional* 
laminar boundary layers with uniform material 
properties. Using a rectangular co-ordinate 
system, the basic equation (1) now reduces to: 


=0 (5) 


where p = fluid density, assumed uniform 

(Ibm/ft*); 

x = distance along interface in flow 
direction (ft); 

y = distance from interface into fluid (ft); 

u = velocity component in x-direction 
(ft/h); 

v = velocity component in y-direction 
(ft/h). 


The “similar” velocity distributions. We have 
already established, in Paper 1, that a condition 
for the existence of “similar” velocity profiles 
is that the main-stream velocity u obeys the 
relation: 


dug 
dx = Cug (6) 


where C and n are constants. 
Under these conditions, the same reference 


implies that: 


u=uef’ (7) 


 * The resulting solutions are relevant to axi-symmetrical 
flows also, by reason of the existence of the Mangler 
transformation, as explained in Paper 1 of the present 
series. 
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and 


4 
dx 
where f’ = df/d »; 


y= 


1/2 
@-)+N 


/ 


f is the dimensionless stream function 
which depends only on »; 

» is the dimensionless distance co- 
ordinate, namely y{(dug/dx)/vB}? 

v 18 the kinematic viscosity of the fluid 
(ft?/h); and 

8 is aconstant related to n by: 


B = 1/(1 — n/2). (9) 


Inserting these relations in equation (5), there 
results 


dug OP .,_(¥ | 
B dx. 
oP y @P 
(nf (8B — 1)+-F} 0. (10) 
Meanwhile, the definitions imply: 
m'’ = pus (11) 


while, because » equals zero at the interface 
(S-state, equation (8)) implies: 


d 


where f, is the value of fat » = 0. 
These two relations enable the boundary 
condition (4) to be rewritten for a similar velocity 


layer as: 


=) y (eP/ey)s 
Now, since 
(duc 
= yp /-—— 
7 — dx (14) 


we can write: 


(due 
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Combining (15) with (13), there results: 


pv Ps Pr 
> (16) 
l on)s 
o Ps—Pyr J 
where o = pr/y. (17) 


Clearly o stands for the Prandtl number if 
/ represents the thermal conductivity divided 
by specific heat; it stands for the Schmidt 
number if y represents a diffusion coefficient 
multiplied by the mixture density. Which is 
appropriate depends of course on the nature of 
the conserved property represented by P [1]. 

Now it will be recalled from Paper | that, if 
the velocity profiles are to be similar, as has 
been postulated, f, has a constant value for a 
given boundary layer. We therefore deduce 
from equation (16) that, since o is also a constant 
for a given fluid, (¢P/@y)s must be proportional 
to Ps Pr. 

Conditions for similarity of P-profiles. So far 
we have not required that the P-profiles in the 
boundary layer should be geometrically similar 
to each other at successive stations downstream. 
We now introduce this restriction by making the 
postulate: 


P — Pg = (Pr — Ps). (18) 
where 


d() stands for some function of », and 


Py; — Ps may in general be a function of the 
stream velocity Ug. 


Equation (18) satisfies the requirement de- 
duced in the foregoing section from the boundary 
condition (16). It also satisfies the requirement, 
characteristic of all boundary layer flows, that 
the value of thé conserved property in the 
main-stream, namely Pg, is independent of 
downstream distance. 

Insertion of (18) in the differential equation 
(10) leads to: 


Bf d 


where ¢’ stands for dé/dy and for 


Equation (19) is an equation with only one 
independent variable provided that the term 


uG 


Pr — Ps due ~ 


is a constant. 
The condition for the validity of the similarity 
requirement (18) is thus: 


UG d 
Pr a Ps dug 


The differential equation then becomes: 
+ — kBf' =0. (21) 


The boundary condition (16) meanwhile reduces 
to: 


(Py — Ps) = const. = k (say). (20) 


— fo = (¢'),/¢ (22) 


suffix 0 again indicating evaluation at the inter- 
face, sometimes called the “wall”, where » = 0. 

Further restriction of the scope of the inquiry. 
Very few exact solutions have been derived for 
values of k different from zero [4]. Moreover, 
they have all been obtained for the case B = 0 
(significance explained in [1] and below): they 
are thus of relatively minor importance in mass 
transfer studies. 

The experimental circumstances under which 
the properties of the fluid adjacent to the inter- 
face and of the transferred substance, Ps and 
Py, both vary so as to obey equation (20) will 
be very rare in practice. We have therefore 
restricted consideration to the case in which 
Py — Ps is independent of downstream distance 
(i.e. of ug). Thus we take k = 0 in all further 
studies. 

Inspection of equation (18), evaluated for the 
interface, reveals that, since Pg is a constant, 
both Ps and Py must be constants. The physical 
interpretation of this varies according to the 
circumstances: if P is enthalpy, for example, we 
deduce that not only must the wall temperature 
remain uniform, but the heat transferred through 
the S control surface [1] per unit of mass 
transferred must also be uniform. 

Since Ps and Py are now to be considered as 
uniform, we can introduce the notation 
developed for this case in the paper just referred 
to. We then have: 
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_ Po — Ps 
-4) (23) 
and 
= Pg Ps 
B=bg= (24) 


The differential equation (21) therefore reduces 
to 


b” + =0 (25) 


with boundary conditions: 


at 7 =0:b=0,b' =b' = —of, 
0 Jo (26) 
a @:6 = & 


The mathematical problem which we have to 


solve is thus specified by (25) and (26), wherein f 


is of course a function of », obtainable from the 
solutions summarized in Paper 2, while the 
prime indicates differentiation with respect to ». 
We shall refer to equation (25) as the “similar” 
b-equation. 


2.2. Solving the “similar” b-equation 

The solution of equation (25) presents no 
difficulties; for, provided fis regarded as known, 
the equation is linear in 5. The steps in the 
solving procedure, first devised by Pohlhausen 
[5] for the case B = 0, are as follows: 

(i) By use of the integrating factor exp {fof dn}, 
equation (25) may be integrated; there results: 


b’ = const. exp {— |" o f'dy}. (27) 


Clearly the constant in (27) must equal 5, the 
value of the b-gradient at the wall. 

(ii) Making this insertion, and carrying out a 
further formal integration, we obtain 


b=b, (28) 


in which the boundary condition: 5 =O at 
7, = 0 has already been inserted. 

After insertion of the boundary condition: 
bh = B at » = o, and further rearrangement, 
equation (28) yields expressions for the wall- 
gradient, namely: 


by = exp {— dn} dy (29) 
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and for the b-profile, namely: 


b {— of dn} dy (30) 
B exp {— a f dn} dy i 

It is with the former quantity that we shall 
chiefly be concerned. 

Discussion. It will be noted that (29) and (30) 
can be evaluated by quadrature once f(y) and 
o have been specified. This is a simple computa- 
tional task. 

The relation: b; -of,, has not yet been 
used; it is evidently not so much a boundary 
condition as a compatibility requirement between 
the b-profile and the f-profile from which it is 
deduced. The consequences of the requirement 
will appear below (Sections 2.4 and 4.4). 


2.3. Relations between the solution of the equation 
and quantities of physical significance 

Before discussing the evaluation of (29), we 
shall examine its relation to quantities which are 
used in more general mass transfer problems. 
These are: the mass-transfer conductance, g, 
and certain boundary-layer thicknesses. In 
addition, the opportunity will be taken to make 
connexion with quantities which conventionally 
appear in discussions of the similar solutions. 

The mass-transfer conductance, g. Following 
Spalding [1] we define a conductance g by the 
“Ohm’s Law” relation, 


m’=g. B. (31) 


The quantity g has the dimensions of Ibm/ft®h 
and is equal to the mass velocity of the main- 
stream multiplied by the Stanton number. 
From comparison of equation (31) with 
equation (11), (12), and (26), there results: 


b’ 
g/(u p dug/dx)' B (32) 


Comparison of equations (32) and (29) indicates 
how the conductance g can be deduced from 
the solution of the b-equation. 

The conduction-thickness, It is often 
convenient to use the concept of “boundary- 
layer thickness” in solving mass transfer prob- 
lems. As with the velocity boundary layer, 
many definitions are possible, and several are 
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convenient. The first of these is 4, (the notation 
is that of Smith and Spalding [17]), defined by: 
A, = B\(éb/éy)s. (33) 


Clearly 4, is the distance at which a tangent to 
the b-profile at the interface intersects the line 
of maximum-b (Fig. 1). 


Interface 


~b-profile 


Fic. 1. Illustrating the relation of the “conduction 
thickness”, 4, to the variation of b norma! to the wall. 


To relate 4, to other physical quantities and 
to the quantities derived from solution of the 
equation, we merely have to invoke the defini- 
uon of » (see equation (14)). There results: 


A, {(dug/dx)/v}"? = BY2B/b’. (34) 


Three further relations involving 4, are worth 
establishing. The first is obtained simply by 
squaring equation (34); there results an expres- 
sion of a form which has proved to be useful 
in Paper 1, namely: 


(35) 


Since, for similar boundary layers, we also 
have 


dug 
Cug (6) 
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it is possible to deduce from (35) that: 


UG dA? B 2 

The expression on the left-hand side of 
equation (36) is a measure of the rate of growth 
of the boundary-layer thickness; it will be 
found useful in approximate methods for 
predicting mass transfer rates. 

The third relation involving 4, is that which 
links it to the conductance, g. The definitions 
are readily seen to imply: 


g4,/y = 1. (37) 
This relation permits evaluation of g once 4, 
has been deduced from a_ boundary-layer 
analysis. 

The convection-thickness, 4,. Another con- 
venient definition of a thickness of the boundary 
layer of b is: 


A, = (u/ue) — dy. (38) 


This definition implies that the quantity pug B4, 
measures the convection flux along the boundary 
layer of the property 5, measured below a 
base-value which prevails in the main-stream. 
4, is thus the analogue of the momentum thick- 
ness of the velocity boundary layer: we shall 
call it the “‘convection-thickness’”’. 

In relating 4, to quantities appearing in the 
solution of the differential equation (25). we 
firstly introduce f’ and » into (38), obtaining: 


A, {(dug/dx)/v}? = f’ (1 — b/B) dy. (39) 
We then note that equation (25) can be integrated 
once formally to give: 
+ {[ fol, — f'b dn} = 0. 
Taking infinity as the upper limit, where b = B 
and b’ = 0, and noting that f« can be written 
as fy + [2 f’dn, equation (40) becomes: 
= Bi fo + — 
Finally we may eliminate the quadrature expres- 
sion between equations (39) and (41) and replace 
o fy by — bj. There results: 
+ B) 5, 


(40) 


(4)) 


A,{(dug/dx)/»}"? = (42) 


which is the desired relation. 


= 
/ 
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The final relation involving 4, which we shall 
derive is that giving the ratio of boundary-layer 
thicknesses, 4,/4,. This is obtained from (42) and 
(34), and is: 
4, (1+ 8B) 
3) (43) 
Relation to other quantities appearing in the 
literature. Solutions of the similar laminar- 
boundary-layer equations appearing in the 
literature are usually presented in terms of the 
distance x of the point in question from the start 
of the boundary layer. We here list, without 
comment, some relations which will enable 
quantities expressed in these terms to be trans- 
lated into the present terms, and vice versa: 


Eu - B/(2 B) 
= 1/(1 — n) (44) 
where 


Eu = Euler number, i.e. the exponent in the 
relation between ug, and x, namely 


ug (45) 

= be (2— By’? B 
= [{(2/B) — 1} {(43/v) (dug/dx)}}? (46) 


A/xug\!? 

= [{(2/8) — 1} {(4?/v) (dug/dx)}] 
(47) 

where 


Nu = Nusselt number: 
Re = Reynolds number; and 
A without suffix stands for either 4, or 4,. 


It should be noted that some of the expressions 
in (46) and (47) become indeterminate for 8 = 0, 
i.e. when wg is independent of distance. It then 
becomes preferable to replace 


{(2/B) — 1} {(4?/v) (dug/dx)} 
by 
{(2 — )/2(1 — B)} {(ue/») (d4?/dx)}. 


2.4. Procedure for obtaining particular solutions 
It is clear that, whatever the form in which 
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the solution is to be presented, the quadrature 
of (29) has to be evaluated. This equation there- 
fore represents the key step in obtaining the 
solution. We now indicate the order in which the 
necessary steps may be taken. 

We suppose that f and o are given values and 
that it is desired to obtain values of the mass 
transfer conductance for various B values. The 
following procedure suffices: 

(i) From the similar solutions of the velocity 
equation, seek out the one-parameter family of 


f(y) functions corresponding to the f in question. 


The parameter is /. 

(ii) For the particular o in question, evaluate 
the quadrature of (29), thus obtaining b)/B as a 
function of fo. 

(iii) For each value of fo, evaluate 5) from the 
boundary condition (26). 

(iv) Combining the results of steps (ii) and 
(iii), tabulate and for various B. Then 
use equation (32) or the appropriate one of the 
subsequent equations, for expressing g, 4,4, 4p, 
etc., as functions of B. 


3. SURVEY OF EXISTING SOLUTIONS OF THE 
“SIMILAR” b-EQUATIONS 

3.1. Tabulation of solutions 

Evaluations of the quadrature appearing in 
(29) have been made by numerous authors. 
Most of these, starting with Pohlhausen [5], 
have been concerned with the particular case 
in which the mass transfer is negligible (i.e. 


fo = 0, B = 0). More recently however, solutions 


have been published which are valid for non- 
zero B although that quantity has admittedly 
not often been calculated explicitly. We have 
collected all the published solutions which we 
were able to find and present quantities derived 
from them in the following tables. 

The tabulated quantities are o, B, 
(A2/v) (dug/dx) or (ug/v) (d43/dx), and four 
quantities termed X, Y, Z, and W; the latter 
quantities will be discussed below (Section 5.2). 

Table 1. B = 0, various o and B. These data 
have been derived from the solutions published 
in the pioneering papers of Pohlhausen [5], and 
of Eckert [6]. They are valid for heat transfer 
in the absence of mass transfer, or for mass 
transfer with very small driving forces. The data 
of Pohlhausen hold for 8 = 0, i.e. for the flat 
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Table 1. Exact solutions of the b-equation: B = 0 
bo A? duc 
B a B XxX Y References 
—0-14 0:7 0:3698 —1-0238 —1-5807 49727 —0-8682 0-8238 ) 
0-8 03865 —0-9372 —1-5124 49778 —0-8302 0-8234 
1-0 04160 —0-8090 —1-4052 49902 —0-7704 0:8224 \ Eckert [6] 
5-0 0-698  —0-2874 0-8375 5-2820 —0-4463 0:7993 
10-0 0-871 0-1845 06711 5-4369 —0-3525 0-7879 
0-0 0-1 0-1953 0 0 9-4561 0 0-5974 ) 
0:5 03664 0 0 7-1590 0 0-6866 
0-6 03915 0 0 7-0416 0 0-6923 
0:7 0-4139 0 0 69555 0 0-6966 
0:8 0-4340 0 0 68925 0 0:6998  Pohlhausen [5] 
0-9 04526 0 0 6-8401 0 0-7024 >with accuracy im- 
1-0 0:4696 0 0 68024 0 0:7044 proved by Merk [20] 
0-4856 0 0 6-7650 0 0-7063 
7-0 0-9135 0 0 64681 0 0-7224 
10-0 1-0298 0 0 64508 0 0:7233 | 
15-0 1-1796 0 0 64372 0 0:7241 
0-2 0:7 0-4444 1-0127 0-6552 8-2179 0:2799 0:6409 > 
0-8 0:4670 09171 0-6235 8-0933 0:2684 0-6458 
1-0 05068 0:7787 05745 7-9154 0-2501 0-6530 
5-0 0-898 0:2480 03242 7-1142 0-1489 0-6888 
10-0 1-141 0-1536 0-2552 6-9363 0-1187 0-6976 
0:5 0:7 0-4705 2:2587 11455 9-3523 0-4588 0-6007 
0-8 04951 2-0398 1-0886 9-1729 0-4402 0-6066 
1-0 0-5390 17211 0-9999 8-8866 0:4108 0-6163 
5-0 0-970 05314 0-5556 7-6235 02465 0-6654 
10-0 1-240 03252 0:4346 7-2984 0-1971 0-6800 
}Eckert [6] 
1-0 0:7 0-4959 40664 16360 10-6129 06151 0-5639 
0-8 0-5225 3-6629 1-5527 10-3693 0-5906 0-5705 
1-0 0-5704 3-0736 1-4223 9-9627 0-5519 0-5820 
5-0 1-043 0:9193 0:7778 8-1475 0-3338 0-6436 
10-0 1-344 05536 06036 7-6158 0-2679 0-6657 
1-6 0:7 0:5144 60467 2:0450 11-7331 0-7312 05363 
0:8 0-5430 5-4265 1:9373 11-4001 0-7027 0-5441 
1-0 05937 4-5393 1:7718 10-9023 0-6572 0-5564 
5-0 1-098 13271 09581 8-6177 0-3997 06258 
10-0 1-416 0:7980 0-7429 8-0357 0-3210 0-6481 


plate; those of Eckert hold for non-zero values 


of 


Table 2. 8 =0, various co. The values con- 
tained in this table have mainly been deduced 
from the paper by Mickley, Ross, Squyers and 
Stewart [7], which represents the most extensive 
single source of exact solutions of the “similar” 


b-equations with non-zero B. Since 8 = 0 for 
these solutions, the underlying f(») relations are 
those for the flat plate in a uniform stream; we 
therefore tabulate (ug/v) (d42/dx) rather than 
(43/v) (dug/dx), since the latter quantity is 
zero throughout. 

Only for o = | have data other than those of 
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0-7 


0-8 


0-071376 
0-13562 
0: 19365 
0-24623 
0-29402 
0-33758 
0-37739 
0-41386 
~ 044735 
0-47817 
053286 
0-57973 
0-62018 
0-65531 
— 068600 


Table 2. Exact solutions of 
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the b-equation: 8 = 0 


LAYERS—3 


B 


0-1573 
0-2333 
0-3917 
0-5582 
0-7314 
0-9107 
1-4757 
2:2687 


0-0731 
O-1517 
0-2349 
0-4137 
0-6067 
0-8089 
1-0199 
1-6846 
2-6170 


0-0647 
0-1455 
0-2350 
0-4342 
0-6522 


0-064856 
0-080462 
0-096966 
0-11430 
0-13239 
0-15119 
0-17065 
0-19074 
0-21140 
0-23262 
0-25437 
0-27660 
0-29931 
032246 
0-34603 
0-37001 
0-39437 
0-41910 
0-44418 
0-46960 
0-49534 
0-52138 
0-54772 
0-57434 
0-60123 
0-62838 
0-65585 
0-68342 
0-71129 
0-73938 
0-796195 
0-85380 
0-91213 
0-97113 
1-03077 


05076 
0-7383 
08604 
1-0094 
1-0667 


178-70 
59-592 


— 31-829 


20-226 
14-077 
10-358 
7-9090 
6°1984 
—4-9492 
—4-0059 
-3-2738 
26933 
2-2243 
1-8396 
—1-5198 
-1-2509 
1-0226 
0-82686 
—0-65785 
—0-51086 
0-38220 
0-26894 
-0-16872 
—0-079600 
0 


0-07136 
0-13562 
0: 19365 
024623 
0-29402 
0-33758 
0-37739 
0-41386 
044735 
0-47817 
0-53286 
0-57973 
0-62018 
0-65531 
0-68600 


Y 


= 


Oo 


ah tae 


—0-16627 


—0-036735 
0 


0-034070 
0-065741 
0-095244 
0-12278 
0-14853 
0-17265 
0-19528 
0-21654 
0-23655 
0:25540 
0-28998 
0-32088 
0-34863 
0-37363 
0-39624 


0-1165 


0-08755 
0-03973 


x 

17-159 

9 46336 
58951 
53844 
44111 
3-7237 
2-9238 
2-8091 
24878 
2°2241 
2-0039 
18168 
1-6565 
1-5174 
1-3957 
1-2885 
1-1937 
1-1086 
1-0325 
0-96393 
0-90191 
0-84559 
0-79429 
0-74739 
0-70439 
0-66490 
0-62850 
0-59489 
0-56379 
053496 
0-50818 
0-48325 
0-46002 
0-43834 
041807 
0-38132 
034892 
0-32026 
0-29479 
027206 


| | ug dd? 
0-6 5-171 0-08205 297-06 8-618 2-898 3-113 s 
2-023 80-87 — 3-372 — 1-297 1-745 ‘ 
0-9091 36:73 1-515 —0-6316 1-194 
0 13-03 0 0 0-6927 a 
—0-3800 6-419 0-633 03123 0-4585 
0-5800 3-738 0-967 0-4983 0-3247 ie 
| —0-6988 2-411 1-165 0-6203 02407 
| —0-8625 0-9583 1-437 08120 = 
| —0-9352 0-3886 1-558 0-9147 0-05708 
= 6:774 374-6 9-671 1 2-842 3-425 aa 
2-448 86:94 3-500 1-2597 1-8631 
1-054 36-25 1-506 —0-6085 1-2455 i 
0 11-688 0 0 0-6960 = 
0-4079 5-434 0-583 0-2945 0-4489 
0-6119 3-056 0-874 0-4664 0-3106 
0-7280 1-923 1-040 0-5776 02267 
—0-8815 0-7047 1-260 0-7459 0-1054 
0-9457 0-2939 1-351 0-8325 0-05021 a 
= 8-739 469-4 10-92 222-0 2-801 3-745 oa 
2-915 94-44 3-644 51-58 1-2301 1-982 
1-2034 36-20 1-504 21-50 0-5898 1-2961 
0 10-610 0 6-886 0 0-7001 
0:4337 4-70 05421 3-199 0-2794 04880 
0-6398 0-8842 2-558 0-7997 1-790 0-4395 0-2970 
~0-7527 1-1274 1-573 0-9409 11203 05417 0-2137 
0-8966 1-8929 0-5882 1-1207 0-4084 0-6908 0-09566 
0-9537 2-9656 0:2274 1-1921 0:1687 07650 0-04452 
0-9 11-147 0-0571 613-6 12-39 363-9 2-769 4-074 . 
3-433 0-1390 103-4 3-810 66°54 1-2063 2-103 oo 
1-359 0-2343 36-44 ~1-510 24-45 05743 1-346 
0 0-4525 9-766 0 0 07026 
0-4568 0-6965 4123 2-956 0:2666 0-4279 
0-6645 0-9577 2-181 1-5845 04162 0-2837 = 
07744 1-2328 1-316 11058 0:5100 02007 
0-9085 2-1011 04530 0-3359 0-6449 
—0-9600 3-3142 0-1821 0-1358 0-7082 
1-0 x 0 D or 
178-70 0-004748 8-8735 x 104 4 x 108 11-376 
59-592 0-013647 10-4711 10° | 805 6-3295 
31-829 0-024438 3-4490 = 108 2511 —4-4567 a 
20-226 0-036709 1-4841 = 10° 1113 3-4205 x 
14-077 0-050229 7-9271 x 102 594] 2-7457 
10-358 47549 x 10? 356 2-2639 
7-9090 3-0893 102 231 1-7304 
6:1984 2:1271 x 102 159 16126 
4-9492 1-5309 102 114-815 1-3798 
4-0059 11411 x 108 85-582 1-1866 
3-2738 98-750 65-621 —1-0234 Ri. 
2.6933 68-678 51-508 088326 
2-2243 54-976 41-229 — 076133 
1-8396 44-751 33-565 0-65536 — 
1-5198 36-959 27-720 0-56123 
1-2509 30-911 23-182 —0-47740 a 
1-0226 26-141 19-606 0-40232 iy 
082686 22-325 16-744 -0:33451 
0-65785 19-235 14-426 —0-27314 a 
0:51086 16-703 12-527 —0-21729 
0-38220 14-609 10-956 
0-26894 12-859 9-6446 0-11948 
0-16872 11-386 8-540 0-076444 a“ 
0-079600 10-137 7-6028 
0 9-06935 6-8020 | 
81513 61134 if 
7-3573 5-5180 
66667 5-0000 
6-1999 45458 
5-5328 41496 
5-0650 3-7988 
46506 3-4872 
4-28205 3-7386 
3-9531 2-9648 
3-6584 2:7438 
3-1549 2-3662 
27436 2-0577 
2-4039 1-8029 
2-1207 1-5905 
188226 1-4118 a 
~ 
7 
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Table 2 (continued) 


bi ug d4j 
B B Xx Y Z 
1-0 0-71294 1-09100 1-68027 0-71294 1-2602 0-41674 0-25170 
— 073671 1-15178 1-50762 0-73671 | 1-1307 0-43539 0-23340 
0-75779 1:21306 1-35915 0-75779 1-0194 0-45240 0-21690 
0-77654 1:27482 1-23064 0-77654 0-92298 0-46796 0-20200 
—0-79330 1-33703 1-11879 0-79330 0-83909 0-48223 0-18848 
0-85512 1-65382 0-73123 0-85512 0-54842 0-53829 0-13680 
0-89361 1-97824 0-51106 0-89361 0-383295 0-57661 0-10298 
0-91899 2-3083 0-37535 0-91899 0-28152 0-60377 | 0-079833 
0:94904 2-9803 0-22517 0-94904 0-16888 0-63851 | 0-051432 
0-96529 3-6627 0-149085 0-96529 0-11181 0-65873 0-035532 
—0-97495 43516 0-105615 0-97495 0-079212 0-67147 0-025877 
—0-99039 7:1397 0-039235 0-99039 0-029426 0-69325 0-010092 
17-713 0-:04391 1037-2 16°10 977-0 —2-917 5-084 
4-635 0-1259 126-25 4-214 109-6 1-2 2-408 
1-688 0-2304 37-684 1-534 31-39 —0-5§527 1-452 
0-4858 8-4751 0 6-758 0 0-7013 
04971 0-7823 3-268 0-4519 4-873 02391 0-3991 
0-7049 1-1034 1-643 0-6408 1-737 0-3663 0-2530 
0-8089 1-4425 0-9612 0-7354 0-7774 0-4422 0-1725 
0-9275 2-5154 0-3161 0-8432 0-1466 0-5441 0-07007 
0-9693 40128 0-1242 0-8812 0-03611 0-5920 0-03108 
1-4 34-063 0-02906 2368-0 — 24-33 4292-0 — 3-538 7-649 
0- 1067 175-6 4-969 228-8 1-264 3-037 
2-145 0-2308 37°56 — 1-532 39-76 0-5299 1-632 
2-0 116-86 0-01210 1-366 10* 58-43 8-490 10* ~ §-428 16-42 
14-300 0-07417 363-50 7-150 974-0 1-4668 4-708 
3-579 0-1976 51-240 — 1-790 90-5 0-5349 2-053 
0 0-5971 5-6100 0 6-617 0 0-6333 
0-6264 1-1288 1-5763 0-3132 1-543 0-1528 0-2734 
0-8177 1-7296 0-6686 0-4082 0-598 02135 0-1428 
08957 2:3684 0-3565 0-4478 0-3021 0-2422 0-08463 
—0-9670 4-3876 0-10389 0-4835 0-0820 02726 0-02794 
—0-9872 7:1629 0-03898 0-4936 0-02990 0-2832 0-011045 
5-0 3549-0 0-:9963 = 10° * 2014-8 10° —0-7098 5-954 « 10° —419-7 314-8 
296°35 0-008948 2498-1 — 59-27 2-168 = 10* 2-588 19-47 
19-741 0-08955 249-41 — 3-948 2-430 x 10° 0-7201 5-674 


Mickley er a/. been used; here the source is the 
paper by Emmons and Leigh [8]. Although those 
authors were primarily concerned with the 
velocity boundary layer, the differential equation 
for the latter is identical with equation (25) for 
o =1 and 8 = 0; their data, which are more 
numerous than those of Mickley et al. foro = 1, 
are therefore usable for the present purpose. 

Table 3. « =0-7, various 8. These data have 
been taken from the following papers: Brown 
and Donoughe [9], Donoughe and Livingood 
[10], Livingood and Donoughe [11], Howe and 
Mersman [12]. 

In this table (42/v) (dug/dx) has been tabulated 
in place of (ug/v) (d4?/dx). Of course, the one 
can easily be derived from the latter by way of 
equations (35) and (36). 


3.2. Graphical representation 
Most of the data contained in Tables 1, 2 and 
3 are represented graphically in Figs. 2 and 3. 


In each case the ordinate represents the quantity 
b’/B, which may be interpreted, in accord- 
ance with the foregoing equations, either as 


(2 — 8)"2Nu/4/Re 


or as 
(u pdug/dx)'?. 


The o~ is introduced into the ordinate quantity 
in order to bring the curves closer together; the 
reason that it does so will be apparent from the 
discussion which is to follow in Section 4.2. 
The quantity plotted in the abscissa is the mass 
transfer driving force B. Logarithmic paper is 
used in a manner permitting clear plotting. 
Figure 2 is valid for 8 = 0 (the flat plate; 
uniform fluid stream velocity ug) and for 
various values of o. Fig. 3 is valid for a fixed 
value of o, namely 0-7 which is a common value 
for gases, and shows the influence of 8. The 
latter quantity, it will be recalled, measures the 
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velocity gradient in the main-stream: B = } 
corresponds to the stagnation point in axi- 
symmetrical flow;* while 8 = 1 corresponds to 
the stagnation point in a_ two-dimensional 
flow. The line marked o = 0-7 on Fig. 2 is of 
course identical with that marked 8B =0 on 
Fig. 3. 

It will be noted that relatively few exact 
solutions are available from which Fig. 3 can 
be plotted; in particular, no solutions are 
available for negative values of the driving force 
B for 8 values other than zero. 


3.3. Discussion 
Figures 2 and 3 contain almost all the pub- 
lished solutions of the 4-equation, for uniform 
properties, in the Western literature, with the 
*The appropriate transformation must be made 
before the 8 = 0-5 curve can actually be used to evaluate 
g in axi-symmetrical stagnation-point flow. See Paper 1. 


exception of those which lie on the lines B = 0. 
When it is borne in mind that, for complete 
coverage, we need a graph such as that of Fig. 2 
for every value of 8 (or alternatively one like 
Fig. 3 for every value of a), it is clear that much 
remains to be done. Even the figures which could 
be drawn are seriously incomplete: thus it 
appears that no one has obtained solutions for 
negative B (condensation, suction, absorption, 
and the like) for any case but that of zero velocity 
gradient. 

Despite the paucity of the data, certain trends 
are quite clear. For example: 


(i) The ordinate quantity falls as B increases, 
and rises as B decreases. Their relation 
depends on f and on o. 

(ii) The ordinate quantity tends to infinity as 
B tends to — 1. 

(iii) The ordinate quantity increases with 
increasing f. 


Table 3. Exact solutions of the b-equation: « = 07 


References 


0-2955 

0-3278 , 
0-3411 —4115 
0-3579 — 2-347 
0-3698 — 1-581 
0-3873 —0-808 
0-4139 0 
0-4806 1-355 
0-4958 1-636 


0-1487 ‘ 

0-2347 — 1-506 
0-2995 1-320 
0-2934 1-813 


—0-007198 | 13-84 0:0356 00 
0 6°783 0-0730 —9-671 
0-05 4-171 01216 — 1-934 
0-15 | 3-565 0-1489 : —0-182 
0:5 | 0-1607 1-332 
1-0 4-804 0-1457 2-206 


0:5 0 0:47049 1-1455 
0-5 0-:96426  0:29637 1-0202 


0-5 | 3:5510 0-16095 19-301 084342 


Brown and 
Donoughe [9] 
Donoughe and 
Livingood [10] 
Livingood and 
Donoughe [11] 


9-354 0:45871 
28-381 0-32872 
132-23 0-19165 


| by dua 
B | 8B x } Ww Z 
—0-1988 0 7 4 
—0-19 2565  —S:175 | 1-149 | 
—0:18 3-400 —2-632 | 0:9964 | 
—0:16 4370 —1:377 | 08784 
~0-14 | 4975 —0-8681 | 0-8240 
—0-10 5-762 —0-4125  0-7651 
‘ 0 6963 0:6969 
0-6667 | 9-830 05217 05861 
1-0 | 10-620 00-6150 0-5638 
—0-0872 | 1-6300 0 o 
0 10536 18:34 —0-6080 1-244 a 
06667 10120 31-48 0:4083  0-9349 
1-0 1-1929 40°6 0:5178 0:9399 
| 
0 a 
134-7 —2-843 | 3-425 
1136  —0-5054  2-0263 | | 
1135 —0-04366 1-6828 
1560 0:2856 | 1-5332 
256-9 0:4068 1:6030 | 


12. 
= 
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Fic. 2. Exact solutions to the b-equation for the flat plate (8 = 0) from Tables 1 and 2. Parts of some 
curves have been omitted to retain clarity. 


(iv) The ordinate quantity falls as o decreases 
when B is positive, but rises slightly when 
B is negative. 
We now consider ways in which the available 
data can be augmented. 


4. NEW SOLUTIONS OF THE “SIMILAR” 
b-EQUATION 

4.1. Preliminary remarks 

It is clear from the foregoing discussion, 
together with inspection of equation (29), that 
the problem of the “‘similar” b-equation cannot 
be regarded as completely solved until (b,/B) 
has been tabulated as a function of the three 
parameters: B, 8 and o, over a sufficiently wide 
range of each of the variables for the tables to 
be completed by asymptotic formula. Although 
only quadratures are involved, the task is a 
formidable one. We have not attempted it. 

Instead it has been our purpose to examine 


whether the solutions cannot be reduced to a 
two-parameter family. at least approximately; 
for such an approximation would reduce the 
computational task by one order of magnitude. 
The line of thought which we have pursued is 
that pioneered by Lighthill [13], and carried 
further by Spalding [14]: both these workers 
having been concerned with laminar boundary 
layers in the absence of mass transfer (case of 
B=0). 

We do not seek a two-parameter family of 
solutions merely so as to reduce labour: it is 
rather that we are here concerned with the 
similar solutions as means to an end, i.e. as 
the key to the prediction of mass transfer rates 
in more general, non-similar boundary layers. 
In this work a three-parameter family would be 
an embarrassment: there is already sufficient 
difficulty in handling one with two parameters, 
as will be seen in a later paper of the series. 
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Fic. 3. Exact solutions to the b-equation for o = 


Characteristic features of the solutions to be 
presented. In 1950. Lighthill showed how the 
earlier solution of Leveque [15] could be 
generalized so as to enable heat transfer rates 
(or mass transfer rates with B close to zero) 
to be calculated from knowledge of the velocity 
gradient in the y-direction close to the wall. 
The method is exact. provided that the b- 
boundary layer is much thinner than the velocity 
layer; this is the case with large o. 

Spalding [14] showed that the error in the 
Lighthill method can be greatly reduced if 
account is taken of the extent to which the 
b-layer reaches into the region where the velocity 
profile is appreciably curved. Thus, whereas 
Lighthill’s analysis led to a single number, 
Spalding’s led to a function of a single variable 
[Y (X) or Z (W) for B = 0 in the notation of 
Section 5.2]. 

The work now to be reported makes the next 
step: it includes the effect of non-zero B values. 
As a consequence we shall be concerned to 
examine the effect on the conductance of two 
parameters: “the curvature parameter” (X or 


8B 


0:7 and various values of 8 from Table 3. 


W) which Spalding [14] found to be already of 
importance for zero values of B; and B itself. 

Specifically, we shall be concerned with 
distributions of the stream function which can 
be expressed in the following form: 


f=fort tho (48) 


The three analyses which have been mentioned 
can now be characterized as follows: Lighthill 
considered the case in which fy and f;" were 
zero; Spalding considered the case in which only 
fo Was zero; in the present paper, all three 
coefficients of the expansion may be finite. Of 
course f; is always zero, since the fluid can be 
regarded as having zero u at the wall. 

It should be understood that the solutions 
which follow are exact for the particular 
f-functions which are examined: the approxi- 
mation only enters when the more complex 
f-functions of real velocity boundary layers are 
assumed to belong to this family. 


4.2. Mathematical discussion 
Transformation of the integration variable. On 
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insertion of our particular expression for f/f, 
equation (48), in the integral which has to be 
evaluated, equation (29), we obtain the following 
relation: 


B/b, = [2 exp {— o( fon + 3 + AK dn. 
(49) 


After introduction of a new variable of 
integration, w, defined by: 


wo = (of, 3y (50) 


equation (49) reduces to: 


(of"/6)"® 


[2 exp {— Jo — w* — Ko*}dw = KJ, K) (51) 
(say) 
where 


J = of (6/0 (52) 
6 

3 


This change of variable has the effect of 
leaving only two parameters, J and K, in the 
expression which has to be computed, namely 
the integral on the right-hand side of equation 
(51). Calling this integral /, it will now be our 
purpose to establish the function AJ, K): with 
this known, equations (51), (52) and (53) will 
enable us to calculate (bj/B) for every set of 
values of fo. fo’. fj". and o. 

Some special cases. Where J and K are both 
equal to zero, the integral reduces to 


exp (—w*)dw; 


this has the value 0-89298, as was shown by 


-Leveque [15] and Lighthill [13]. In this case, 


equation (51) shows that 5;/B is equal to 
0-616 (a When J is positive and much 
larger than both unity and K, the integral 
reduces to 


{% exp (— Jw)dw, 


which has the value 1//: this arises when B tends 


to — 
The determination of J, K and I. Equation (52) 
shows that J can be ascribed a particular number 


whenever fo, 


and o are known. Now the 


relation between f, and f;’ is known, for fixed 
values of the pressure-gradient parameter , 
from solutions of the velocity equation (Papers | 
and 2). So J is fixed when o, 8 and, say, fy are 
determined. 

K may be evaluated in terms of velocity- 
boundary-layer parameters in a similar way. 
Here it is convenient to replace by —(f, fj’ +8): 
the equivalence of these two quantities may be 
demonstrated directly by evaluation at 7 = 0 of 
the differential equation of the similar velocity 
boundary layer, namely (Paper 1): 


+ ff" +pU—f%)=0. (54) 


Then equation (53) may be re-written; since 


f’ =Oaty =0: 


Since /is a function of J and K, it now follows 
that it too can be evaluated if /), f;° and o are 
prescribed. 


4.3. Computations and results 

A convergence difficulty. The quadrature of 
equation (51) may be evaluated numerically in a 
straightforward numerical manner provided 
that the quantity K is positive. When K is 
negative however, the integral ceases to be 
convergent. This mathematical fact may be 
expressed in physical terms as follows: 

We are considering mass transfer into a 
boundary layer with a parabolic velocity profile. 
When the profile is concave upwards, as in 
curve (a) of Fig. 4, no difficulty arises; when the 
profile is concave downwards however, as in 
curve (b), the velocity must actually become 
negative at a certain distance from the boundary 
layer. The latter behaviour is physically un- 
realistic and is the cause of the non-convergence 
of the integral. To escape this difficulty, we have 
therefore modified the specification of the 


f-function for negative K, by requiring that the 


velocity profile (f’) should remain quadratic up 
to the point of maximum velocity; thereafter 
the velocity is taken as independent of distance 
from the wall. This is shown by curve (c) in 
Fig. 4. 

Expressing this modification symbolically, we 
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may write the new form of equation (51), valid 
for negative K as: 


(“5 


—1/4k 
| exp {— Jw — w® — Ko }dw 


3 


8K dw. J 
The expression on the right-hand side of (56) is 
convergent for all negative values of K. 

Procedure for evaluation. The integral in 
equation (51) and the first integral in (56) were 
evaluated numerically, using Simpson’s Rule. 
Generally an w-interval of 0-1 was used, although 
a smaller interval was necessary when both J and 
K were large and positive. The resulting values 
of the integrals are believed to be correct to the 
fourth significant figure. 

The second integral expression in (56) is 
expressible in closed form as: 


27K \ 1/2 


x) 2) 
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This quantity was evaluated by reference to 
standard mathematical tables. 

Results. The tabulated values of J are con- 
tained in Table 4. This table is divided into four 
parts: (a) J negative and K positive, (b) J 
positive and K positive, (c) J positive and K nega- 
tive, (d) J and K both negative. Thus equation 
(51) was used for Tables 4(a) and 4(b); equation 
(56) was used for Tables 4(c) and 4(d). 


4.4. Deduction of new approximate solutions for 
real flows 

**Real” and “artificial” flows. Table 4, together 
with equations such as (26) and (51), enable 
exact values of b;, B, etc. to be predicted for 
prescribed values of fo, f;’, 8 and o, provided 
that the f profile has a form leading to (51) or 
(56). 

Let us distinguish here between flows having 
the f-profiles just described and those obeying 
the “similar” laminar boundary-layer equations 
by calling the former “artificial” and the latter 
“real”. Then Table 4 relates to artificial flows, 
while Tables 1, 2 and 3, containing the solutions 
obtained by other authors, relate to real flows. 

The exact solutions for the artificial flow may 
serve as approximate solutions for the real flows 
if we assume that the only information about the 
velocity profile which influences 5) is contained 
in the specifications of the three terms: fo, f;° and 
Fi’. We shall now make use of this assumption 
to derive new solutions for real flows with 
Bf =O (the flat plate) and 8 =1 (the two- 
dimensional stagnation point). Since some 
exact solutions are available for these flows, 
(Tables 2 and 3), comparison with these will 
enable the accuracy of the approximation pro- 
cedure to be discerned. Some solutions for other 
B-values are also derived. 

Procedure. The solutions will be expressed in 
the same terms as those in Figs. 2 and 3, Le. 
as plots of o~** b;/B vs. B for various values of 
ao (see Section 3.2). Their deduction from the 
data in Table 3 proceeds as follows: 


(i) For the 8 in question, choose a value of 


0- 

(ii) Obtain the corresponding value of /; 
from the exact solutions of the velocity 
equation tabulated in Paper 2. 
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(iii) Choose a value of o. 
(iv) Hence evaluate J from equation (52) and 
K from equation (53). 

(v) Use the J and K values, in conjunction 

with Table 3, to give a value of /. 

(vi) Hence obtain 6,/B from equation (51), 

and so B from equation (26). 

(vii) Finally calculate o-)%b'/B. 

Results. The approximate solutions obtained 
by this means are presented as full curves in 
Figs. 5 and 6, valid respectively for 8 = 0 and 
8 = | and for various values of o, and in Fig. 7, 
valid for ¢ = 0-7 and various values of 8. The 


Table 4(a). Values for 1 for various J and K obtained from evaluation of equation (51) 


points marked on the graph represent exact 
solutions taken from Tables 1, 2 and 3. The 
o or 8 values for the curves and the points are 
indicated on the diagram. Only values of ¢ of 
0-7 and above are considered. 

The curves marked o = %, though derived by 
the above procedure, may be regarded as exact. 
They correspond to the case in which the 
b-boundary layer is very much thinner than the 
velocity boundary layer, so that the velocity 
profile may be regarded as linear throughout the 
important region. This situation corresponds to 
a K-value of zero. 


J K 30 2:5 2-0 1-5 1-0 0-8 0-6 0-4 0-2 00 K J 
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Table 4(d). Values for I for various J and K obtained from evaluation of equation (56) 


| xoo| -—o1 | -o2 | -o3 | -o4 | -os | -o6 | -o8 | -10 | -20/| -30 | -40 |-sox| J 
$2735 62249 80749 11-8329 | —26 
3-5  4-8348 
2-4 44378 | 51558 65003 9-1101 
3-3 41292 
3-23-7581 | 43025  5-2850 | 6-9936 —2-2 
2:1 3°4669 
3-0 32025 | 3-6166 43392  5-6319  7-5958 
2.9632 
 2-7460 3-0625 35969 45185 5-8619 | 7-6755 
: —1-7 | 2-5488 
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$ 0:3 32560 4-4200 | $6176 68716 —0-3 
0-9903  1-0333  1:0924  1:1739 1-2681 -1-4704 | 1-6726 2-7754 3-6071 | 4-4050 | 5-1899 | —0-2 
0-1 23943 29984 3-5435 4.0508 —0-1 
~0-0 0-8930 0-9270 0-9730 | 1-107 1-1796 1-2533 | 1-3953 | 1-5287 2-0880 2.5343 | 2-9152 | 3-2527 | 00 
K00 o1 | | -03 | | | -06 | | -10 | -20 | -30 | -40 |-sox| J 
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Fic. 5. o~'’® (64/B) vs. B for 8 = 0 and various o deduced from Table 4. Points indicate exact solutions from 
Tables 1 and2(0 «o=0:7; Ff o= 1-0; A o = 2:0). Compare with Fig. 2. 
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Discussion. Comparison of the points with 
the corresponding curves in Figs. 5 and 6 shows 
that the points lie on or close to the curves for 
large values of o and moderate values of B, but 
tend to lie above them for the smaller values of ¢, 
particularly as B tends to — 1. However, the 
deviations are never large, not exceeding 10 per 
cent if B does not fall below — 0-9, and being 
within 5 per cent over most of the range. Fig. 7 
reveals that, for o=0-7, the discrepancy 
increases slightly as § increases. 

Since very low values of B are rare in practice 
{the authors have only encountered values 
smaller than — 0-9 in studies of the burning of 
steel in oxygen jets), the approximate values of 
the ordinate quantity may be regarded as quite 
acceptable for most purposes. 

Comparison of Figs. 2 and 3, on the one hand, 
with Figs. 5, 6 and 7 on the other, shows that a 
great deal of previously uncharted territory has 
been covered. Moreover, corresponding charts 
can be derived from the data in Table 3 for any 
other value of 8 or o. It is clear that the neglect 
of higher terms than the second in the expansion 
of f’ permits a large amount of (approximate) 
information to be obtained from quite a modest 
amount of computation. 

The reason for the divergence between the 
approximate and the exact solutions for real 
flows is not hard to see. Our basic assumption 
requires that the b-boundary layer should be 
much thinner than the velocity boundary layer 
(4, < 54): this is valid for large o, but not 
for small o. Moreover the manner in which we 
have “horizontalized” the velocity profile (Fig. 
4a) causes the assumed profile to differ appreci- 
ably from the real one when mass is being 
transferred out of the fluid at a high rate 
(B — — 1). It is possible that a different escape 
may be found from the convergence difficulty 
described in Section 4.3 that will involve less 
serious inaccuracy in this region. 

One interesting feature of the solutions is 
that there is no tendency for the influence of 
B on g to disappear as o becomes large; instead 
the curves take up an asymptotic shape which is 
independent of both § and oc. This means that 
even for diffusion in liquids, the mass transfer 
conductance is appreciably affected by B. The 
effect can be fairly well represented by the 


formula: 
g 
(1 + B)-*4 (57) 


where g* is the value of g valid for B = 0 for 
the o and £8 values which are in question. 
This formula is more exact than the logarithmic 
one used in the older literature (e.g. [16]) viz. 


g  In(l +B) 


(58) 


B 


5. FORMULATION OF THE ‘‘SIMILAR”’ 
SOLUTIONS AS AUXILIARY FUNCTIONS 
FOR MORE GENERAL METHODS 

We have mentioned above that the “similar” 
solutions of the b-equation are chiefly of interest 
because they provide the auxiliary functions 
which are needed in solving “non-similar” 
problems; they act as bait enabling us to catch 
larger and more interesting fish. 

The general methods for solving mass transfer 
problems will be described in later papers of 
the present series. In the present section, we 
merely re-arrange the solutions already presented 
in the form which the general methods require. 

It will appear that the general methods fall 
into two classes (they are the classes designated 
I and II by Smith and Spalding [17]). Corres- 
pondingly the data from the similar solutions 
are required in two different forms. Section 5.1 
provides data suitable for the Class | method of 
solving general mass transfer problems; section 
5.2 provides data suitable for the Class II 
method. 


5.1. First re-presentation of the similar-solution 
data 

Although we do not intend to explain the 
Class I method at this point, it may be helpful 
to remark that it has much in common with that 
presented in Paper 1. There, it may be 
remembered, the relations between quantities 
such as (ug/v) (dd?/dx) and (87/v) (dug/dx) 
proved to be important where 6 represented “‘a”’ 
thickness of the velocity boundary layer: it 
should therefore occasion no surprise that we 
here inquire into the relations between (ug/v) 
(d4?/dx) and (4?/v) (dug/dx) which hold for the 
similar solutions. 
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We have seen, in Sections 2-3, how to relate 
these quantities to those obtained directly from 
the solution of the fundamental differential 
equation (25). Reflection concerning the number 
of independent parameters thereupon reveals 
that we may express the links between these 
quantities in the form: 


(59) 


where F(. . .) is a function the form of which is 
dictated by the similar solutions. 

Figure 8 expresses the relation appearing in 
(59) in the form of a graph with B as the para- 
meter; the graph holds for the o-value of 0-7, 
which is typical of gaseous systems. This value 
has been chosen partly because of its practical 
importance and partly because it is the only 
o-value for which any considerable number of 
exact solutions are available. However the 
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ordinate and abscissa have been multiplied to 
o*% thus rendering the curves relatively in- 
sensitive to o. Fig. 8 is presented in two 
parts: Fig. 8(a) exhibits negative values of B; 
Fig. 8(b) exhibits positive values of B. The 
curves have been derived from Table 4 by an 
obvious extension of the procedure described in 
Section 4.4, and then adjusted to pass through 
the points representing exact solutions extracted 
from Tables 1, 2 and 3. The curves thus represent 


80 100 120 140 160 


the best estimates which we can make at the 
present time of the exact relation between the 
quantities in question. Were a greater number 
of exact solutions of the similar boundary-layer 
equations available, for real flows, we should not 
have had to make use of Table 4 at all. 
Discussion. Without anticipating the later 
publication which is to deal comprehensively 
with the Class I method, only a few remarks 
can be made about the form of Fig. 8. The first 
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is that it has roughly the same shape as one 
appearing in Paper | of the present series; 
there 6, took the place occupied by 4, in Fig. 8, 
and the group vs6,/v replaced B. 

Secondly it should be mentioned that the 
line for B = 0 has already appeared in a publica- 
tion by Smith and Spalding [17] dealing with 
heat transfer in laminar boundary layers: 
corresponding lines for other values of o can 
be found in a report by Smith and Shah [18]. 
Finally, we remark that an early and rough 
version of Fig. 8, for positive values of B only, 
has been published by Spalding and Smith [19]. 

Of course it is possible to plot many graphs 
of the type shown in Fig. 8 by the use of Table 
4 and of the exact solutions of the velocity 
equation; that for co = 0-7 is merely an example. 


similar- 


Second reé-presentation of the 
solution data 

The Class II procedure which is to be des- 
cribed in a later paper in the series is an extension 
to finite mass transfer of that of Spalding [14]. 
The former publication was valid for heat 
transfer only (or mass transfer with B x 0); 
nevertheless we shall here represent the similar- 
solution data in the same co-ordinate system as 
was introduced there. Without proof or present 
explanation, we state that this implies the plotting 
of the quantity Y versus the quantity X for 
various values of B, and also the plotting of the 
quantity Z versus the quantity W for various 
values of B. 

Definitions and connecting relations. The 
quantities Y¥, Y, Z and W are related to other 
quantities already encountered by the following 
relations. In each case, that designated by (a) can 
be regarded as the definition, that designated 
(b) expresses the quantity in terms of quantities 
appearing in the similar solutions, (c) expresses 
it in terms of the quantities /, J and K, while 
(d) relates it to quantities appearing in the 
conventional heat transfer literature. 

The relations are: 

4,6, dug usd, (60a) 
v dx v 
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- (60c) 
Eu Re 
(Nu/y Re) Re/2) Nu/ Re 
5 of, (61b) 
9/8 (61c) 
(1 + Eu)(c,y Re/2) 61d 
(Nu/\ Rey? 
» (0 V2 qd 
Z= | (ugd,)*? (62a) 
y \uG dx 


3 1/2 | 3/2 
3 \1/2 
(;) \o(1 + Eu)! 
((Nu/y Re) — o(vsx/v)/ Re}** 
62d 
Re/2)'? 
4} 2 dug A} 
(63a) 
dx 
oh 2 (63b) 
612 (, (O035c) 
Eu (Usx v) 
+ Eu) Re/2 \ Re 
Re + o (vusx/v)/1/ Re\*? 


CEN Re/2 


Once the definitions (a) are accepted, the 
other relations (b, c, d) follow from equations 
and definitions to be found elsewhere in this 
paper. For completeness we append the corres- 
ponding relations for the driving force B; they 


are: 


(64a) 


B = pvsd,/y 


337 @ 
> 
3 o V2 (1 + By 2(b'/By2 
0 (62b) 
= 0 
4 
. 
6 1 
a 
‘ 
B 
” h’ (60b) ‘ 
fi 


B 
= (64b) 
=—TIJ (64c) 
_ (Usx/v)/y Re 


Graphical representation. Inspection of equa- 
tions (60c), (6lc), (62c), (63c) and (64c) shows 
that to every set of values of J, J, and K, there 
corresponds a set of values of XY, Y, Z, W and B. 
Moreover J, J and K are linked via equation 
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(51), which is expressed quantitatively by Table 
4. It follows that the data of Table 4 can be 
cross-plotted in various ways. 

The manner of cross-plotting which we choose 
is shown in Figs. 9 and 10. In the former, Y is 
plotted vs. X for various values of B; in the 
latter Z is plotted vs. W for various values of B. 

Discussion. It would be inappropriate here to 
discuss the significance and utility of Figs. 9 and 
10; these matters will be taken up in the later 
publications already referred to. 


Fico. 9. X vs. Y with B as parameter. 
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Fic. 10. Z vs. W with B as parameter. 


6. CONCLUSIONS 
(a) The differential equation for the distribu- 
tion of a conserved property P in a laminar 
boundary layer has “similar” solutions pro- 
vided: (i) that the velocity boundary layers are 
“similar”, (ii) that the values of P in the fluid 
adjacent to the interface and in the transferred 


Z* 


substance, Ps and Pr are related to the stream 
velocity ug in accordance with equation (20). 
(b) A survey has been made, and presented in 
Tables 1, 2 and 3 and in Figs. 2 and 3, of the 
relatively few exact solutions of the problem 
which are available in the literature. They are 
all for the case in which Ps and Pr are uniform. 
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(c) New solutions have been obtained by 
numerical quadrature for stream-function distri- 
butions characterized by three terms of a poly- 
nomial expansion (equation (48)). These have 
been used to generate new approximate solutions 
for real flows. Agreement with the exact solutions 
is mostly within a few per cent. The number of 
new solutions which can be generated from the 
tables greatly exceeds the number which have 
hitherto been available. 

(d) The error in the approximate solutions is 
thought to stem in part from a modification to 
the three-term stream function distribution which 
has been introduced so as to prevent divergence 
of an integral. It is possible that less inaccurate 
modifications can be found. 

(e) The new solutions have been displayed, in 
Figs. 8. 9 and 10, in ways which permit their 
use in the solution of non-similar mass transfer 
problems. 

(f) The effect of mass transfer on the value of 
the conductance can be approximately repre- 
sented, over a fairly wide range of conditions, 
by the equation: g/g* = (1 + B)-*"*. 


7. APPEAL 

We here repeat the appeal made at the end of 
Paper 2 of the series. Conscious that our survey 
of the world’s mass transfer literature has been 
incomplete, we ask readers to tell us of exact 
constant-property solutions which we have 
missed. We shall be particularly grateful to learn 
of current computational programmes in this 
field. 
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